ALMOST EVERYWHERE CONVERGENCE OF FEJER MEANS OF L!
FUNCTIONS ON RARELY UNBOUNDED VILENKIN GROUPS

GYORGY GAT

ABSTRACT. It is a highly celebrated problem in dyadic harmonic analysis the pointwise
convergence of the Fejér (or (C,1)) means of functions on unbounded Vilenkin groups.
There are several papers of the author of this paper concerning this. That is, we know the
a.e. convergence o, f — f (n — oo) for functions f € LP, where p > 1 (Journal of Approx.
Theory, 101(1):1-36, 1999), and also the a.e. convergence oy, f — f (n — 00) for functions
f € L' (Journal of Approxz. Theory, 124(1):25-43, 2003). The aim of this paper is to prove
the a.e. relation lim, . o, f = f for each integrable function f on any rarely unbounded
Vilenkin group. The concept of the rarely unbounded Vilenkin group is discussed in the
paper. Basically, it means that the generating sequence m may be an unbounded one, but
its ,,big elements” are not ,too dense”.

One of the most celebrated problems in dyadic harmonic analysis is the pointwise conver-
gence of the Fejér (or (C,1)) means of functions on unbounded Vilenkin groups.

Fine [1] proved every Walsh-Fourier series (in the Walsh case m; = 2 for all j € N) is
a.e. (C,a) summable for & > 0. His argument is an adaptation of the older trigonometric
analogue due to Marcinkiewicz [2]. Schipp [3] gave a simpler proof for the case o« = 1, i.e.

onf — fae. (f € LY(G,)). He proved that o* is of weak type (1,1). That o* is bounded
from H' to L' was discovered by Fujii [4].

The theorem of Schipp are generalized to the p-series fields (m; = p for all j € N) by
Taibleson [5] and later to bounded Vilenkin systems by Pal and Simon [6].

The methods known in the trigonometric or in the Walsh, bounded Vilenkin case are not
powerful enough. One of the main problems is that the proofs on the bounded Vilenkin
groups (or in the trigonometric case) heavily use the fact that the L' norm of the Fejér
kernels are uniformly bounded. This is not the case if the group G,, is an unbounded one
[7]. From this it follows that the original theorem of Fejér does not hold on unbounded
Vilenkin groups. Namely, Price proved [7| that for an arbitrary sequence m (sup,, m, = o)
and a € G,, there exists a function f continuous on G,, and o, f(a) does not converge to
f(a). Moreover, he proved [7] that if % — 00 (the definition of sequences (m,) and
(M,,) will be discussed later), then there exist a function f continuous on G,, whose Fourier
series are not (C,1) summable on a set S C G, which is non-denumerable. That is, only,
a.e. convergence can be stated for unbounded Vilenkin groups. The almost everywhere
convergence of the full partial sums for functions in L”,p > 1, is known in the bounded case
[8] but not in the unbounded case.

Date: Jan. 18, 2006.
1991 Mathematics Subject Classification. 42C10.
Key words and phrases. rarely unbounded Vilenkin groups, Vilenkin series, Fejér means, a.e. convergence.
Research supported by the Hungarian National Foundation for Scientific Research (OTKA), grant no. M
36511/2001 and T 048780.
1



2 GYORGY GAT

In 1999 the author [9] proved that if f € LP(G,,), where p > 1, then o, f — f almost
everywhere. This was the very first “positive” result with respect to the a.e. convergence of
the Fejér means of functions on unbounded Vilenkin groups. In 2003 the author of this paper
gave a partial answer for the L' case [10]. Namely, let f € L'(G,,). Then we have oy, f — f
almost everywhere. In this paper we introduce the notion of the rarely unbounded Vilenkin
group. The aim of this paper is to prove the Fejér-Lebesgue theorem on rarely unbounded
Vilenkin groups. That is, that the a.e. relation o, f — f holds for all integrable f.

This result is interesting also in the following point of view. The mean convergence of the
full partial sums for functions in L”,p > 1 in norm, that is, ||S,f — f|l, — 0 is known even
in the unbounded case. See [11]. It trivially follows the norm convergence |lo,f — f|l, — 0
for LP?,p > 1. It is also interesting that from the result of Price above it follows the existence
of an integrable function f on any unbounded Vilenkin group such that ||o,f — f|li # 0.
This is a sharp contrast between the bounded and the unbounded case. So, the main result
of this paper shows that convergence in norm, and convergence almost everywhere are quite
different. T would like to draw the attention of the reader to some results known in the
two-dimensional unbounded case due to Wade and the author [12, 13, 14]. For more on the
theory of Vilenkin groups see the book [15]. Finally, I would like to to draw the attention of
the reader to the problem of almost everywhere convergence of Fejér means of functions on
locally compact Vilenkin groups. For some details with respect to this issue see the paper
[16].

First we give a brief introduction to the theory of Vilenkin systems. These orthonormal
systems were introduced by N. Ja. Vilenkin in 1947 (see e.g. [17, 15]) as follows.

Let m = (mg,k € N) (N := {0,1,...}) be a sequence of integers each of them not
less than 2. Let Z,,, denote the discrete cyclic group of order my. That is, Z,,, can be
represented by the set {0, 1,...,my — 1}, with the group operation mod my addition. Since
the groups are discrete, then every subset is open. The normalized Haar measure on Z,,,,

pr is defined by pi({j}) :=1/my (7 € {0,1,...,my — 1}). Let

Gy, = X Zpn,, -
k=0

Then every z € G,, can be represented by a sequence = (z;,i € N) | where x; € Z,,,, (i €
N). The group operation on G,, (denoted by +) is the coordinate-wise addition (the inverse
operation is denoted by —), the measure (denoted by ), which is the normalized Haar
measure, and the topology are the product measure and topology. Consequently, GG, is a
compact Abelian group. If sup, cym, < 00, then we call G,, a bounded Vilenkin group. If
the generating sequence m is not bounded, then G,, is said to be an unbounded Vilenkin
group. If there exists a constant C' and L € P such that for all 7,5 € P we have

min(mi7 mi-i‘j)

(1) (Mg - - - Mipi1) ~

(the empty product is defined to be 1, and the constant C' may depend on the sequence
m - of course), then we call the Vilenkin group G,, a rarely unbounded Vilenkin group.
Every bounded Vilenkin group is a rarely unbounded Vilenkin group. Unfortunately, not all
unbounded ones are rarely unbounded, since for instance the rarely unboundedness implies
the inequality min(m;, m;y1) < C. So, e.g. if (m,) tends to plus infinity, then G,, is not
rarely unbounded. On the other hand, there are many unbounded Vilenkin groups, which
are rarely unbounded ones.
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Let My := 1, M1 := m, M, (n € N) be the so-called generalized powers. The Vilenkin
group is metrizable in the following way:

S |z — il
d(xz,y) =
(,9) ;;J%H

The topology induced by this metric, the product topology, and the topology given below
are the same. A base for the neighborhoods of G,,, can be given by the intervals:

In(x) =G, IL(z):={y=(y;,i €N) € G, :y; =ax;fori <n}
for z € Gp,n € P:= N\ {0}. Let 0 = (0,7 € N) € G,,, denote the nullelement of G,,, I,, :=
I,,(0) (n € N). Sometimes we also use the notation

L(x, k) ={y=(y;,i € N) € Gy, : y; = x;fori < n, x, = k}.

