
ALMOST EVERYWHERE CONVERGENCE OF FEJÉR MEANS OF L1

FUNCTIONS ON RARELY UNBOUNDED VILENKIN GROUPS

GYÖRGY GÁT

Abstract. It is a highly celebrated problem in dyadic harmonic analysis the pointwise
convergence of the Fejér (or (C, 1)) means of functions on unbounded Vilenkin groups.
There are several papers of the author of this paper concerning this. That is, we know the
a.e. convergence σnf → f (n →∞) for functions f ∈ Lp, where p > 1 (Journal of Approx.
Theory, 101(1):1�36, 1999), and also the a.e. convergence σMn

f → f (n →∞) for functions
f ∈ L1 (Journal of Approx. Theory, 124(1):25�43, 2003). The aim of this paper is to prove
the a.e. relation limn→∞ σnf = f for each integrable function f on any rarely unbounded
Vilenkin group. The concept of the rarely unbounded Vilenkin group is discussed in the
paper. Basically, it means that the generating sequence m may be an unbounded one, but
its �big elements� are not �too dense�.

One of the most celebrated problems in dyadic harmonic analysis is the pointwise conver-
gence of the Fejér (or (C, 1)) means of functions on unbounded Vilenkin groups.
Fine [1] proved every Walsh-Fourier series (in the Walsh case mj = 2 for all j ∈ N) is

a.e. (C, α) summable for α > 0. His argument is an adaptation of the older trigonometric
analogue due to Marcinkiewicz [2]. Schipp [3] gave a simpler proof for the case α = 1, i.e.
σnf → f a.e. (f ∈ L1(Gm)). He proved that σ∗ is of weak type (1, 1). That σ∗ is bounded
from H1 to L1 was discovered by Fujii [4].
The theorem of Schipp are generalized to the p-series �elds (mj = p for all j ∈ N) by

Taibleson [5] and later to bounded Vilenkin systems by Pál and Simon [6].

The methods known in the trigonometric or in the Walsh, bounded Vilenkin case are not
powerful enough. One of the main problems is that the proofs on the bounded Vilenkin
groups (or in the trigonometric case) heavily use the fact that the L1 norm of the Fejér
kernels are uniformly bounded. This is not the case if the group Gm is an unbounded one
[7]. From this it follows that the original theorem of Fejér does not hold on unbounded
Vilenkin groups. Namely, Price proved [7] that for an arbitrary sequence m (supnmn = ∞)
and a ∈ Gm there exists a function f continuous on Gm and σnf(a) does not converge to
f(a). Moreover, he proved [7] that if log mn

Mn
→ ∞ (the de�nition of sequences (mn) and

(Mn) will be discussed later), then there exist a function f continuous on Gm whose Fourier
series are not (C, 1) summable on a set S ⊂ Gm which is non-denumerable. That is, only,
a.e. convergence can be stated for unbounded Vilenkin groups. The almost everywhere
convergence of the full partial sums for functions in Lp, p > 1, is known in the bounded case
[8] but not in the unbounded case.

Date: Jan. 18, 2006.
1991 Mathematics Subject Classi�cation. 42C10.
Key words and phrases. rarely unbounded Vilenkin groups, Vilenkin series, Fejér means, a.e. convergence.
Research supported by the Hungarian National Foundation for Scienti�c Research (OTKA), grant no. M

36511/2001 and T 048780.
1



2 GYÖRGY GÁT

In 1999 the author [9] proved that if f ∈ Lp(Gm), where p > 1, then σnf → f almost
everywhere. This was the very �rst �positive� result with respect to the a.e. convergence of
the Fejér means of functions on unbounded Vilenkin groups. In 2003 the author of this paper
gave a partial answer for the L1 case [10]. Namely, let f ∈ L1(Gm). Then we have σMnf → f
almost everywhere. In this paper we introduce the notion of the rarely unbounded Vilenkin
group. The aim of this paper is to prove the Fejér-Lebesgue theorem on rarely unbounded
Vilenkin groups. That is, that the a.e. relation σnf → f holds for all integrable f .
This result is interesting also in the following point of view. The mean convergence of the

full partial sums for functions in Lp, p > 1 in norm, that is, ‖Snf − f‖p → 0 is known even
in the unbounded case. See [11]. It trivially follows the norm convergence ‖σnf − f‖p → 0
for Lp, p > 1. It is also interesting that from the result of Price above it follows the existence
of an integrable function f on any unbounded Vilenkin group such that ‖σnf − f‖1 6→ 0.
This is a sharp contrast between the bounded and the unbounded case. So, the main result
of this paper shows that convergence in norm, and convergence almost everywhere are quite
di�erent. I would like to draw the attention of the reader to some results known in the
two-dimensional unbounded case due to Wade and the author [12, 13, 14]. For more on the
theory of Vilenkin groups see the book [15]. Finally, I would like to to draw the attention of
the reader to the problem of almost everywhere convergence of Fejér means of functions on
locally compact Vilenkin groups. For some details with respect to this issue see the paper
[16].

First we give a brief introduction to the theory of Vilenkin systems. These orthonormal
systems were introduced by N. Ja. Vilenkin in 1947 (see e.g. [17, 15]) as follows.
Let m := (mk, k ∈ N) (N := {0, 1, . . . }) be a sequence of integers each of them not

less than 2. Let Zmk
denote the discrete cyclic group of order mk. That is, Zmk

can be
represented by the set {0, 1, ...,mk− 1}, with the group operation mod mk addition. Since
the groups are discrete, then every subset is open. The normalized Haar measure on Zmk

,
µk is de�ned by µk({j}) := 1/mk (j ∈ {0, 1, ...,mk − 1}). Let

Gm :=
∞×

k=0
Zmk

.

Then every x ∈ Gm can be represented by a sequence x = (xi, i ∈ N) , where xi ∈ Zmi
(i ∈

N). The group operation on Gm (denoted by +) is the coordinate-wise addition (the inverse
operation is denoted by −), the measure (denoted by µ), which is the normalized Haar
measure, and the topology are the product measure and topology. Consequently, Gm is a
compact Abelian group. If supn∈Nmn < ∞, then we call Gm a bounded Vilenkin group. If
the generating sequence m is not bounded, then Gm is said to be an unbounded Vilenkin
group. If there exists a constant C and L ∈ P such that for all i, j ∈ P we have

(1) min(mi,mi+j)

(mi+1 · · · · ·mi+j−1)L
≤ C,

(the empty product is de�ned to be 1, and the constant C may depend on the sequence
m - of course), then we call the Vilenkin group Gm a rarely unbounded Vilenkin group.
Every bounded Vilenkin group is a rarely unbounded Vilenkin group. Unfortunately, not all
unbounded ones are rarely unbounded, since for instance the rarely unboundedness implies
the inequality min(mi,mi+1) ≤ C. So, e.g. if (mn) tends to plus in�nity, then Gm is not
rarely unbounded. On the other hand, there are many unbounded Vilenkin groups, which
are rarely unbounded ones.
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Let M0 := 1,Mn+1 := mnMn (n ∈ N) be the so-called generalized powers. The Vilenkin
group is metrizable in the following way:

d(x, y) :=
∞∑
i=0

|xi − yi|
Mi+1

(x, y ∈ Gm).

The topology induced by this metric, the product topology, and the topology given below
are the same. A base for the neighborhoods of Gm can be given by the intervals:

I0(x) := Gm, In(x) := {y = (yi, i ∈ N) ∈ Gm : yi = xi for i < n}
for x ∈ Gm, n ∈ P := N \ {0}. Let 0 = (0, i ∈ N) ∈ Gm denote the nullelement of Gm, In :=
In(0) (n ∈ N). Sometimes we also use the notation

In(x, k) := {y = (yi, i ∈ N) ∈ Gm : yi = xi for i < n, xn = k}.
Let en denote the element of Gm whose nth coordinate is one, and the others are zeros
(n ∈ N). Furthermore, let Lp(Gm) (1 ≤ p ≤ ∞) denote the usual Lebesgue spaces (‖.‖p the
corresponding norms) on Gm, An the σ algebra generated by the sets In(x) (x ∈ Gm), and
En the conditional expectation operator with respect to An (n ∈ N) (E−1f := 0 (f ∈ L1)).
The concept of the maximal Hardy space ([18]) H1(Gm) is de�ned by the maximal function

f ∗ := supn |Enf | (f ∈ L1(Gm)), saying that f belongs to the Hardy space H1(Gm) if f ∗ ∈
L1(Gm). H1(Gm) is a Banach space with the norm

‖f‖H1 := ‖f ∗‖1.