(z,y € Gp,).

Let e, denote the element of GG,, whose nth coordinate is one, and the others are zeros
(n € N). Furthermore, let LP(G,,) (1 < p < 0o0) denote the usual Lebesgue spaces (]|.||, the
corresponding norms) on G,,, A, the o algebra generated by the sets I,(x) (x € G,,), and
E,, the conditional expectation operator with respect to A, (n € N) (E_;f :==0(f € L')).

The concept of the maximal Hardy space ([18]) H'(G,,) is defined by the maximal function
f* :==sup, |E.f| (f € L'(G,,)), saying that f belongs to the Hardy space H'(G,,) if f* €
LY(G,,). H'(G,,) is a Banach space with the norm

1Al = WS

Let f be an element of either H*(G,,) or L?(G,,) for some 1 < p < oo. We say that operator
T is of type (p,p) if there exist an absolute constant C' > 0 for which |T'f]|, < C|f]|, for
all f € LP(G,,). T is of weak type (1, 1) if there exist an absolute constant C' > 0 for which
w(Tf >N <C|flli/X for all A > 0 and f € LY(G,,). It is known that the operator which
maps function f to the maximal function f* is of weak type (1,1), and of type (p,p) for all
1 <p<oo(seeeg. [19,9]).

Each natural number n can be uniquely expressed as
n=>Y nM; (n;€{0,1,..,m;—1}, i €N),
i=0

where only a finite number of n; ’s differ from zero. The order of the positive integer n is
defined as |n| := A, where M4 < n < My,;. The generalized Rademacher functions are
defined as .

ro(z) = exp(2m—") (x € Gp,n € N1z := v/—1).

0, ifax, #£0,

" 0 (r € G, n € N). The n'" Vilenkin
My, T, =

It is known that 3.7 "7 (z) = {
function is

Uy = Hr;” (n € N).
=0

The system ¢ := (¢, : n € N) is called a Vilenkin system. Each 1, is a character of G,,,
and all the characters of GG,,, are of this form. Define the m -adic addition as

k@n =Y (k;+n;(modm;))M; (k,n€N).

J=0
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ghe)n s Yraon = Vktbn, Vn( +9y) = Un(@)Pn(y), Yn(—z) = 1/_%(90), Y| =1 (k,n € Nyz,y €

Define the Fourier coefficients, the partial sums of the Fourier series, the Dirichlet kernels,
the Fejér means, and the Fejér kernels with respect to the Vilenkin system v as follows

f):= [ fibudp,
Gm
Suf =Y f(k)t,
k=0
Dy, ) = Daly — x) := Y ti(y)du(x),
k=0

n—1
1
onf =~ > S,
k=1

—_

3

Ku(y,z) = Kp(y — @) ==

SRS

l)k(y —-I),

1

(nePy,ze G, f0):= /G fdu, Sof = Dy =0, f € LYGy)).

It is well-known that

i

S, (y) = /G F(#)Duly — 2)dpu(a),

onf(y) = g f(@)Kn(y — z)dp(z)

(n €P, y € Gy, f € LY(Gp)).
It is also well-known that

M,, if z € I,(0),
D pr—
. (@) {0, if 2 ¢ I,(0)

Su, f(z) = M, fdu=E,f(z) (f€ L' (Gn),n€N).

In(x)
Moreover, [15] for n € N
00 mj;—1
Dy=v¢,Y Dy, Y i
Jj=0 i=mj;—mn;

That is, for z € I; \ I;11 (t € N)

(2) D, (2) = n(2) (i n;jM; + M, i ri(z)) .

j=0 i=mr—ny

Define the maximal operator of the Fejér means of the integrable function f as o*f :=
SUPpep [Onf]-

The main result of this paper that we are to prove is
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Theorem 1. Let G, be a rarely unbounded Vilenkin group. Then the operator o* is of weak
type (1,1).

A straightforward consequence of Theorem 1 is the poof of the Fejér-Lebesgue theorem on
rarely unbounded Vilenkin groups. That is,

Theorem 2. Let G, be a rarely unbounded Vilenkin group, and f € L'(G,,). Then we have
the a.e. relation o, f — f.

In order to prove Theorem 1 we need several lemmas and some results achieved by the
author of this paper earlier ([9, 10]).

Besides, we need the so-called Calderon-Zygmund decomposition Lemma [20, 10, 21| on
unbounded Vilenkin groups (for the proof see e.g.[21]) which reads as: Let f € L'(G,,), and
A > || fll > 0 arbitrary. Then the function f can be decomposed in the following form:

F=5+ X0 Il <O ol < UL,
j=1

supp f; € | I, (27, 1) = Jj, ; fidp=0 (jeP),

I=a;

£
F:UJ]-, u(F) < C255.
JjeP
Moreover, the sets .J; are disjoint (27 € G, k; € N,j € P).
Let f € L'(G,,) such that

and for

B
supp € () = 9. 570 [ 17k < 0

l=a

Then we prove:

Lemma 3. E;1|f[(y) < AMu(J)Mesals, (y) for anyt <k (t,k € N) andy € G,

Proof. 1ty ¢ I, 1(u) D Ix(u) D J, then I, 1(y) and Ix(u) are disjoint intervals, and conse-
quently so do I;+1(y) and J. That is, in this case we have E;1|f|(y) = 0.

Thus, y € I;;1(u) can be supposed. Since I;1(u) N J = J, then we get
Epalf1(y)

= M4 z)|du(x
%;mﬂﬂ)\M)
= M [ If@lanta)

_A@H§j/‘ F(@)ldu(x)

Tiq1 (w0, g —1,0)

f—a+1l Mk+1 /
= M, ) dp(
t+1 My: B—a+tl |f (@)|dp(x
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This completes of the proof of Lemma 3. U

Then consider the well-known Calderon-Zygmund decomposition lemma (see e.g. [10, 21]).
We do not apply it at this point, but it will be used later. That is, let

f=1to+>_fi and supp fi C Ulk (u',l) = J;i (i € P)
i=1

l=a;

be disjoint sets. Moreover, let u=1(J;) fJi |fildp < X (i € P). Then we have:
Lemma 4. E; | Z{iepzki»} filly) < X for a.e. y € Gy, (t € N).

Proof. Basically, the proof is nothing else then an application of Lemma 3. Consequently,
Et+1’ Z fl’(y) < AMiq Z M(Ji)lftﬂ(ui)(y)'
{i€P: k; >t} {i€P: k;>t}

The addends in the sum on the right hand side can be different from zero only in the case of
an 7 such that I;,;(u’) = I,;1(y). That is, since the sets J; are disjoint and J; C I;,1(u’) =
I;11(y), then this sum is bounded by

MM Y pld) S AMpap(Tea(y) =

{Z’GP : JiCIt+1(y)}

This completes the proof of Lemma 4. U

Introduce the operator F; : L'(G,,) — L'(G,,) (n € N) in the following way.

me—1

Ef(y 'ZinyJret (e — ).

mtO

It is obvious that FyF;.1 = Ey 1 Fy = E;. Applying the notations of Lemma 4 we have
Lemma 5. Evi1| ) iep.p,mny F2fil(y) < A for ace. y € Gy, (tEN).

Proof. We apply Lemma 3 and follow the proof of Lemma 4. That is,

Ei | Z Fifil(y)

{iEP : ki:t}

< Z E 1 F fil (y)

{iEP : kl :t}

= Z Ey| fil(y)

{ieP: k;=t}

< Y Al Mg, (y)
{i€P: k;=t}

< Z Ap(J;) M,
{ieP: J;CI:(y)}
< Auli(y)) My = A



ALMOST EVERYWHERE CONVERGENCE OF FEJER MEANS 7

Define the operator T : L'(G,,) — L'(G,,), where n,s,t € Nand A=|n|>s >t
me—1

T3 f(y) =mi S E(fie) -+ eulee — )

t=0,z1 £yt

1
1—r(y—az)|
Also set

Tf”ﬁxf = sup {Ti’tf | = A} , T = sup{ Af Ae IP}
In the paper |9, Lemma 4.1] Gat proved for every 1 < p < 2 that
(3) T2 Fllp < ClLf Il

where the constant C' depends only on p. Next, we prove

Lemma 6. Let f € L'(G,,), A >0, A;s,t € N, A > s >t so that E;1|f] < CX a.e. Let
0 < a <1 bean arbitrary real. Then

M 1m st ||f||1
<
u{ (M) gz o <

where C' depends on « (and the constant can be seen at (1)).

Proof. We have T.7 f = T:7) (Eas1f) < T (Eas1f), then by the help of (3) we get

Mt-‘rlms “ s.t
> A
u{ () miar =

1 Mt+1m5 s,t
4 < =S P
(@) < 5 (2 et i
C Mt+1ms b D
< 5 (M) Bl

In order to go further into the investigation of (4) we give an upper bound for ||Ea i f|[P.

mo—1 ma—1

[Ea [l = Z Z |Eas1f(zo, ... za)’
xo=0 zA=0
mo—1 mi—1 meyp1—1 ma—1 p
LSy ( SRS |EAHf<xo,...xA>|>
xo=0 x:=0 Tt41=0 xA=0
_ -1 me—1 mep1—1 ma—1 p
Mys1...M4)P 170 1
_ | o m> DR D el DIREHD S IV ORI
0--- 14 xo=0 x:=0 e+l A z¢41=0 xA=0
(5) m pfl mo—l mt—l
1...MA
_ (e AT N N (B Baa fl@o. )
mg...My 29=0 21=0
_ —1 me—1
m ...y P17
< et AN N (Bl )
0--- t zo=0 x;=0
mo—1 me—1
< C)‘pfl(mtﬂ cemg)tT Z Z Bl fl(zo, -5 2)
zo=0 x+=0

= C/\p_l(mt+1 .. 'mA)p_IHle'
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By the help of (4) and (5) we have

M 1Mg o s O M 1Mg e —
O ef (M) et < § () a1l

By a completely different - and more simple - approach we also get another bound for the
left hand side of (6).

m¢—1
1

Tf,’if(y)smit S Bl + ez — )

z=0,Tt#Yt

| sin(m(ye — @) /me)|

This immediately gives
|73 f W)l < Clog(ma)| flh
and

Mgams\® C M, ymg\“
) o (M) et 0} < Siogtomg (M),
In other words, (6) and (7) give that if could prove

«a pa
(8) in {log(mt) <Mt+1ms) ’ (Mt—l—lms) (Mups .. .mA)pl} <C.

M4 M4
then the proof of Lemma 6 would be complete.
Lo —1=4. It is obvious

Let 6 > 1,2a — 1 be discussed later, and 1 < p < 2 defined as P
that such a p exists, since for p = 2 the left hand side would be 2a — 1, and tending p — 1,
the left hand side converges to plus infinity. In this case we have p — 1 < §. Thus, we get

Miymg\© M ;
1 <C
Og<mt) ( MA > - ((th e Mg—1Mgy1 - - ~mA—1)6>

Mt+1ms
My

p—1
Mg A
- ~La-1
p—1
(mt+1 e e Mg—1Mgy1 - - - mA_1>

1
( msima )p
(Mgt Mg 1My .. .ma1)?

msma
(Mig1...ms_1Msy1..mA_1

msm -t msm s
sHtA < sITLA
(mHl Mg 1My 1 - mA,1)6 - (mt+1 e Mg Mgy q - - mA,1)5

This gives that in order to have (8) we have to prove

and

pa
) (mHl .. .mA)pil

We can suppose that
case

7 > 1, otherwise inequality (8) is verified. In this

min {my, mgma }

s<C
(th e Mg 1My - mA,l)
for some 9.
Case m; < mg. This by W#QL < (C gives that choosing any § > L we finished the

proof of (8). That is, m; > ms can be supposed.
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CaSe mA S mS' Thls by (ms_’_l,’r‘r,l’rj?LA_l

d > L we finished the proof of (8).

T < C and by M—ms_l)L < C gives that choosing any

ms
Mipf1.Ms—1)

Case ma,my > mg. Then by (
provides

r < C we get my < C(myyq...ms1)" and this

min {my, mgma }

2
(mt+1 e e Mg 1Mgyq - mA_l)L +2L

< ms min {m;, ma}

- (mt+1 Ce ms,l)LQ‘*‘L(th e Mg Mgy q ... mA,l)L

min {m;, ma} <c

mE(myiy .. .mg_1mgiy...ma_1)l —

This means that choosing any 6 > L? + 2L we completed the proof of (8). That is, the proof
of Lemma 6 is complete. O

Lemma 7. Let 0 < a <1, A,s,t € N and A > s > t. Then the operator (M’}\Z—lm> Tf”ﬁ‘ is
of weak type (1,1).

Proof. Let f € L*(G,,), X > ||f|li. Apply the Calderon-Zygmund decomposition lemma for
function f.