Let f be an element of eitherH1(Gm) or Lp(Gm) for some 1 ≤ p ≤ ∞. We say that operator
T is of type (p, p) if there exist an absolute constant C > 0 for which ‖Tf‖p ≤ C‖f‖p for
all f ∈ Lp(Gm). T is of weak type (1, 1) if there exist an absolute constant C > 0 for which
µ(Tf > λ) ≤ C‖f‖1/λ for all λ > 0 and f ∈ L1(Gm). It is known that the operator which
maps function f to the maximal function f ∗ is of weak type (1, 1), and of type (p, p) for all
1 < p ≤ ∞ (see e.g. [19, 9]).
Each natural number n can be uniquely expressed as

n =
∞∑
i=0

niMi (ni ∈ {0, 1, ...,mi − 1}, i ∈ N),

where only a �nite number of ni 's di�er from zero. The order of the positive integer n is
de�ned as |n| := A, where MA ≤ n < MA+1. The generalized Rademacher functions are
de�ned as

rn(x) := exp(2πı
xn

mn

) (x ∈ Gm, n ∈ N, ı :=
√−1).

It is known that
∑mn−1

i=0 ri
n(x) =

{
0, if xn 6= 0,

mn, if xn = 0
(x ∈ Gm, n ∈ N). The nth Vilenkin

function is
ψn :=

∞∏
j=0

r
nj

j (n ∈ N).

The system ψ := (ψn : n ∈ N) is called a Vilenkin system. Each ψn is a character of Gm,
and all the characters of Gm are of this form. De�ne the m -adic addition as

k ⊕ n :=
∞∑

j=0

(kj + nj(modmj))Mj (k, n ∈ N).
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Then , ψk⊕n = ψkψn, ψn(x + y) = ψn(x)ψn(y), ψn(−x) = ψ̄n(x), |ψn| = 1 (k, n ∈ N, x, y ∈
Gm).

De�ne the Fourier coe�cients, the partial sums of the Fourier series, the Dirichlet kernels,
the Fejér means, and the Fejér kernels with respect to the Vilenkin system ψ as follows

f̂(n) :=

∫

Gm

fψ̄ndµ,

Snf :=
n−1∑

k=0

f̂(k)ψk,

Dn(y, x) = Dn(y − x) :=
n−1∑

k=0

ψk(y)ψ̄k(x),

σnf :=
1

n

n−1∑

k=1

Skf,

Kn(y, x) = Kn(y − x) :=
1

n

n−1∑

k=1

Dk(y − x),

(n ∈ P, y, x ∈ Gm, f̂(0) :=

∫

Gm

fdµ, S0f = D0 = 0, f ∈ L1(Gm)).

It is well-known that
Snf(y) =

∫

Gm

f(x)Dn(y − x)dµ(x),

σnf(y) =

∫

Gm

f(x)Kn(y − x)dµ(x)

(n ∈ P, y ∈ Gm, f ∈ L1(Gm)).

It is also well-known that

DMn(x) =

{
Mn, if x ∈ In(0),

0, if x /∈ In(0)
,

SMnf(x) = Mn

∫

In(x)

fdµ = Enf(x) (f ∈ L1(Gm), n ∈ N).

Moreover, [15] for n ∈ N

Dn = ψn

∞∑
j=0

DMj

mj−1∑
i=mj−nj

ri
j.

That is, for z ∈ It \ It+1 (t ∈ N)

(2) Dn(z) = ψn(z)

(
t−1∑
j=0

njMj +Mt

mt−1∑
i=mt−nt

ri
t(z)

)
.

De�ne the maximal operator of the Fejér means of the integrable function f as σ∗f :=
supn∈P |σnf |.
The main result of this paper that we are to prove is
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Theorem 1. Let Gm be a rarely unbounded Vilenkin group. Then the operator σ∗ is of weak
type (1, 1).

A straightforward consequence of Theorem 1 is the poof of the Fejér-Lebesgue theorem on
rarely unbounded Vilenkin groups. That is,
Theorem 2. Let Gm be a rarely unbounded Vilenkin group, and f ∈ L1(Gm). Then we have
the a.e. relation σnf → f .

In order to prove Theorem 1 we need several lemmas and some results achieved by the
author of this paper earlier ([9, 10]).
Besides, we need the so-called Calderon-Zygmund decomposition Lemma [20, 10, 21] on

unbounded Vilenkin groups (for the proof see e.g.[21]) which reads as: Let f ∈ L1(Gm), and
λ > ‖f‖1 > 0 arbitrary. Then the function f can be decomposed in the following form:

f = f0 +
∞∑

j=1

fj, ‖f0‖∞ ≤ Cλ, ‖f0‖1 ≤ C‖f‖1,

supp fj ⊂
βj⋃

l=αj

Ikj
(zj, l) = Jj,

∫

Gm

fjd µ = 0 (j ∈ P),

and for
F =

⋃

j∈P
Jj, µ(F ) ≤ C

‖f‖1

λ
.

Moreover, the sets Jj are disjoint (zj ∈ Gm, kj ∈ N, j ∈ P).
Let f ∈ L1(Gm) such that

supp f ⊂
β⋃

l=α

Ik(u, l) = J, µ−1(J)

∫

J

|f |dµ ≤ λ.

Then we prove:
Lemma 3. Et+1|f |(y) ≤ λµ(J)Mt+11It+1(u)(y) for any t < k (t, k ∈ N) and y ∈ Gm.

Proof. If y /∈ It+1(u) ⊃ Ik(u) ⊃ J , then It+1(y) and Ik(u) are disjoint intervals, and conse-
quently so do It+1(y) and J . That is, in this case we have Et+1|f |(y) = 0.
Thus, y ∈ It+1(u) can be supposed. Since It+1(u) ∩ J = J , then we get

Et+1|f |(y)

= Mt+1

∫

It+1(y)

|f(x)|dµ(x)

= Mt+1

∫

J

|f(x)|dµ(x)

= Mt+1

β∑

l=α

∫

Ik+1(u0,...,uk−1,l)

|f(x)|dµ(x)

= Mt+1
β − α + 1

Mk+1

Mk+1

β − α + 1

∫

J

|f(x)|dµ(x)

≤Mt+1µ(J)λ.
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This completes of the proof of Lemma 3. ¤

Then consider the well-known Calderon-Zygmund decomposition lemma (see e.g. [10, 21]).
We do not apply it at this point, but it will be used later. That is, let

f = f0 +
∞∑
i=1

fi and supp fi ⊂
βi⋃

l=αi

Iki
(ui, l) = Ji (i ∈ P)

be disjoint sets. Moreover, let µ−1(Ji)
∫

Ji
|fi|dµ ≤ λ (i ∈ P). Then we have:

Lemma 4. Et+1|
∑

{i∈P : ki>t} fi|(y) ≤ λ for a.e. y ∈ Gm (t ∈ N).

Proof. Basically, the proof is nothing else then an application of Lemma 3. Consequently,

Et+1|
∑

{i∈P : ki>t}
fi|(y) ≤ λMt+1

∑

{i∈P : ki>t}
µ(Ji)1It+1(ui)(y).

The addends in the sum on the right hand side can be di�erent from zero only in the case of
an i such that It+1(u

i) = It+1(y). That is, since the sets Ji are disjoint and Ji ⊂ It+1(u
i) =

It+1(y), then this sum is bounded by

λMt+1

∑

{i∈P : Ji⊂It+1(y)}
µ(Ji) ≤ λMt+1µ(It+1(y)) = λ.

This completes the proof of Lemma 4. ¤

Introduce the operator Ft : L1(Gm) → L1(Gm) (n ∈ N) in the following way.

Ftf(y) :=
1

mt

mt−1∑
xt=0

f(y + et(xt − yt)).

It is obvious that FtEt+1 = Et+1Ft = Et. Applying the notations of Lemma 4 we have
Lemma 5. Et+1|

∑
{i∈P : ki=t} Ftfi|(y) ≤ λ for a.e. y ∈ Gm (t ∈ N).

Proof. We apply Lemma 3 and follow the proof of Lemma 4. That is,

Et+1|
∑

{i∈P : ki=t}
Ftfi|(y)

≤
∑

{i∈P : ki=t}
Et+1Ft|fi|(y)

=
∑

{i∈P : ki=t}
Et|fi|(y)

≤
∑

{i∈P : ki=t}
λµ(Ji)Mt1It(ui)(y)

≤
∑

{i∈P : Ji⊂It(y)}
λµ(Ji)Mt

≤ λµ(It(y))Mt = λ.

¤
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De�ne the operator T s,t
n : L1(Gm) → L1(Gm), where n, s, t ∈ N and A = |n| ≥ s > t

T s,t
n f(y) :=

1

mt

∣∣∣∣∣
mt−1∑

xt=0,xt 6=yt

Es(fψ̄n(s))(y + et(xt − yt))
1

1− rt(y − x)

∣∣∣∣∣ .

Also set
T s,t
∗,Af := sup

{
T s,t

n f : |n| = A
}
, T s,t

∗ f := sup
{
T s,t
∗,Af : A ∈ P}

.