F=f+Y fi=fo+ > fi+ Y. Efit+ > fi+ > (fi—-Ef)
i=1

{iEPZki>t} {iEP:ki:t} {iEPZk‘i<t} {iEPZk}i:t}
= fot g1 +92+ 95+ s
Since || folloo < CA, then by Ei1|fol(y) < || follee < CA and by Lemma 6 we have

(10) Iu{(Mt—i—lms) T:j;fo > )\} < CHf;)\“l < CHJ;Hl

My

Lemma 4 gives that E;,1|g1]|(y) < A a.e. Consequently, also by Lemma 6 we get the proof
of inequality

Miaims \® lgalls _ ANl
11 T .g1>Ap <C <C .
In the very same way Lemma 5 and 6 give

Mipams \® g2l £l
12 — | T, >Ap <C <’ .
(12 u{( My ) na%2 }__ AT A

As a consequence of (9), (10),(11) and (12) we have to investigate g3 and g,.
First, we discuss gs. Let j € P such that k; < t. Let y ¢ F = (J,.pJi. Consequently,
yé¢J = fiaj I, (w/,1). Let n € P, A= |n|. Then we have

[i(@) ¥ (2)

T2 fily) = dp(z) =0

e /U:”llfs(y%m 1 —r(y — )

because
me—1

U Ly +e2) € Ly) € Lyay)

z=1
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and
B;
ijJrl(y) n U [kj (u]7 l) =0
l=a;

for y ¢ J;. In other words, we integrate f; on the empty set. This follows T;>*g5(y) = 0.
That is, T:’igg(y) =0 for y ¢ F. Consequently,

Mt+1m8 “ s.t
T.,93 > A

M s\ s
(13) gp(F)—l—u{yeGm\F:( t]\}lAm) T*,’t93(3/>>)‘}
£l
< .
<C 3

It is left to investigate g4. Let i € P such that k; = t. Set v; = |(a; + 3;)/2].

Define the distance of j, k € {0,1,...,m; — 1} = Z,,, as

, i K|, if | — k| < me
sy JU =Mk s
mi—lj—kl, i [j— k| >

m¢
5 -

In other words, Z,,, is considered as a circle. Define the set 6.J; in the following way:
If ﬁz — oG+ 1 Z mt/6, then 6[0&1,/61] = {0, e,y — 1},

6J; = |J L' j) = L)

J€6[a;,Bi]

On the other hand, if 3;—«a;+1 < m;/6, then 6, 5;] :={j € Z, : p(4,7) < 3(6; — a; + 1)},

67; = |J L)
J€6la;,Bi]
It is obvious that u(J;) < u(6.J;) < 6u(J;).
Next, we choose an y ¢ 6.J;. Then either there exists a j < t such that y € I;(u’) \ Ij;1(u’),
or y € I(u') and y; ¢ 6[c;, 5.
In the first case we have

m¢—1

U I(y + ez) C Li(y) \ Lisa(y) C L(y) C Li(u') \ L (u'),

z=1

and this set is disjoint from supp (f; — Fifi) C L;(u’) (recall that k; = ). That is, we
integrate f; — F}f; on the empty set calculating the value of T5'(f; — Fyf;)(y). Consequently,
T4 (f — Fofi)(y) = 0 for such an y.

In the second case we have y € I;(u’) and y; ¢ 6[a, 3;]. This gives
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T3 (fi = Fofi) ()
M / - 1 1
— Fif; ) (@ — du(z
e y+etz tf )( )w ( ) 1— rt(y - 33) 1— rt(y - ’)/iet) IU( )

1= ”(y —vier) /u’” <y+etz>(fi = B f) (@) (z)du(z)

=141

First, we discuss 1.

/m_1 fi(l’)lﬁn(s)( ) — Eifi(z) n(s)( Ydp(x)
U.Z2o Is(y+et2)

(15)
N /m 1 fi(@) 0o (@) = Fi fithno ) (@)dp(z) = 0
U lo  Is(y+esz)
gives
" me p(ye, %) /fs(w [Fil(2) + B fil(@)du(z) < CELI(Y) + EFIAI©)).

On the other hand, the investigation of I (that is, the first addend in (14)) is based on

‘ 1 1
L=ri(y—z) 1—=riy—vies)
< [sin(r(z — 70) /)|
- = Tsinle(ar — ) /mo) [ sin(w(yr — 30)/me)
C(ﬁz —a; +1)/my
P2 (e, i) /i

i —o+ 1
< Cmt%
02 (Yt i)

for z; € oy, 8;] and y € I;(u'), vy & 6[cv;, 5;]. This follows

M ﬁl’—Oéi—i-l
me J Is(y+etz)(| (@)| + |Fifil(2)) T

i — O + 1
_ chz— / (fi(@)] + |Fufil () ).
P*(Ye, i) JUret L yrens)

dp(x)

11
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These assumptions, more exactly, the definition g4 (see (9)), (14), (16) and (18) give

Mt+1m5 @ p
T494 > A

M S “ S
< u(6F) +p {y € Gy \6F : (t]\}—lAm) T 94(y) > A}

19 t S\ st
W el / (M“m) T4 — Bof) ()dnly)
(i€P: ky=t} ¥ Gm\6Ji My
<c! /\”1+X > [ B+ BRI @)

(6eP: ky=t} ¥ Gm \ ()

/ w / A+ Bl )dnt)u)
Ukgéla,,,) Tt(u' .k U

P2(ye, i) Jyme

(ieP: ki=t} T Ly ter?)

It is easy to have that

M,
: du(z) = F,E,
m / i ymz)g(ﬂc) p(z) = FiEqg(y)

and consequently

M, 1
g(x)dp(x) = FiEg(y) — —Esg(y).
My JUrt I(y+eez) ( ! ) my

By the help of this equality we give the estimation of the right hand side of (19).
Il A1
<ol ol sy,

A -
{ieP:k;=t}
1 — o +1
N / (meFYE fil(y) + Eslfil(y)) di(y)
{i€P: k;=t} nge It uik) P (yta%)
f 1
<cl AHl O3 Z EJ|fil(y)du(y)
{i€P: k;=t} ngo[a 5]It ut,k)
1 1
O3 / O T R fil(y)duly) = T+ 1T+ I11.
{i€P: k;=t} ngﬁ It ut,k) P (yta %)

it is simple to have that I + ] < Cm. For I11 we get

1 T az + 1
<oy Y z L e oy TR 0)ty)
It 'LLZ,k

{(i€P: ki=t} k¢6]a;,5 (e, i

Bi —a;+1 4
D S Rt

{iEP: k’i:t} {k‘ : kZ?)(ﬁifOtri»l)}

1 1
<cy > il < Sl

{Z‘E]P) : kZ:t}

> =

(20) =C
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because for any integrable function g

| Ryt == [ Fgldut)
It(ul,O) It(ul,mtfl)
This completes the proof of Lemma 7. O

It will often be used the following inequality. Define the stopping time v (see e.g. |22]) in
the following way:

v(z) :=inf{k € N: Ex(|f])(z) > A} (inf@ = 400).
It is known that p(v < 0o) < ||f|l1/A. Denote the characteristic function of the set B C Gy,
by 1g. Let [, A be natural numbers. Then we prove
Mp=nEaflli < [1p=y flli-