In the paper [9, Lemma 4.1] Gát proved for every 1 < p ≤ 2 that
(3) ‖T s,t

∗ f‖p ≤ C‖f‖p,

where the constant C depends only on p. Next, we prove
Lemma 6. Let f ∈ L1(Gm), λ > 0, A, s, t ∈ N, A > s > t so that Et+1|f | ≤ Cλ a.e. Let
0 < α < 1 be an arbitrary real. Then

µ

{(
Mt+1ms

MA

)α

T s,t
∗,Af > λ

}
≤ C

‖f‖1

λ
,

where C depends on α (and the constant can be seen at (1)).

Proof. We have T s,t
∗,Af = T s,t

∗,A(EA+1f) ≤ T s,t
∗ (EA+1f), then by the help of (3) we get

µ

{(
Mt+1ms

MA

)α

T s,t
∗,Af > λ

}

≤ 1

λp

(
Mt+1ms

MA

)pα

‖T s,t
∗,Af‖p

p

≤ C

λp

(
Mt+1ms

MA

)pα

‖EA+1f‖p
p.

(4)

In order to go further into the investigation of (4) we give an upper bound for ‖EA+1f‖p
p.

‖EA+1f‖p
p =

1

m0 . . .mA

m0−1∑
x0=0

· · ·
mA−1∑
xA=0

|EA+1f(x0, . . . xA)|p

≤ 1

m0 . . .mA

m0−1∑
x0=0

· · ·
mt−1∑
xt=0

(
mt+1−1∑
xt+1=0

· · ·
mA−1∑
xA=0

|EA+1f(x0, . . . xA)|
)p

=
(mt+1 . . .mA)p−1

m0 . . .mt

m0−1∑
x0=0

· · ·
mt−1∑
xt=0

(
1

mt+1 . . .mA

mt+1−1∑
xt+1=0

· · ·
mA−1∑
xA=0

|EA+1f(x0, . . . xA)|
)p

=
(mt+1 . . .mA)p−1

m0 . . .mt

m0−1∑
x0=0

· · ·
mt−1∑
xt=0

(Et+1|EA+1f |(x0, . . . , xt))
p

≤ (mt+1 . . .mA)p−1

m0 . . .mt

m0−1∑
x0=0

· · ·
mt−1∑
xt=0

(Et+1|f |(x0, . . . , xt))
p

≤ Cλp−1(mt+1 . . .mA)p−1 1

m0 . . .mt

m0−1∑
x0=0

· · ·
mt−1∑
xt=0

Et+1|f |(x0, . . . , xt)

= Cλp−1(mt+1 . . .mA)p−1‖f‖1.

(5)
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By the help of (4) and (5) we have

(6) µ

{(
Mt+1ms

MA

)α

T s,t
∗,Af > λ

}
≤ C

λ

(
Mt+1ms

MA

)pα

(mt+1 . . .mA)p−1‖f‖1.

By a completely di�erent - and more simple - approach we also get another bound for the
left hand side of (6).

T s,t
∗,Af(y) ≤ 1

mt

mt−1∑

xt=0,xt 6=yt

Es|f |(y + et(xt − yt))
1

| sin(π(yt − xt)/mt)| .

This immediately gives
‖T s,t

∗,Af(y)‖1 ≤ C log(mt)‖f‖1

and

(7) µ

{(
Mt+1ms

MA

)α

T s,t
∗,Af > λ

}
≤ C

λ
log(mt)

(
Mt+1ms

MA

)α

‖f‖1.

In other words, (6) and (7) give that if could prove

(8) min

{
log(mt)

(
Mt+1ms

MA

)α

,

(
Mt+1ms

MA

)pα

(mt+1 . . .mA)p−1

}
≤ C,

then the proof of Lemma 6 would be complete.
Let δ > 1, 2α− 1 be discussed later, and 1 < p ≤ 2 de�ned as p

p−1
α− 1 = δ. It is obvious

that such a p exists, since for p = 2 the left hand side would be 2α− 1, and tending p→ 1,
the left hand side converges to plus in�nity. In this case we have p− 1 ≤ α

δ
. Thus, we get

log(mt)

(
Mt+1ms

MA

)α

≤ C

(
mt

(mt+1 . . .ms−1ms+1 . . .mA−1)δ

)α
δ

and (
Mt+1ms

MA

)pα

(mt+1 . . .mA)p−1

=

(
msmA

(mt+1 . . .ms−1ms+1 . . .mA−1)
p

p−1
α−1

)p−1

=

(
msmA

(mt+1 . . .ms−1ms+1 . . .mA−1)δ

)p−1

We can suppose that msmA

(mt+1...ms−1ms+1...mA−1)δ > 1, otherwise inequality (8) is veri�ed. In this
case (

msmA

(mt+1 . . .ms−1ms+1 . . .mA−1)δ

)p−1

≤
(

msmA

(mt+1 . . .ms−1ms+1 . . .mA−1)δ

)α
δ

.

This gives that in order to have (8) we have to prove
min {mt,msmA}

(mt+1 . . .ms−1ms+1 . . .mA−1)δ
≤ C

for some δ.

Case mt ≤ ms. This by mt

(mt+1...ms−1)L ≤ C gives that choosing any δ ≥ L we �nished the
proof of (8). That is, mt > ms can be supposed.
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Case mA ≤ ms. This by mA

(ms+1...mA−1)L ≤ C and by ms

(mt+1...ms−1)L ≤ C gives that choosing any
δ ≥ L we �nished the proof of (8).

Case mA,mt > ms. Then by ms

(mt+1...ms−1)L ≤ C we get ms ≤ C(mt+1 . . .ms−1)
L and this

provides
min {mt,msmA}

(mt+1 . . .ms−1ms+1 . . .mA−1)L2+2L

≤ ms min {mt,mA}
(mt+1 . . .ms−1)L2+L(mt+1 . . .ms−1ms+1 . . .mA−1)L

≤ C
min {mt,mA}

mL
s (mt+1 . . .ms−1ms+1 . . .mA−1)L

≤ C.

This means that choosing any δ ≥ L2 +2L we completed the proof of (8). That is, the proof
of Lemma 6 is complete. ¤

Lemma 7. Let 0 < α < 1, A, s, t ∈ N and A > s > t. Then the operator
(

Mt+1ms

MA

)α

T s,t
∗,A is

of weak type (1, 1).

Proof. Let f ∈ L1(Gm), λ > ‖f‖1. Apply the Calderon-Zygmund decomposition lemma for
function f .

f = f0 +
∞∑
i=1

fi = f0 +
∑

{i∈P:ki>t}
fi +

∑

{i∈P:ki=t}
Ftfi +

∑

{i∈P:ki<t}
fi +

∑

{i∈P:ki=t}
(fi − Ftfi)

=: f0 + g1 + g2 + g3 + g4.

(9)

Since ‖f0‖∞ ≤ Cλ, then by Et+1|f0|(y) ≤ ‖f0‖∞ ≤ Cλ and by Lemma 6 we have

(10) µ

{(
Mt+1ms

MA

)α

T s,t
∗,Af0 > λ

}
≤ C

‖f0‖1

λ
≤ C

‖f‖1

λ
.

Lemma 4 gives that Et+1|g1|(y) ≤ λ a.e. Consequently, also by Lemma 6 we get the proof
of inequality

(11) µ

{(
Mt+1ms

MA

)α

T s,t
∗,Ag1 > λ

}
≤ C

‖g1‖1

λ
≤ C

‖f‖1

λ
.

In the very same way Lemma 5 and 6 give

(12) µ

{(
Mt+1ms

MA

)α

T s,t
∗,Ag2 > λ

}
≤ C

‖g2‖1

λ
≤ C

‖f‖1

λ
.

As a consequence of (9), (10),(11) and (12) we have to investigate g3 and g4.
First, we discuss g3. Let j ∈ P such that kj < t. Let y /∈ F =

⋃
i∈P Ji. Consequently,

y /∈ Jj =
⋃βj

l=αj
Ikj

(uj, l). Let n ∈ P, A = |n|. Then we have

T s,t
n fj(y) =

Ms

mt

∫
Smt−1

z=1 Is(y+etz)

fj(x)ψ̄n(s)(x)
1

1− rt(y − x)
dµ(x) = 0

because
mt−1⋃
z=1

Is(y + etz) ⊂ It(y) ⊂ Ikj+1(y)
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and

Ikj+1(y) ∩
βj⋃

l=αj

Ikj
(uj, l) = ∅

for y /∈ Jj. In other words, we integrate fj on the empty set. This follows T s,t
n g3(y) = 0.

That is, T s,t
∗,Ag3(y) = 0 for y /∈ F . Consequently,

µ

{(
Mt+1ms

MA

)α

T s,t
∗,Ag3 > λ

}

≤ µ(F ) + µ

{
y ∈ Gm \ F :

(
Mt+1ms

MA

)α

T s,t
∗,Ag3(y) > λ

}

≤ C
‖f‖1

λ
.

(13)

It is left to investigate g4. Let i ∈ P such that ki = t. Set γi = b(αi + βi)/2c.

De�ne the distance of j, k ∈ {0, 1, . . . ,mt − 1} = Zmt as

ρ(j, k) :=

{
|j − k|, if |j − k| ≤ mt

2
,

mt − |j − k|, if |j − k| > mt

2
.

In other words, Zmt is considered as a circle. De�ne the set 6Ji in the following way:
If βi − αi + 1 ≥ mt/6, then 6[αi, βi] := {0, . . . ,mt − 1},

6Ji :=
⋃

j∈6[αi,βi]

It(u
i, j) = It(u

i).

On the other hand, if βi−αi+1 < mt/6, then 6[αi, βi] := {j ∈ Zmt : ρ(j, γi) ≤ 3(βi − αi + 1)},

6Ji :=
⋃

j∈6[αi,βi]

It(u
i, j).

It is obvious that µ(Ji) ≤ µ(6Ji) ≤ 6µ(Ji).
Next, we choose an y /∈ 6Ji. Then either there exists a j < t such that y ∈ Ij(ui)\ Ij+1(u

i),
or y ∈ It(ui) and yt /∈ 6[αi, βi].
In the �rst case we have

mt−1⋃
z=1

Is(y + etz) ⊂ It(y) \ It+1(y) ⊂ It(y) ⊂ Ij(u
i) \ Ij+1(u

i),

and this set is disjoint from supp (fi − Ftfi) ⊂ It(u
i) (recall that ki = t). That is, we

integrate fi−Ftfi on the empty set calculating the value of T s,t
n (fi−Ftfi)(y). Consequently,

T s,t
∗,A(fi − Ftfi)(y) = 0 for such an y.
In the second case we have y ∈ It(ui) and yt /∈ 6[αi, βi]. This gives
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T s,t
n (fi − Ftfi)(y)

=
Ms

mt

∫
Smt−1

z=1 Is(y+etz)

(fi − Ftfi)(x)ψ̄n(s)(x)

[
1

1− rt(y − x)
− 1

1− rt(y − γiet)

]
dµ(x)

+
Ms

mt

1

1− rt(y − γiet)

∫
Smt−1

z=1 Is(y+etz)

(fi − Ftfi)(x)ψ̄n(s)(x)dµ(x)

=: I + II.

(14)

First, we discuss II.

∫
Smt−1

z=0 Is(y+etz)

fi(x)ψ̄n(s)(x)− Ftfi(x)ψ̄n(s)(x)dµ(x)

=

∫
Smt−1

z=0 Is(y+etz)

fi(x)ψ̄n(s)(x)− Ft(fiψ̄n(s))(x)dµ(x) = 0

(15)

gives

(16) II ≤ C
Ms

mt

mt

ρ(yt, γi)

∫

Is(y)

|fi|(x) + Ft|fi|(x)dµ(x) ≤ C(Es|fi|(y) + EsFt|fi|(y)).

On the other hand, the investigation of I (that is, the �rst addend in (14)) is based on

∣∣∣∣
1

1− rt(y − x)
− 1

1− rt(y − γiet)

∣∣∣∣

≤ C
| sin(π(xt − γi)/mt)|

| sin(π(yt − xt)/mt)|| sin(π(yt − γi)/mt)|
≤ C

(βi − αi + 1)/mt

ρ2(yt, γi)/m2
t

≤ Cmt
βi − αi + 1

ρ2(yt, γi)

(17)

for xt ∈ [αi, βi] and y ∈ It(ui), yt /∈ 6[αi, βi]. This follows

|I| ≤ C
Ms

mt

∫
Smt−1

z=1 Is(y+etz)

(|fi(x)|+ |Ftfi|(x))mt
βi − αi + 1

ρ2(yt, γi)
dµ(x)

= CMs
βi − αi + 1

ρ2(yt, γi)

∫
Smt−1

z=1 Is(y+etz)

(|fi(x)|+ |Ftfi|(x))dµ(x).

(18)
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These assumptions, more exactly, the de�nition g4 (see (9)), (14), (16) and (18) give

µ

{(
Mt+1ms

MA

)α

T s,t
∗,Ag4 > λ

}

≤ µ(6F ) + µ

{
y ∈ Gm \ 6F :

(
Mt+1ms

MA

)α

T s,t
∗,Ag4(y) > λ

}

≤ C
‖f‖1

λ
+

1

λ

∫

Gm\6F

(
Mt+1ms

MA

)α

T s,t
∗,Ag4(y)dµ(y)

≤ C
‖f‖1

λ
+

1

λ

∑

{i∈P : ki=t}

∫

Gm\6Ji

(
Mt+1ms

MA

)α

T s,t
∗,A(fi − Ftfi)(y)dµ(y)

≤ C
‖f‖1

λ
+

1

λ

∑

{i∈P : ki=t}

∫

Gm\It(ui)

Es|fi|(y) + EsFt|fi|(y)µ(y)

+ C
1

λ

∑

{i∈P : ki=t}

∫
S

k/∈6[αi,βi]
It(ui,k)

Ms
βi − αi + 1

ρ2(yt, γi)

∫
Smt−1

z=1 Is(y+etz)

(|fi(x)|+ |Ftfi|(x))dµ(x)dµ(y)

(19)

It is easy to have that
Ms

mt

∫
Smt−1

z=0 Is(y+etz)

g(x)dµ(x) = FtEsg(y)

and consequently
Ms

mt

∫
Smt−1

z=1 Is(y+etz)

g(x)dµ(x) = FtEsg(y)− 1

mt

Esg(y).

By the help of this equality we give the estimation of the right hand side of (19).

≤ C
‖f‖1

λ
+ C

1

λ

∑

{i∈P:ki=t}
‖fi‖1

+ C
1

λ

∑

{i∈P : ki=t}

∫
S

k/∈6[αi,βi]
It(ui,k)

βi − αi + 1

ρ2(yt, γi)
(mtFtEs|fi|(y) + Es|fi|(y)) dµ(y)

≤ C
‖f‖1

λ
+ C

1

λ

∑

{i∈P : ki=t}

∫
S

k/∈6[αi,βi]
It(ui,k)

Es|fi|(y)dµ(y)

+ C
1

λ

∑

{i∈P : ki=t}

∫
S

k/∈6[αi,βi]
It(ui,k)

βi − αi + 1

ρ2(yt, γi)
mtFtEs|fi|(y)dµ(y) =: I + II + III.

it is simple to have that I + II ≤ C ‖f‖1
λ

. For III we get

III ≤ C
1

λ

∑

{i∈P : ki=t}

∑

k/∈6[αi,βi]

βi − αi + 1

ρ2(yt, γi)

∫

It(ui,k)

mtFtEs|fi|(y)dµ(y)

≤ C
1

λ

∑

{i∈P : ki=t}

∑

{k : k≥3(βi−αi+1)}

βi − αi + 1

k2

∫

It(ui)

FtEs|fi|(y)dµ(y)

≤ C
1

λ

∑

{i∈P : ki=t}
‖fi‖1 ≤ C

1

λ
‖f‖1,

(20)
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because for any integrable function g∫

It(ui,0)

Ftg(y)dµ(y) = · · · =
∫

It(ui,mt−1)

Ftg(y)dµ(y).

This completes the proof of Lemma 7. ¤

It will often be used the following inequality. De�ne the stopping time ν (see e.g. [22]) in
the following way:

ν(x) := inf {k ∈ N : Ek(|f |)(x) > λ} (inf ∅ = +∞).

It is known that µ(ν <∞) ≤ ‖f‖1/λ. Denote the characteristic function of the set B ⊂ Gm

by 1B. Let l, A be natural numbers. Then we prove
‖1{ν=l}EAf‖1 ≤ ‖1{ν=l}f‖1.

If l ≥ A + 1, then we have 1{ν=l}(x)EA(|f |)(x) ≤ 1{ν=l}(x)El(|f |)(x) because if for some x
we 1{ν=l}(x) = 0, then there is nothing to prove, and in the case of 1{ν=l}(x) = 1 we have
by the de�nition of ν that El(|f |)(x) > λ ≥ EA(|f |)(x). Consequently, if l ≥ A+ 1, then by
the AA measurability of the function 1{ν=l} we proved

‖1{ν=l}EAf‖1 ≤ ‖1{ν=l}EA(|f |)‖1 ≤ ‖1{ν=l}El(|f |)‖1 ≤ ‖El(1{ν=l}|f |)‖1 ≤ ‖1{ν=l}f‖1.

On the other hand, if l ≤ A, then we have a more simple situation. Namely, the function
1{ν=l} is AA measurable, and this gives

1{ν=l}EAf = EA(1{ν=l}f), ‖1{ν=l}EAf‖1 = ‖EA(1{ν=l}f)‖1 ≤ ‖1{ν=l}f‖1.

Let 0 < α < 1, j, k ∈ P. De�ne the operator

Tj,k
∗ f := sup

A≥j+k

{(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A f

}
.

We prove a weak (1, 1)-like type inequality concerning this operator. We remark that in
Lemma 7 we proved a weak (1, 1) type inequality with respect to the operator

(
Mt+1ms

MA

)α

T s,t
∗,A.