If I > A+ 1, then we have 1y (2)Ea(|f])(z) < L=y (2)Ei(|f])(z) because if for some =
we 1g,—p(x) = 0, then there is nothing to prove, and in the case of 1y,—;(x) = 1 we have
by the definition of v that Ey(|f])(z) > A > Ea(|f])(z). Consequently, if [ > A+ 1, then by
the A4 measurability of the function 1y,—;; we proved

[Tp=pEaflli < M= Ea(lfDI < [Tp=nE(IfDIl < [E(Lp=g Dl < L=y fll1-

On the other hand, if | < A, then we have a more simple situation. Namely, the function
1{,—y is A4 measurable, and this gives

Loy Eaf = Ea(lp=nf), lp=nFEaflli = |Ea(lp=nf)1 < 1gp=sy fl1-

Let 0 < a < 1, 5,k € P. Define the operator
Ti’kf — sup { (MA—j—kaA—j) ngj’A_j_kf} )

A>j+k My

We prove a weak (1,1)-like type inequality concerning this operator. We remark that in
Lemma 7 we proved a weak (1, 1) type inequality with respect to the operator (%—T) Tf”i.
In the forthcoming lemma the role of s will be played by A — j, and role of ¢ will be played
by A—j—k.

Lemma 8. Let 0 < a < 1 be any fized real. Then we have a constant C > 0 such that for
all j,k € P, A\ >0 and f € L' (G,,) the inequality
. 1
p(T8f > 2) < ClIflh G +k+2)°
holds.
Proof. The proof is based on Lemma 7. Define the stopping time v (see e.g. [22|) in the
following way:
v(z) :=inf{k € N: Ex(|f])(z) > A} (inf0 = +o0).

It is known that pu(r < oo) < ||flli/A. Denote by the characteristic function of the set
B C G, by 1p. Since for any n, |n| = A we have

T3 f =T Eanf and T3'Eaf =0,

then we also have o o
T:};],A*j*lﬂf — T:}‘;JvA*J*k(EAJrlf — EAf)
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This equality by

I'=1p<oo) + Lp=oo} = Lo ar1y + Lp<a—j iy + L{ajk<w<arty

)

M m A
Y (1{1/_00} sup ( A—j— k+1 A— ]) A —J,A—j— k 1{1/>A+1}(EA+1f_EAf)) > _)

provides

DO | >

(TJ k.f > >\ < 2 (1{V<00}T17kf >

A>j+k 6

My k+1mA j

A
A ~5A=j- k 1{1/<A*j*k}(EA+1f_ EAf)) - 6)

+ % (1{1/200} sup
A>j+k

M m A
+ p (1{1100} sup ( - j]\kjl = ]> T (Lasjokcvensy(Baga f — Eaf)) > 5)
A>jtk A

= I+ 1T+ 1IT+1V.

We already have that I < C/||f]|1/A. The equality 171 = 0 is given by the equality that

A—j,A—j— A A
T*,AJ’ J ’C(l{y<A—j_k}f) = 1{V<A—j—k}T*7A]’ J Icf

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {v = oo}. In order to have an appropriate upper bound for /7 we use Lemma 4.1
in [9] again. In other words, we use

A—j Aj—k
1T gll; < Cllgll3

for any g € L*(G,,). (Recall that (MA‘+*:WLA‘]> < 1.) This gives

1 iAo
II < Cﬁ Z ||T:}AJ’A "1 sary(Basif — Baf)l3
Afj-i-k

1
<C Z 11> a1y (Bagrf — EAf)||2<C S IlA

A j+k

/1]
=07

The last inequality is given by the lemma of Burkholder [19, 22|. So, we have to investigate
IV, This is the last to do in order to prove Lemma 8. The equality
At1

Lia—jk<v<aty = Z L=y
I=A_j—k

Ma . MoA_ - o 4
Sup ( Azjkt17A ]> T:}AJ’A J k(l{A—j—kSuSA-l—l}(EA—l-lf_EAf))

A>jt+k My
<MAjk+1mAj

<(j+k-+2) sup sup i
A

A>jtk l€[A—j—k,A+1]

) T 7 ey (Ban f — Eaf)).
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This by the help of Lemma 7 gives

00 A+1 o
M a1 Tha s I
e St S (M) Bt - B

- A My
A—jtk l=A—j—k

A
>6U+k+m

00 A+1
<C )

k2
> M= (Barif = Eaf)ls
ASj ik i=A—j—k
oo I+j+k

|+ k
:CH—THZ Z 1=y fll1

=0 A=l-1

JH+k+2)? &
= VS 1
=0

: 2
SRR

This completes the proof of Lemma 8. O

=C

Define the operator R! : L'(G,,) — L'(G,,), where n,t € Nand A = |n| > ¢

R f(y) :=TMf(y) = mi Z Ea(friy)(y + ei(wy — yt))m :
t x¢=0,z¢FYt !

Also set
R, Af = sup {R.,f : |n| = A} :Tfjf, and RLf:= iungi,Af.

Let 0 < a < 1, k € P. Define the operator R¥f := SUP 4> (M‘J‘V;j“> Rf;lkf. We prove a

weak (1, 1)-like type inequality concerning this operator, just as we proved for T?* in Lemma
8.

Lemma 9. Let 0 < a < 1 be any fized real. Then we have a constant C > 0 such that for
allk € P, A >0 and f € L'(G,,) the inequality

1
p(RES > 3) < Ol G+ 2)°
holds.

Proof. The proof of this lemma is nothing else but a step by step repeat of the appropriate
version of the proof of Lemma 8, including the the proofs of the necessary Lemmas 6 and 7.
By the inequality (3) we have for every 1 < p < 2 that |RLf]|, < C|f]l, (C depends on p).
The the appropriate version of the statement of Lemma 6 reads as follows: Let f € L'(G,,),
A>0, At €N, A>tsothat B q|f| < CXae Let 0 < a <1 be an arbitrary real. Then

(21) u { (%)aRi,Af > A} <ol
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where C' depends only on a and p. The prove inequality (21) we follow the proof of Lemma
6. For example our version of inequality (6) is

M. « C [ M, pa _
A () mar=2f < S(5E) e omar i

After we have completed the proof of (21) we turn our attention to our version of Lemma 7.

Namely, let 0 < a < 1, A,s,t € Nand A > s > t. Then the operator (1\]/{;{21> R , is of

weak type (1, 1). Just follow the proof of Lemma 7. The only difference is that the factor mj
is missing, and in this case s = A. We do not go further in details, this is left to the reader.
Then, in order to prove the appropriate version of Lemma 8 we do the same procedure then
we did in in the proof of Lemma 8. We give the sketch of this below.