In the forthcoming lemma the role of s will be played by A− j, and role of t will be played
by A− j − k.
Lemma 8. Let 0 < α < 1 be any �xed real. Then we have a constant C > 0 such that for
all j, k ∈ P, λ > 0 and f ∈ L1(Gm) the inequality

µ
(
Tj,k
∗ f > λ

) ≤ C‖f‖1
1

λ
(j + k + 2)2

holds.

Proof. The proof is based on Lemma 7. De�ne the stopping time ν (see e.g. [22]) in the
following way:

ν(x) := inf {k ∈ N : Ek(|f |)(x) > λ} (inf ∅ = +∞).

It is known that µ(ν < ∞) ≤ ‖f‖1/λ. Denote by the characteristic function of the set
B ⊂ Gm by 1B. Since for any n, |n| = A we have

T s,t
n f = T s,t

n EA+1f and T s,t
n EAf = 0,

then we also have
TA−j,A−j−k
∗,A f = TA−j,A−j−k

∗,A (EA+1f − EAf).
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This equality by

1 = 1{ν<∞} + 1{ν=∞} = 1{ν>A+1} + 1{ν<A−j−k} + 1{A−j−k≤ν≤A+1}

provides

µ
(
Tj,k
∗ f > λ

) ≤ µ

(
1{ν<∞}T

j,k
∗ f >

λ

2

)

+ µ

(
1{ν=∞} sup

A≥j+k

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{ν>A+1}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A≥j+k

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{ν<A−j−k}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A≥j+k

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{A−j−k≤ν≤A+1}(EA+1f − EAf)) >

λ

6

)

=: I + II + III + IV.

We already have that I ≤ C‖f‖1/λ. The equality III = 0 is given by the equality that

TA−j,A−j−k
∗,A (1{ν<A−j−k}f) = 1{ν<A−j−k}T

A−j,A−j−k
∗,A f

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {ν = ∞}. In order to have an appropriate upper bound for II we use Lemma 4.1
in [9] again. In other words, we use

‖TA−j,A−j−k
∗,A g‖2

2 ≤ C‖g‖2
2

for any g ∈ L2(Gm). (Recall that
(

MA−j−k+1mA−j

MA

)α

≤ 1.) This gives

II ≤ C
1

λ2

∞∑

A=j+k

‖TA−j,A−j−k
∗,A (1{ν>A+1}(EA+1f − EAf))‖2

2

≤ C
1

λ2

∞∑

A=j+k

‖1{ν>A+1}(EA+1f − EAf)‖2
2 ≤ C

1

λ2
‖f‖1λ

= C
‖f‖1

λ
.

The last inequality is given by the lemma of Burkholder [19, 22]. So, we have to investigate
IV . This is the last to do in order to prove Lemma 8. The equality

1{A−j−k≤ν≤A+1} =
A+1∑

l=A−j−k

1{ν=l}

sup
A≥j+k

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{A−j−k≤ν≤A+1}(EA+1f − EAf))

≤ (j + k + 2) sup
A≥j+k

sup
l∈[A−j−k,A+1]

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{ν=l}(EA+1f − EAf)).
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This by the help of Lemma 7 gives

IV ≤
∞∑

A=j+k

A+1∑

l=A−j−k

µ

((
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A (1{ν=l}(EA+1f − EAf))

>
λ

6(j + k + 2)

)

≤ C

∞∑

A=j+k

A+1∑

l=A−j−k

j + k + 2

λ
‖1{ν=l}(EA+1f − EAf)‖1

= C
j + k + 2

λ

∞∑

l=0

l+j+k∑

A=l−1

‖1{ν=l}f‖1

= C
(j + k + 2)2

λ

∞∑

l=0

‖1{ν=l}f‖1

= C
(j + k + 2)2

λ
‖f‖1.

This completes the proof of Lemma 8. ¤

De�ne the operator Rt
n : L1(Gm) → L1(Gm), where n, t ∈ N and A = |n| > t

Rt
nf(y) := TA,t

n f(y) =
1

mt

∣∣∣∣∣
mt−1∑

xt=0,xt 6=yt

EA(f r̄nA
A )(y + et(xt − yt))

1

1− rt(y − x)

∣∣∣∣∣ .

Also set
Rt
∗,Af := sup

{
Rt

nf : |n| = A
}

= TA,t
∗,Af, and Rt

∗f := sup
A≥t

Rt
∗,Af.

Let 0 < α < 1, k ∈ P. De�ne the operator Rk
∗f := supA≥k

(
MA−k+1

MA

)α

RA−k
∗,A f . We prove a

weak (1, 1)-like type inequality concerning this operator, just as we proved for Tj,k
∗ in Lemma

8.

Lemma 9. Let 0 < α < 1 be any �xed real. Then we have a constant C > 0 such that for
all k ∈ P, λ > 0 and f ∈ L1(Gm) the inequality

µ
(
Rk
∗f > λ

) ≤ C‖f‖1
1

λ
(k + 2)2

holds.

Proof. The proof of this lemma is nothing else but a step by step repeat of the appropriate
version of the proof of Lemma 8, including the the proofs of the necessary Lemmas 6 and 7.
By the inequality (3) we have for every 1 < p ≤ 2 that ‖Rt

∗f‖p ≤ C‖f‖p (C depends on p).
The the appropriate version of the statement of Lemma 6 reads as follows: Let f ∈ L1(Gm),
λ > 0, A, t ∈ N, A > t so that Et+1|f | ≤ Cλ a.e. Let 0 < α < 1 be an arbitrary real. Then

(21) µ

{(
Mt+1

MA

)α

Rt
∗,Af > λ

}
≤ C

‖f‖1

λ
,
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where C depends only on α and p. The prove inequality (21) we follow the proof of Lemma
6. For example our version of inequality (6) is

µ

{(
Mt+1

MA

)α

Rt
∗,Af > λ

}
≤ C

λ

(
Mt+1

MA

)pα

(mt+1 . . .mA)p−1‖f‖1.

After we have completed the proof of (21) we turn our attention to our version of Lemma 7.

Namely, let 0 < α < 1, A, s, t ∈ N and A > s > t. Then the operator
(

Mt+1

MA

)α

Rt
∗,A is of

weak type (1, 1). Just follow the proof of Lemma 7. The only di�erence is that the factor ms

is missing, and in this case s = A. We do not go further in details, this is left to the reader.
Then, in order to prove the appropriate version of Lemma 8 we do the same procedure then
we did in in the proof of Lemma 8. We give the sketch of this below.

µ
(
Rk
∗f > λ

) ≤ µ

(
1{ν<∞}R

k
∗f >

λ

2

)

+ µ

(
1{ν=∞} sup

A≥k

(
MA−k+1

MA

)α

RA−k
∗,A (1{ν>A+1}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A≥k

(
MA−k+1

MA

)α

RA−k
∗,A (1{ν<A−k}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A≥k

(
MA−k+1

MA

)α

RA−k
∗,A (1{A−k≤ν≤A+1}(EA+1f − EAf)) >

λ

6

)

=: I + II + III + IV.

(22)

By the very same way, as we got in the proof of Lemma 8, we get I ≤ C‖f‖1/λ, and also
III = 0. The latter come from

RA−k
∗,A (1{ν<A−k}f) = 1{ν<A−k}R

A−k
∗,A f

for any integrable function f , and by the fact that the product on the right hand side is zero
on the set {ν = ∞}. In order to have an appropriate upper bound for II we use Lemma 4.1
in [9] again. In other words, we use

‖RA−k
∗,A g‖2

2 ≤ C‖g‖2
2

for any g ∈ L2(Gm). (Recall that
(

MA−j−k+1

MA

)α

≤ 1.) This gives

II ≤ C
1

λ2

∞∑

A=k

‖RA−k
∗,A (1{ν>A+1}(EA+1f − EAf))‖2

2

≤ C
1

λ2

∞∑

A=k

‖1{ν>A+1}(EA+1f − EAf)‖2
2 ≤ C

1

λ2
‖f‖1λ

= C
‖f‖1

λ
.

(Compare the corresponding lines in the proof of Lemma 8.) So, it is left to investigate IV .
Since, there is no (main) di�erence with respect the proof of the same thing in the proof of
Lemma 8, then it is left to the reader. This completes, the proof of Lemma 9. ¤
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De�ne the operator V t
n : L1(Gm) → L0(Gm) (and some others), where t ∈ N, n, k ∈ P and

A = |n| > t as

V t
nf(y) :=

1

M|n|

∣∣∣∣M2
t

∫

It(y)\It+1(y)

f(x)ψ̄n(t+1)(x)
rnt
t (y − x)− 1

(rt(y − x)− 1)2
dµ(x)

∣∣∣∣ ,

and
V t
∗,Af := sup

{
V t

nf : n ∈ P, |n| = A
}
, V t

∗ f := sup
{
V t
∗,Af : A ≥ t

}
,

Vk
∗f := sup

{
V A−k
∗,A f : A ∈ P, A ≥ k

}
.

We prove a weak (1, 1)-like type inequality concerning the operator Vk
∗ , a similar one as we

proved for Rk
∗ in Lemma 9.

Lemma 10. We have a constant C > 0 such that for all k ∈ P, λ > 0 and f ∈ L1(Gm) the
inequality

µ
(
Vk
∗f > λ

) ≤ C‖f‖1
k + 2

2kλ

holds.

Proof. First, we prove that the operator 2A−tV t
∗,Af is of strong type (1, 1). In other words,

we prove ‖V t
∗,Af‖1 ≤ C‖f‖1. It is easy to have that

V t
∗,Af(y) ≤ 1

MA

M2
t sup

nt∈{0,...,mt−1}

∫

It(y)\It+1(y)

|f(x)| |r
nt
t (y − x)− 1|

|(rt(y − x)− 1)2|dµ(x)

≤ C
1

MA

M2
t+1

∫

It(y)\It+1(y)

|f(x)| 1

(yt − xt)2
dµ(x).

This implies

‖V t
∗,Af‖1 ≤

∫

Gm

1

MA

M2
t+1

∫

It(y)\It+1(y)

|f(x)| 1

(yt − xt)2
dµ(x)dµ(y)

=
1

MA

M2
t+1

∫

Gm

∫

It(y)\It+1(y)

|f(x)| 1

(yt − xt)2
dµ(x)dµ(y)

=
1

MA

M2
t+1

m0−1∑
y0=0

· · ·
mt−1∑
yt=0

∫

It+1(y)

∫

It(y)\It+1(y)

|f(x)| 1

(yt − xt)2
dµ(x)dµ(y)

=
1

MA

M2
t+1

m0−1∑
y0=0

· · ·
mt−1∑
yt=0

∫

It(y)\It+1(y)

|f(x)|
∫

It+1(y)

1

(yt − xt)2
dµ(y)dµ(x)

=
1

MA

Mt+1

m0−1∑
y0=0

· · ·
mt−1∑
yt=0

∑

j 6=yt

∫

It(y,j)

|f(x)| 1

(yt − j)2
dµ(x)

≤ C
1

MA

Mt+1

m0−1∑
y0=0

· · ·
mt−1−1∑
yt−1=0

mt−1∑
j=0

∫

It(y,j)

|f(x)|dµ(x)

≤ C‖f‖1
1

2A−t
.
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We also prove that the operator 2A−tV t
∗,Af is of strong type (∞,∞).

‖V t
∗,Af‖∞ ≤ ‖f‖∞ 1

MA

M2
t+1

∫

It(y)\It+1(y)

1

(yt − xt)2
dµ(x)

≤ ‖f‖∞Mt+1

MA

≤ C‖f‖∞ 1

2A−t
.

That is, we have that the operator 2A−tV t
∗,Af is of strong type (1, 1) and (∞,∞). By the

interpolation theorem of Marcinkiewicz we also have that the operator 2A−tV t
∗,Af is of strong

type (p, p) for all 1 ≤ p ≤ ∞.
As we remember A = |n| gives V t

nf = V t
n(EA+1f), and also that V t

n(EAf) = 0 (recall
that A > t, nA 6= 0). Thus, V t

∗,Af = V t
∗,A(EA+1f) = V t

∗,A(EA+1f − EAf). Thus, V k
∗ f =

supA V
A−k
∗,A (EA+1f − EAf). It is also simple to have from the de�nition of V t

n that for any
integrable function f and At measurable function g the equality V t

∗,A(gf) = gV t
∗,A(f). This

will be applied below for the function 1ν<A−k = g.
The rest of the proof of Lemma 10 is quite similar to the proof of Lemma 8, 9. De�ne the

stopping time ν as in the proof of Lemma 8, that is,

ν(x) := inf {k ∈ N : Ek(|f |)(x) > λ} (inf ∅ = +∞).

It is known that µ(ν <∞) ≤ ‖f‖1/λ.

µ
(
2kVk

∗f > λ
) ≤ µ

(
1{ν<∞}2

kVk
∗f >

λ

2

)

+ µ

(
1{ν=∞}2

k sup
A≥k

V k
∗,A(1{ν>A+1}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞}2

k sup
A≥k

V k
∗,A(1{ν<A−k}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞}2

k sup
A≥k

V k
∗,A(1{A−k≤ν≤A+1}(EA+1f − EAf)) >

λ

6

)

=: I + II + III + IV.

We already have that I ≤ C‖f‖1/λ. The equality III = 0 is given by the equality that

V A−k
∗,A (1{ν<A−k}f) = 1{ν<A−k}V

A−k
∗,A f

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {ν = ∞}. In order to have an appropriate upper bound for II we use the fact
that the operator 2A−tV t

∗,Af is of type (2, 2).

II ≤ C

λ2

∥∥∥∥2k sup
A≥k

V k
∗,A(1{ν>A+1}(EA+1f − EAf))

∥∥∥∥
2

2

≤ C

λ2

∞∑

A=k

∥∥2kV k
∗,A(1{ν>A+1}(EA+1f − EAf))

∥∥2

2

≤ C

λ2

∞∑

A=k

∥∥1{ν>A+1}(EA+1f − EAf)
∥∥2

2
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By the lemma of Burkholder [19, 22] we get

II ≤ C

λ
‖f‖1.

So, we have to investigate IV .

IV ≤ C

λ

∞∑

A=k

A+1∑

l=A−k

∥∥2kV k
∗,A(1{ν=l}(EA+1f − EAf))

∥∥
1

≤ C

λ

∞∑

A=k

A+1∑

l=A−k

(
∥∥1{ν=l}EA+1f

∥∥
1
+

∥∥1{ν=l}E(A)f
∥∥

1
)

=
C

λ

∞∑

l=0

k+l∑

A=l−1

∥∥1{ν=l}f
∥∥

1

= (k + 2)
C

λ

∞∑

l=0

∥∥1{ν=l}f
∥∥

1
= (k + 2)

C

λ
‖f‖1.

This completes the proof of Lemma 10. ¤

De�ne the operator U t
n : L1(Gm) → L0(Gm) (and some others), where n ∈ P and A = |n|

as

Unf(y) :=
1

mA

∣∣∣∣∣
mA−1∑

xA=0,xA 6=yA

EA+1f(y + eA(xA − yA))
rnA
A (y − x)− 1

nA(rA(y − x)− 1)2

∣∣∣∣∣ ,

and
U∗,Af := sup {Unf : n ∈ P, |n| = A} , U∗f := sup {U∗,Af : A ∈ P} .

Lemma 11. The operator U∗ is of weak type (1, 1), that is, we have a constant C > 0 such
that for all λ > 0 and f ∈ L1(Gm) the inequality

µ (U∗f > λ) ≤ C
1

λ
‖f‖1

holds.

Proof. The very base of the proof of this lemma is the theorem [9, Theorem 2.8] which reads
as follows:

1

mA

mA−1∑
yA=0

(U∗,Af(y))p ≤ C
1

mA

mA−1∑
yA=0

|EA+1f(y)|p

for all 1 < p < ∞, and yi ∈ Zmi
(i < A) (C depends on p). Besides, the number of the set

{yA : U∗,Af(y) > λ} divided by mA is bounded by C 1
mA

∑mA−1
yA=0 |EA+1f(y)|. In other words,

the operator U∗,A is of type (p, p) for 1 < p < ∞ and of weak type (1, 1) on the discrete
group ZmA

. This is what one can �nd in [9, Theorem 2.8]. It is not so di�cult to have

1

mA

∣∣∣∣∣
mA−1∑

xA=0,xA 6=yA

rnA
A (y − x)− 1

nA(rA(y − x)− 1)2

∣∣∣∣∣ ≤ C.

Basically, behind of this inequality is the fact that
1

mA

mA−1∑
zA=0

rk
A(z) =

{
1 , if k = 0,

0 , if k 6= 0



20 GYÖRGY GÁT

for k ∈ {0, 1, . . . ,mA − 1}. This provide that

Un(EAf)(y) :=
1

mA

∣∣∣∣∣EAf(y)

mA−1∑

xA=0,xA 6=yA

rnA
A (y − x)− 1

nA(rA(y − x)− 1)2

∣∣∣∣∣ ≤ C |EAf(y)| ≤ Cf ∗(y).

Consequently, we get

(23) U∗f ≤ sup {U∗,A(EA+1f − EAf) : A ∈ P}+ Cf ∗ =: U1
∗f + Cf ∗.

So, by the help of (23) we have that it is enough to prove that operator U1
∗f is of weak type

(1, 1). De�ne the stopping time ν as we have done it earlier, e.g. in the proof of Lemma 8,
that is,

ν(x) := inf {k ∈ N : Ek(|f |)(x) > λ} (inf ∅ = +∞).

It is known that µ(ν <∞) ≤ ‖f‖1/λ.