A

My_ @ -~ A
+ (1{1/200} sup (ﬂ) R*A,Ak(l{u>A+l}(EA+1f - EAf)) > —>
A>k My 6

22 Ma_ R A
( ) +n (1{VOO} sup (M) R::Ak(l{u<A—k}(EA+1f - EAf)) > _)
A>k M 6

A

Ma_ R A
+ p (1{u=oo} sup ( XXH) RF(Vpackevcary(Baga f — Eaf)) > g)
Ak A

= I+I1I+1IT+1V.

By the very same way, as we got in the proof of Lemma 8, we get I < C||f]|1/A, and also
IIT = 0. The latter come from

R (Len—iyf) = Lpea—y RIG S

for any integrable function f, and by the fact that the product on the right hand side is zero
on the set {v = oo}. In order to have an appropriate upper bound for 77 we use Lemma 4.1
in [9] again. In other words, we use

IRZ3*9l3 < Cllgll3

for any g € L*(G,,). (Recall that (%f“)a < 1.) This gives

1 pae
11 < CF Z ||R£Ak(1{y>A+1}(EA+lf - EAf))H%

I/\

1 oo

O3 2 essn (Eanf = Euf)I < Ol
A=k
.

(Compare the corresponding lines in the proof of Lemma 8.) So, it is left to investigate V.
Since, there is no (main) difference with respect the proof of the same thing in the proof of
Lemma 8, then it is left to the reader. This completes, the proof of Lemma, 9. 0
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Define the operator V! : L'(G,,) — L°(G,,) (and some others), where t € N,n, k € P and
=|n| >t as

1
My,

Vifly) ==

2 7 rit(y—az) -1
M t+1 d ,
/It(y)\ftﬂ( ) f(x)wn( )<x> (Tt(y - .I) - 1)2 ,U(l')

and

V;Af::sup{V;f:nEIP’,]n]:A}, V*tf—sup{ Af A>t}

Vif=sup{VA*f:AcP,A>k}.

We prove a weak (1,1)-like type inequality concerning the operator V¥, a similar one as we
proved for R¥ in Lemma 9.

Lemma 10. We have a constant C > 0 such that for all k € P, A > 0 and f € L*(G,,) the
mequality

k+2

2k )\

i (VEF >0 < ClIflh
holds.
Proof. First, we prove that the operator 247V, Af is of strong type (1,1). In other words,
we prove ||V}, flly < C f]l1. Tt is easy to have that
1

Vi s g s | ) =D =
A ) M4 tntE{O ,,,,, me—1} J I (y)\Ie11 () |[(re(y — ) — 1)
1

1
< C—M? / fx)|————=du(x).
My zt<y>\1t+1(y>| ( )‘(Z/t—xt)Q )

This implies
1

Vi< [ g [ @)
It (y)\Lt+1(y 13 t
1
- MM / m / o @ )

1 mo—1 my—1 .
= MEL Y / / ()| dpu()dpa(y)
MA " Z yzZZO It+1(y) It(y)\1t+1(y) (yt - :L‘t)Q
m¢—1

yo=0
1 mo—1 — .
=M 2 / |/ ()] ———dp(y)du(z)
Ma yoz:O ytz:() Tt (y)\ 141 (y) Lit1(y) (ye — x4)?
1 mo—1 mt 1 1
Ma yo=0 Y= 0 J;éyt I (y.5) y - ])
1 mo—1 mi—1—1my—1
SCMMM )EEDIDY / )du(e)
A yo=0 yi—1=0 5=0 It
<Clflhsi=

2At



18 GYORGY GAT

We also prove that the operator 24~ tVtAf is of strong type (0o, 00).

1
1Viaflle < 1l M2 / LS
L)\ () (

Yt — xt)Z

1
My
< fllo 7 C||f||ooF.

That is, we have that the operator 24"V, f is of strong type (1,1) and (oo o0). By the
interpolation theorem of Marcinkiewicz we also have that the operator 247V . V!, f is of strong
type (p,p) for all 1 < p < oc.

As we remember A = |n| gives V'f = V!(E411f), and also that VI(Esf) = 0 (recall
that A > t na 7é O) Thus VtAf = *A(EA—Hf) = *t7A(EA+1f - EAf) Thus, V;kf =

sup, VATH(Eai1f — Eaf). It is also simple to have from the definition of V! that for any

1ntegrable function f and A; measurable function g the equality V/ ,(gf) = gV 4(f). This
will be applied below for the function 1,.4_, = g.

The rest of the proof of Lemma 10 is quite similar to the proof of Lemma 8, 9. Define the
stopping time v as in the proof of Lemma 8, that is,

v(z) :=inf{k € N: Ex(|f])(z) > A} (inf@ = +o0).
It is known that p(v < oo) < || f]l1/A.

A

A
+ (1{u:oo}2k iuPV "A(lpsary(Bapaf — Eaf)) > 6)

A
+ (1{V:oo}2’“ sup V., Fallgeary(Baprf — Eaf)) > 6)

A
+ 1 <1{Voo}2k iupV A(l{A k<v<A+y(Baprf — Eaf)) > 6)

=14+ 11+ 1I1+1V.
We already have that I < C|f||1/\. The equality 171 = 0 is given by the equality that

VAT Qpcasinf) = Lpcan Vi f

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {¥ = co}. In order to have an appropriate upper bound for I1 we use the fact
that the operator 247V , f is of type (2,2).

2

C
]Igﬁ

ok iupV A(l{y>A+1}(EA+1f Eaf))
> 2

C o
< 5 2 VE s asy (B f - EaD)];
A=k
C o
< 52 [esa(Banf - Eaf);

S
ke
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By the lemma of Burkholder |19, 22| we get

C
1< Sl
So, we have to investigate I'V.
oo A+1
IV < —Z Z 12°VEA L=ty (Basaf — Eaf))|l
A=k I=A—k
oo A+1
2{: > (= Barif|l, + [No-n EA,)
A kl=A—k
00 k+1
:“Z:EZ\U@uf%
1=0 A=l—1

=(k+2)~ ZHl{u y S, = k+2—||f\|1

This completes the proof of Lemma 10. U

Define the operator U : L'(G,,) — L°(G,,) (and some others), where n € P and A = |n|

as
ma—1

Unf(y) = mLA > Eanf(y+ealwa—ya)

224=0,247YA

rt(y—x)—1
na(ray — =) — 1)

and
Uiaf =sup{U,f :neP,|nf=A}, U,f:=sup{U.af:AcP}.

Lemma 11. The operator U, is of weak type (1,1), that is, we have a constant C' > 0 such
that for all A > 0 and f € L'(G,,) the inequality

1
p(U.f > ) < 517l
holds.