µ
(
U1
∗f > λ

) ≤ µ

(
1{ν<∞}U

1
∗f >

λ

2

)

+ µ

(
1{ν=∞} sup

A∈P
U∗,A(1{ν>A+1}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A∈P
U∗,A(1{ν<A}(EA+1f − EAf)) >

λ

6

)

+ µ

(
1{ν=∞} sup

A∈P
U∗,A(1{A≤ν≤A+1}(EA+1f − EAf)) >

λ

6

)

=: I + II + III + IV.

We already have that I ≤ C‖f‖1/λ. The equality III = 0 is given by the equality that

U∗,A(1{ν<A}f) = 1{ν<A}U∗,Af

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {ν = ∞}. In order to have an appropriate upper bound for II we use the fact
that the operator U∗,Af is of type (2, 2) (see the beginning of the proof of this lemma). Thus,

II ≤ C
1

λ2

∞∑
A=1

‖U∗,A(1{ν>A+1}(EA+1f − EAf))‖2
2

≤ C
1

λ2

∞∑
A=1

‖1{ν>A+1}(EA+1f − EAf)‖2
2 ≤ C

1

λ2
‖f‖1λ

= C
‖f‖1

λ
.
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The last inequality is given by the lemma of Burkholder [19, 22] again. So, we have to
investigate IV .

IV ≤
∞∑

A=1

µ

(
U∗,A(1{ν=A}(EA+1f − EAf)) >

λ

12

)

+
∞∑

A=1

µ

(
U∗,A(1{ν=A+1}(EA+1f − EAf)) >

λ

12

)

≤ C
1

λ

∞∑
A=1

A+1∑

l=A

‖1{ν=l}(EA+1f − EAf)‖1

≤ C
1

λ

∞∑
A=1

A+1∑

l=A−1

‖1{ν=l}(EAf)‖1

≤ C
1

λ
‖f‖1.

This completes the proof of this lemma. ¤

Now, we are ready to prove the main theorem of this paper.

Proof of Theorem 1.

For l, L ∈ N de�ne the following sum of Dirichlet kernel functions

Kl,L :=
l+L−1∑

i=l

Di.

Let n(j) :=
∑∞

i=j niMi (n, j ∈ N) and for n ∈ N set |n| := max(i ∈ N : ni 6= 0). That is,
|n| = A if and only if MA ≤ n < MA+1. Then by elementary calculations we have

(24) nKn =

|n|∑
s=0

ns−1∑
j=0

Kn(s+1)+jMs,Ms
.

By (24) we have

µ(σ∗f > λ) = µ(y : sup
n∈P

∣∣∣∣
∫

Gm

f(x)Kn(y − x)dµ(x)

∣∣∣∣ > λ)

≤ µ(y : sup
n∈P

∣∣∣∣∣
∫

I|n|+1(y)

f(x)Kn(y − x)dµ(x)

∣∣∣∣∣ > λ/2)

+ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|∑
t=0

∫

It(y)\It+1(y)

f(x)

|n|∑
s=0

ns−1∑
j=0

Kns+1+jMs,Ms(y − x)dµ(x)

∣∣∣∣∣∣
> λ/2)

=: J1 + J2.



22 GYÖRGY GÁT

Discuss J2.

J2 ≤ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|∑
t=1

t−1∑
s=0

∫

It(y)\It+1(y)

f(x)
ns−1∑
j=0

Kns+1+jMs,Ms
(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

+ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|−1∑
s=1

s−1∑
t=0

∫

It(y)\It+1(y)

f(x)
ns−1∑
j=0

Kns+1+jMs,Ms
(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

+ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|−1∑
t=0

∫

It(y)\It+1(y)

f(x)

n|n|−1∑
j=0

KjM|n|,M|n|(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

+ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|−1∑
t=0

∫

It(y)\It+1(y)

f(x)
nt−1∑
j=0

Kn(t+1)+jMt,Mt
(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

+ µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

∫

I|n|(y)\I|n|+1(y)

f(x)

n|n|−1∑
j=0

KjM|n|,M|n|(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

=: J2,1 + J2,2 + J2,3 + J2,4 + J2,5.

Basically, J2,1,J2,2,J2,3,J2,4,J2,5 means the cases s < t, |n| > s > t, |n| = s > t, |n| > s = t,
|n| = s = t.
Next, we give an upper bound for J2,1 and for J1. Let t ∈ N, z ∈ It \ It+1. Then for s < t

by (2) we have

|Kn(s+1)+jMs,Ms
(z)| ≤ CntMtMs.

Thus,

µ


y ∈ Gm : sup

n∈P

1

n

|n|∑
t=1

t−1∑
s=0

∣∣∣∣∣
∫

It(y)\It+1(y)

f(x)
ns−1∑
j=0

Kn(s+1)+jMs,Ms
(y − x)dµ(x)

∣∣∣∣∣> λ




≤ µ


y ∈ Gm : C sup

n∈P

1

n

|n|∑
t=1

t−1∑
s=0

∫

It(y)\It+1(y)

|f(x)|nsMsntMtdµ(x) > λ




≤ µ


y ∈ Gm : C

∫

Gm

sup
n∈P

1

n

|n|∑
t=1

ntMtMt

∫

It(y)

|f(x)|dµ(x) > λ




≤ µ


y ∈ Gm : C sup

n∈P

1

n

|n|∑
t=1

ntMt|f |∗(y) > λ




≤ µ (y ∈ Gm : C|f |∗(y) > λ)

≤ C‖|f |‖1/λ = C‖f‖1/λ.



ALMOST EVERYWHERE CONVERGENCE OF FEJÉR MEANS 23

For the inequality µ (y ∈ Gm : f ∗(y) > λ) ≤ C‖f‖1/λ see the paper of Burkholder [19]. That
is, J2,1 ≤ C‖f‖1/λ. Moreover, by |Kn| ≤ (n+ 1)/2 we have

µ

(
y ∈ Gm : sup

n∈P

∣∣∣∣∣
∫

I|n|+1(y)

f(x)Kn(y − x)dµ(x)

∣∣∣∣∣ > λ/10

)

≤ µ

(
y ∈ Gm : sup

n∈P

∫

I|n|+1(y)

|f(x)|n+ 1

2
dµ(x) > λ/10

)

≤ µ

(
y ∈ Gm : C sup

n∈P

n+ 1

2M|n|+1

|f |∗(y) > λ/10

)

≤ C‖f‖1/λ.

That is, J1 ≤ C‖f‖1/λ.
In [9, Lemma 4.3] one can �nd the following: Let |n| ≥ s > t, n, s, t ∈ N, z ∈ It \ It+1.

Then,

(25) Kn(s),Ms
(z) =

{
0, if z − etzt /∈ Is,
MtMsψn(s)(z) 1

1−rt(z)
, if z − etzt ∈ Is.

Next, we discuss the form J2,2 by the help this equality and by the help of Lemma 8.

J2,2 = µ(y : sup
n∈P

1

n

∣∣∣∣∣∣

|n|−1∑
s=1

s−1∑
t=0

∫

It(y)\It+1(y)

f(x)
ns−1∑
j=0

Kns+1+jMs,Ms
(y − x)dµ(x)

∣∣∣∣∣∣
> λ/10)

Recall the de�nition of the operators T s,t
n f .

T s,t
n f(y) :=

1

mt

∣∣∣∣∣
mt−1∑

xt=0,xt 6=yt

Es(fψ̄n(s))(y + et(xt − yt))
1

1− rt(y − x)

∣∣∣∣∣ .

So, we have

J2,2 ≤ µ


sup

n∈P

1

n

|n|−1∑
s=1

s−1∑
t=0

Mt+1nsT
s,t
n f > λ/10




≤ µ

(
sup
A∈P

A−1∑
s=1

s−1∑
t=0

(
1

2A−t−2

)1−α (
Mt+1ms

MA

)α

T s,t
∗,Af > λ/10

)
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for any �xed 0 < α < 1. Since
(

1
2A−t−2

)1−α ≤ 1/δA−t for some δ > 1, then we have

J2,2 ≤ µ

(
sup
A∈P

A−1∑
j=1

A−j∑

k=1

1

δj+k

(
MA−j−k+1mA−j

MA

)α

TA−j,A−j−k
∗,A f > λ/10

)

≤ µ

(
sup
A∈P

A−1∑
j=1

A−j∑

k=1

1

δj+k
Tj,k
∗ f > λ/10

)

≤ µ

( ∞∑
j=1

∞∑

k=1

1

δj+k
Tj,k
∗ f > λ/10

)

≤ µ

( ∞⋃
j=1

∞⋃

k=1

{
C

δj/2+k/2
Tj,k
∗ f > λ/10

})
.

The last inequality is implied by the fact that if inequality C
δj/2+k/2T

j,k
∗ f(y) ≤ λ/10 holds for

all j, k, then we have
∞∑

j=1

∞∑

k=1

1

δj+k
Tj,k
∗ f(y) ≤

∞∑
j=1

∞∑

k=1

λ

10

C

δj/2+k/2
<

λ

10
.

Consequently,

J2,2 ≤
∞∑

j=1

∞∑

k=1

µ
(
Tj,k
∗ f > Cλδj/2+k/2

)

≤
∞∑

j=1

∞∑

k=1

C‖f‖1
1

λδj/2+k/2
(j + k + 2)2

≤ C‖f‖1/λ.

Next, we discuss the form J2,3 by the help of equality (25) and by the help of Lemma 9.
This is the case |n| = A = s > t.

J2,3 = µ

(
sup

A,nA 6=0

1

nAMA

∣∣∣∣∣
A−1∑
t=0

∫

It(y)\It+1(y)

f(x)

nA−1∑
j=0

KjMA,MA
(y − x)dµ(x)

∣∣∣∣∣ > λ/10

)

≤ µ

(
sup

A,nA 6=0

A−1∑
t=0

Mt+1

nAMA

nA−1∑
j=0

Rt
jMA

f > λ/10

)

≤ µ

(
sup

A,nA 6=0

A−1∑
t=0

Mt+1

MA

Rt
nAMA

f > λ/10

)

≤ µ

(
sup

A

A−1∑
t=0

Mt+1

MA

Rt
∗,Af > λ/10

)

≤ µ

(
sup

A

A∑

k=1

(
1

2k−1

)1−α (
MA−k+1

MA

)α

RA−k
∗,A f > λ/10

)
.



ALMOST EVERYWHERE CONVERGENCE OF FEJÉR MEANS 25

Then, using again here (2k−1)1−α ≥ δk for some δ > 1 we have

J2,3 ≤ µ

(
sup

A

A∑

k=1

1

δk
Rk
∗f > λ/10

)

≤ µ

( ∞∑

k=1

1

δk
Rk
∗f > λ/10

)

≤ µ

( ∞⋃

k=1

{
C

δk/2
Rk
∗f > λ/10

})
.

The last inequality is implied by the fact that if inequality C
δk/2R

k
∗f(y) ≤ λ/10 holds for all

k, then we have
∞∑

k=1

1

δk
Rk
∗f(y) ≤

∞∑

k=1

λ

10

C

δk/2
<

λ

10
.

Consequently, by Lemma 9 we have

J2,3 ≤
∞∑

k=1

µ
(
Rk
∗f > Cλδk/2

)

≤
∞∑

k=1

C‖f‖1
1

λδk/2
(k + 2)2

≤ C‖f‖1/λ.

Next, we turn our attention to the case |n| > s = t, that is, to J2,4. In [9, page 26] one can
�nd: If z ∈ It \ It+1, then

nt−1∑
j=0

Kn(t+1)+jMt,Mt
(z)

=
nt−1∑
j=0

ψn(t+1)+jMt
(z)

Mt(Mt − 1)

2
+ ψn(t+1)M2

t

rnt
t (z)− 1

(rt(z)− 1)2
− ψn(t+1)M2

t nt
1

rt(z)− 1

=: A1(z) + A2(z) + A3(z).

It is easy to investigate A1.

µ


y : sup

n∈P

1

n

∣∣∣∣∣∣

|n|−1∑
t=0

∫

It(y)\It+1(y)

f(x)A1(y − x)dµ(x)

∣∣∣∣∣∣
> λ/30




≤ µ


y : sup

n∈P

|n|−1∑
t=0

Mt+1

M|n|
Mt

∫

It(y)

|f | > λ/30




≤ µ (y : 2|f |∗(y) > λ/30)

≤ C‖f‖1/λ.
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Next, discuss A3.

1

n

∣∣∣∣∣∣

|n|−1∑
t=0

M2
t nt

∫

It(y)\It+1(y)

f(x)ψn(t+1)(y − x)
1

rt(y − x)− 1
dµ(x)

∣∣∣∣∣∣

=

|n|−1∑
t=0

Mtnt

n
T t+1,t

n f(y)

≤
|n|−1∑
t=0

1

2|n|−t−1
T t+1,t

n f(y)

=

|n|−1∑
j=0

1

2j
T |n|−j,|n|−j−1

n f(y)

≤
∞∑

j=0

1

2j
Tj,1
∗ f(y).

Since, by the method we used earlier it is simple to prove that

µ

( ∞∑
j=0

1

2j
Tj,1
∗ f > λ/30

)
≤ C‖f‖1/λ.

So, in order to have a proper bound for J2,4 we have to discuss only A2.

1

n

∣∣∣∣∣∣

|n|−1∑
t=0

M2
t

∫

It(y)\It+1(y)

f(x)ψn(t+1)(y − x)
rnt
t (y − x)− 1

(rt(y − x)− 1)2
dµ(x)

∣∣∣∣∣∣

≤
|n|−1∑
t=0

V t
nf(y) ≤

A−1∑
t=0

V t
∗,Af(y) =

A∑

k=1

V A−k
∗,A f(y) ≤

∞∑

k=1

Vk
∗f(y).

On the other hand,

µ

( ∞∑

k=1

Vk
∗f > λ/30

)
≤ µ

( ∞⋃

k=1

{
C2k/2Vk

∗f > λ/30
}
)
.

The last inequality is implied by the fact that if inequality C2k/2Vk
∗f(y) ≤ λ/30 holds for

all k, then we have
∑∞

k=1 Vk
∗f(y) ≤ ∑∞

k=1
C

2k/2
λ
30
< λ

30
. Consequently, by Lemma 10 we get

µ

( ∞∑

k=1

Vk
∗f > λ/30

)
≤

∞∑

k=1

µ

(
Vk
∗f >

Cλ

2k/2

)
≤

∞∑

k=1

C‖f‖1
k + 2

2kλ2−k/2
≤ C‖f‖1/λ.

So, cases A1, A3 and A2 are discussed. That is, we have J2,4 ≤ C‖f‖1/λ.
The last thing in order to have that the maximal operator σ∗f = supn∈P |σnf | is of weak

type (1, 1) is to prove the inequality J2,5 ≤ C‖f‖1/λ.
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In [9, page 31, 32] one can �nd for the case |n| = s = t and y ∈ I|n| \ I|n|+1, j < n|n| that
Kn(t+1)+jMt,Mt

= KjM|n|,M|n|(z)

=

(j+1)M|n|−1∑

k=jM|n|

rj
|n|(z)



|n|−1∑

l=0

klMl +M|n|

m|n|−1∑

l=m|n|−j

rl
|n|(z)




=: A4(z) + A5(z).

It is very simple to have that |A4(z)| ≤M2
|n| and consequently

sup
n∈P

∣∣∣∣∣∣
1

n

n|n|−1∑
j=0

∫

I|n|(y)\I|n|+1(y)

f(x)A4(y − x)dµ(x)

∣∣∣∣∣∣

≤ sup
n∈P

n|n|M2
|n|

n|n|M|n|

∫

I|n|(y)\I|n|+1(y)

|f(x)|dµ(x)

≤ |f |∗(y).

On the other hand, A5(z) = M2
|n|

rj
|n|(z)−1

r|n|(z)−1
gives

n|n|−1∑
j=0

A5(z) = M2
|n|

r
n|n|
|n| (z)− 1

(r|n|(z)− 1)2
+M2

|n|n|n|
1

1− r|n|(z)
=: A5,1(z) + A5,2(z).

By Lemma 11 we get for the kernel A5,1(z)

µ

(
y : sup

n∈P

∣∣∣∣∣
n|n|M|n|

n
M|n|

∫

I|n|(y)\I|n|+1(y)

f(x)
r

n|n|
|n| (y − x)− 1

n|n|(r|n|(y − x)− 1)2
dµ(x)

∣∣∣∣∣ > λ/30

)

≤ µ (y : U∗f(y) > λ/30) ≤ C‖f‖1/λ.

To discuss the maximal operator coming from kernel A5,2(z) we need a lemma [10, Lemma
2.4]. For an integrable function f we de�ne the following operator:

H1f(y) := sup
A∈P

∣∣∣∣∣MA

∫

IA(y)\IA+1(y)

f(x)
1

1− rA(y − x)
dx

∣∣∣∣∣ .

That lemma [10, Lemma 2.4] states that the operator H1 is of weak type (1, 1). This
immediately gives

µ

(
y : sup

n∈P

∣∣∣∣∣
n|n|M|n|

n
M|n|

∫

I|n|(y)\I|n|+1(y)

f(x)
1

r|n|(y − x)− 1
dµ(x)

∣∣∣∣∣ > λ/30

)

≤ µ (y : H1f(y) > λ/30) ≤ C‖f‖1/λ.

The results for the kernels A4(z), A5,1(z) and A5,2(z) give the inequality J2,5 ≤ C‖f‖1/λ.
That is, we proved that the maximal operator σ∗ is of weak type (1, 1). ¤
Proof of Theorem 2. Theorem 1 and the standard density argument give that for all
integrable function f on any rarely unbounded Vilenkin group the a.e. relation σnf → f
(n→∞) holds. ¤
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