Proof. The very base of the proof of this lemma is the theorem [9, Theorem 2.8] which reads
as follows:

ma—1 ma—1
— Z (Uaf(y p<0_ > |Eanif)l”
ya=0 ya=0

for all 1 < p < o0, and y; € Z,,(i < A) (C depends on p). Besides, the number of the set
{ya : U, af(y) > A} divided by my4 is bounded by Cm%, S Ea f(y)]. In other words,

ya=0
the operator U, 4 is of type (p,p) for 1 < p < oo and of weak type (1,1) on the discrete

group Z,,. This is what one can find in [9, Theorem 2.8|. It is not so difficult to have

ma—1 nA o o
1 3 i (y — o) a2f§c
ma |, i, malraly —2) —1)

Basically, behind of this inequality is the fact that

__Eiv 1, ifk=0,
ma al Cifk#£0

2A=0
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for k € {0,1,...,m4 — 1}. This provide that

ma—1

Un(Eaf)(y) = mi Eafly) Y

zA=0,247#YA

rit(y—x)—1
na(ray —z) —1)

S| SCIEAf )| < Cf*(y).

Consequently, we get
(23) U.f <sup{Uoa(Basif — Baf) : A€ P} + Cf* = ULf 4 Cf.

So, by the help of (23) we have that it is enough to prove that operator Ul f is of weak type
(1,1). Define the stopping time v as we have done it earlier, e.g. in the proof of Lemma 8,
that is,

v(z) :=inf{k € N: Ex(|f])(z) > A} (inf0 = +00).

It is known that pu(v < co) < ||fl]1/A.

A
(UL > %) < (1 U > 5)

A
+pu (1{11200} sup Us a(Lips a1y (Bagif — Eaf)) > —)
AcP 6
A
+u (1{V=oo} sup Uy a(Lgp<ay(Bagrf — Eaf)) > —)
AeP 6

A
+ <]-{1/_oo} Sup Uoa(lpa<v<asty(Basr f — Eaf)) > g)
S
= I1+1I1+1I1+1V.

We already have that I < C||f||1/A. The equality 171 = 0 is given by the equality that

U*’A(].{V<A}f> = ]-{V<A} U*,Af

for any integrable function f and by the fact that the product on the right hand side is zero
on the set {¥ = 0o}. In order to have an appropriate upper bound for IT we use the fact
that the operator U, 4f is of type (2,2) (see the beginning of the proof of this lemma). Thus,

1 [ee]
I1 < CF Z U a(Lpps a1y (Baiaf — Eaf))|l3
A=1

1 & 1
<03 D Mpsasy(Basaf — Eaf)|3 < Ol A
A=1
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The last inequality is given by the lemma of Burkholder [19, 22| again. So, we have to
investigate IV.

V<> pu <U*A(1{u A (Banf = Eaf)) > 1A2)
A=1

A
( A(lp=ar1y(Bayrf — Eaf)) > 12)

1 S
< XZZ 1Tp=iy(Eatif — Eaf)ln
A=11=A
1 o A+1
< XZ ”1{1/ y(Eaf)ll
1
O MA
This completes the proof of this lemma. O

Now, we are ready to prove the main theorem of this paper.

Proof of Theorem 1.

For [, L € N define the following sum of Dirichlet kernel functions

Let nt) = % ;niM; (n,j € N) and for n € N set [n| := max(i € N : n; # 0). That is,
|n| = A if and only if M4 <n < May;. Then by elementary calculations we have

|7’L| ns—1
(24) nKn = Z Z Kn<5+1)+jM5,M5‘

s=0 j=0

By (24) we have

plo™f>A) = ply : sup | | f@)Kn(y — x)dp(z)| > A)
<ulyisw|[ @Ky - (o) > A/2)
n€P | J 11,141 (y)
|”| \n\ ng—1
e S Y Y Ky ~ 2| > 112
ne t=0 /1ttty 5=0 j=0

= Jl +J2



22 GYORGY GAT

Discuss Js.
In| t—1 ns—1
o<ty s SN [ Kot a1y = 2)d(a)| > A/10)
nep ; s=0 7 1t(¥) \ft+1 jZO ’
1 In|—1 s—1 ng—1
sy 1SS @)Y Ko 2du)] > 210
nel TS im0 Y\ (y =0
1 [t | ~1
+ pu(y @ sup — / imy oM (Y — 2)dp(z)| > A/10)
nek 1 ; Te(y)\ o1 (y ) Z S
1 [n|—1 ng—1
sy sup > f F@) S Koo jann (3 — 2)diu(a)| > A/10)
neP T ; It (y)\It+1(y) ];0 ’
+ pu(y @ sup — / Z My M (Y — 2)dp(x)| > A/10)
n€P ST )\ 41 (y )

= Jo1 +Joo+Jdog+Jog+ Jos.

Basically, Jo1,J22,J23,J24,J25 means the cases s < t, [n| > s > ¢, |n| =s>t, |n| >s=t,
In| =s=t.

Next, we give an upper bound for Jo; and for J;. Let t € N, z € I \ I;11. Then for s <t
by (2) we have

‘Kn(5+1)+st,M5 (Z)l S C’ntMtM

Thus,
1 [n| t—1 ns—1
ply € Gumisip=>) > / F@) > Koo pjaan, (v — 2)dp(z)| > A
neP N0 |V L)\ L1 (v) =0
In| t—1
<plyed,:Csup— Z / x)|nsMsgny Mydp(z) > A
neP N =0 JIu(y \It+1(y)

In|

1
<plyeG,: C/ sup — ZntMtMt/ |f(x)|du(z) > A
G I (y)

m NEP TV

[nl

<plyedG,:Csup— ZntMt|f|()

neP N

<p(y€Gm:ClfI"(y) > )
< O /A = ClIf Il /A
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For the inequality p (y € G, @ f*(y) > A) < C||f|l1/X see the paper of Burkholder [19]. That
is, Jo1 < C|/f]l1/A. Moreover, by |K,| < (n+ 1)/2 we have

ft <y € Gy, sup / f(@)Kn(y — z)dp(z)| > A/10>
n€P | J 1,141 (y)
Su(yEGm:sup/ \f(x)|n+1du( )>A/10>
nepP |nH—1( )
< (v€ G Com Sl > wio)
< C|fll /A

That iS, J1 S C||f||1//\

In |9, Lemma 4.3| one can find the following: Let |n| > s > t, n,s,t € N, z € I, \ I141.
Then,

if z— ez & I,
if z—ez € 1.

0,
(25) Koo, (2) = { Moo (2)

1-— n(z) )

Next, we discuss the form Jy5 by the help this equality and by the help of Lemma 8.

[n|—1 s—1 ns—1
Joo = p(y: sup — Z Z/ f(z) Z Kos+ipimg v, (y — x)dp(x)| > A/10)
NEP s=1 t=0 It(y)\It+1(y) 3:0

Recall the definition of the operators T f.

mt—l

T fy) = o Z Ey(ftu)(y + ez — ur))

t
t=0,71F#Yt

1
1—r(y—a)|

So, we have

In|-1 s—1
Joo < pu | sup— ZZMt+1”STStf>)‘/1O
neP M 10

:>

s=1 t=

—1 s—1 —« @
sup Z 1 Miam, ' f > \/10
AcP 2‘4 =2 My *A
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for any fixed 0 < a < 1. Since (ﬁ)l_a < 1/64% for some § > 1, then we have

A—-1 A—
1., < = Ma_j_pp1ma_; A—j, A—j—k
22 < fu | sup g E 5J+k M, T*,A f>A/10

AEP ST o

A—1A—j
<u Supzzéj+kTka>/\/10)

AeP i 1o

< ZZ%T““f>)\/10>
=1 k=1
G L_J L_J {53/2+k/2 T f > )\/10}> :

The last inequality is implied by the fact that if inequality W%T{’k f(y) < A/10 holds for
all 7, k, then we have

Z Z Sitk T f(y) < Z ;:: 1057252 < 10°

Consequently,

< ZZCHﬂhW(J +k+2)°

Next, we discuss the form Jo3 by the help of equality (25) and by the help of Lemma 9.
This is the case |n| = A=s>t.
> \/ 1()>

A-1 na—1

>/ ) 3 Konaly = )
T (y)\ 41 (y )

3 1
3= sup
28 = H Amnato NaMa

M na—1
<u| sup Z s ZR?MAf>)\/1O>

Ana#0% naMy =

< — My
H | Sup Vi
Ana#0 —0 A

A—-1 M.
<pu|su HLR L f > A/10
> p AP; M, ,Af /

A 11—« o
< > L Makei )" pas f>A/10
Y Sljlp 2k—1 MA *, A :
k=1

nAMAf > /\/10>
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Then, using again here (281)17% > §* for some ¢ > 1 we have
1
Jos < pu (SUPZ SRS > A/10>
A k=1

= 1

<p (Z ﬁRff > A/lO)
k=1

<p | Uq5aREis > V10

k=1

25

The last inequality is implied by the fact that if inequality w7 L RFf(y) < A\/10 holds for all

k, then we have

=1 )\ C A
2 RS0 =D o5 < 1y

Consequently, by Lemma 9 we have

Joz < ZM (REf > CA™?)

k=1

> 1
< ;Cnfﬂlw(k"' 2)?
< Ol fll/ A

Next, we turn our attention to the case |n| > s = t, that is, to Jo4. In [9, page 26| one can

find: If z € I; \ I;41, then

ntfl

Z Kn<t+1>+th,Mt (Z)
7=0

ne—1

M(M; — 1) o 1t(2) —1 2
— Z 1/)n(t+1)+th (Z)T + 1/1n(t+1)Mt m — ¢n(t+1)Mt Ny

=: A1(2) + As(2) + As(2).

It is easy to investigate A;.

[n|—1
1
plwssup IS [ @)y - ()| > 430
nep 1| =5 W\ It+1(y)
"
<p|y:sup - Mt/ |f] > A/30
neP ; M) 1)

<y 2[f]"(y) > A/30)
< O fll/M

L
r(z) —1
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Next, discuss As.

In]—1
1 1
- M?*n, / f(@),0m (y — 2) ——————du(x)
n ; Lo ) ri(y —x) —1
=1
=Y =TV f(y)
n
t=0
In]—1

1 t+1t
S 2|n‘ t—1 n f( )

"T7' f(y).

t=0
[n]—1
Z > 7Ln| Jilnl=j— 1f( )
>

Since, by the method we used earlier it is simple to prove that
00 1 .
1 <Z 5T > A/30> <O flla/M
j=0
So, in order to have a proper bound for J, 4 we have to discuss only As.

In|—1

M2 o (4 — rt(y—x)—1 d

Z /zt(y>\1t+1(y> f@finernly = 2) (re(y —a) —1)° Kle)
In|-1 A-1 A 00

<D Vi) <D VEAf) =D VAT ) < D Vi)
t=0 t=0 k=1 k=1

On the other hand,

L (ivff > A/30> <nu <G {C2F2PVEf > )\/30}> .

k=1 k=1

The last inequality is implied by the fact that if inequality C2%/2V* f(y) < A\/30 holds for

all k, then we have Y ;= VEf(y) <32, 2,32 & < 2. Consequently, by Lemma 10 we get

> k+2
(ZV’“f > A/30> < Zu (V’“f > Qk/z) ZC”f”leA; iz < ClfIl/A

So, cases Ay, As and Ay are discussed. That is, we have Jo 4 < C/||f||1/.

The last thing in order to have that the maximal operator o*f = sup,,cp |0, f]| is of weak
type (1, 1) is to prove the inequality Jo5 < C|| f]|1/A.
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In [9, page 31, 32| one can find for the case |n| =s =t and y € Ijy \ Jjnj+1, J < 1y that

Kn(t“)-f'th,Mt = Klen\len\ (z)

(G+1)Mp -1 |n|—1 My —1
= > @ kM My Y ry(2)
k=j My, =0 l=min —j

=: Ay(z) + As(2).

It is very simple to have that |A4(z)] < Mﬁ” and consequently

Ny —1
1 [n|
sup| = >~ [ £(@) Auly - 2)du(x)
nep |1 =0 < inf @\ nj41(v)
< sup 2 [ @)l dufa)
ne? Ml Min) J1, )\ @)
<|fI"().
2 rl (x)-1 .
On the other hand, As(z) = M\nh«:n:(ﬁ gives
S ae— g, L = A5 () Asa(2)
5(2) = M3 ————5 + Mynp—— = As51(2) + As52(2).
par " (z) — 12 T ()
By Lemma 11 we get for the kernel As ()
Mn|
Ny M, Mg (¥ —2) — 1
p(yesup | ", f@) du(x)| > /30
( neb | M L@\ a1 @) Pl (P (Y — ) = 1)

< u(y:Udf(y) > A/30) < O fll/A

To discuss the maximal operator coming from kernel As»(z) we need a lemma [10, Lemma
2.4]. For an integrable function f we define the following operator:

1
My / fo)— ]
LA\ a1 () 1 —ra(y — )

That lemma [10, Lemma 2.4| states that the operator H; is of weak type (1,1). This
immediately gives
My Miny L

w|y:sup |n|/ f(x)
( nep | 1 L@\ @) Tl (Y — ) =1

< ply: Hif(y) > A/30) < C|f[[1/A

The results for the kernels Ay(z), A51(z) and As2(2) give the inequality Jo5 < C|| f]|1/A.
That is, we proved that the maximal operator o* is of weak type (1,1). O

Hi f(y) == sup
Aep

dp()

> >\/30>

Proof of Theorem 2. Theorem 1 and the standard density argument give that for all
integrable function f on any rarely unbounded Vilenkin group the a.e. relation o, f — f
(n — o00) holds. O
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