ON THE DIVERGENCE OF NORLUND LOGARITHMIC MEANS OF
WALSH-FOURIER SERIES

GYORGY GAT AND USHANGI GOGINAVA

ABSTRACT. Tt is well known in the literature that the logarithmic means

1 nz_:lsk(f)

logn k

k=1

of Walsh or trigonometric Fourier series converge a.e. to the function for each integrable
function on the unit interval. This is not the case if we take the partial sums. In this paper
we prove that the behavior of the so-called Norlund logarithmic means

1 ni:lsk(f)
logn = n- k

is closer to the properties of partial sums in this point of view.

1. INTRODUCTION

The question of almost everywhere convergence is highly celebrated in the theory of Fourier
series. It is quite well known for both Walsh and trigonometric Fourier series, that the
behavior of the logarithmic means

1 & Sil))
lognZ k

k=1
is very nice. That is, for each function f which is integrable on the unit interval, the
logarithmic means converge to f almost everywhere. That is, to take these means is a good
idea, since for the partial sums there are divergence results. For instance for the Walsh
system it is known [1] that for each measurable function ¢(u) = o(u+/logu) there exists an
integrable function f such that

/I o1 f(@))dpu(x) < oo,

and the Walsh-Fourier series of f diverges everywhere. The notion of the Norlund logarith-
mic means is similar to the definiton of the logarithmic means, the difference is that the
denominators are taken in the reversed order. More precisely,

-1
1 nz Sk(f)
logn n—k
k=1
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2 GYORGY GAT AND USHANGI GOGINAVA

The aim of this paper is to prove that these means are much closer to the partial sums than
to the logarithmic means. In other words, we prove that in the function class above (see the
result of Bochkarev) there exists a function and a set with positive measure, such that the
Walsh-Norlund logarithmic means of the function diverge on this set. This also says that
not all classical summation methods improve the convergence properties of the partial sums
- in this point of view. During the proof we apply some Bochkarev’s idea from [1]. We also
remark that the issue of divergence of the partial sums of Walsh-Fourier and Vilenkin-Fourier
series of functions are discussed by several authors. See for instance [6, 7, 8, 9, 10].

2. DEFINITIONS AND NOTATIONS

Let P denote the set of positive integers, N := P U {0}. Denote by Z, the discrete cyclic
group of order 2, that is Z, = {0, 1}, where the group operation is the addition modulo 2 and
every subset is open. The Haar measure on Zs is given such that the measure of a singleton
is 1/2. Let I be the complete direct product of the countable infinite copies of the compact
groups Zs. The elements of I are of the form = = (x¢, 1, ..., T, ...) with 2 € {0,1} (kK € N).
The group operation on I is the coordinate-wise addition, the measure (denote by p) and
the topology are the product measure and topology. The compact Abelian group [ is called
the Walsh group. A base for the neighborhoods of I can be given in the following way:

In(z):=1, I,(x):= I, (x0,.;ytn1) ={y €G: y= (2o, s, Tn1,Yn> Ynt1, )}

(xeI,neN).

These sets are called the dyadic intervals. Let 0 = (0:4 € N) € I denote the null element
of I, I, := I, (0) (n € N). Set e, := (0,...,0,1,0,...) € I the nthcoordinate of which is 1
and the rest are zeros (n € N). Denote I,, := I\I,.

For £k € N and = € I denote
ry () = (=1)™

the k-th Rademacher function. If n € N, then n = >_ n;2%, where n; € {0,1} (i € N), i. e.
i=0
n is expressed in the number system of base 2. Denote |n| := max{j € N :n; # 0}, that is,
2 < p < 2
The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

o In|—1

wy, () = H (7 ()™ = 1)y (z) (—1) Z (reI,neN).

k=0

The Walsh-Dirichlet kernel is defined by
Dy () =Y wg(z).

Recall that

2" if x € I,
(1) Do () = { 0, ifwel,
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Suppose that fis a Lebesgue integrable (f € L (I)) function on [ and 1-periodic. Then its
Walsh-Fourier series is defined by

where

~h»

—~
oy

N~—
Il

Jru®dne
T
is called the k-th Walsh-Fourier coefficient of function f.

Denote the n-th partial sum of the Walsh-Fourier series of the function f by S, (f,z).
Namely ,

n—1

Su(fix) =) f(k)wy(2).

0

B
I

The (Norlund) logarithmic means (see for instance [3]) of the Walsh-Fourier series is defined
as follows

—_

ISk )
tn(f7x>_ﬁ n_k ’
k=1
where
n—1
1
l, = —.
k
k=1

It is evident that

where
n

1
Fn(t):l_

=

n—
k=1
For n € P and a function f the Fejér mean of order n of the Walsh-Fourier series of the
function f is given by

n

oulf) = = Sl 2),

=1

The Fejér kernel of order n of the Walsh-Fourier series defined by
1 n
K,(z):=—) D .
(0= 3 Dulo

The space weak-L (I) consists of all measurable functions f for which

1 lwear—z.(ry = Sup A ([ > A) < +o0.
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3. MAIN RESuULT

Theorem 1. Let ¢ : [0,00) — [0,00) be a function such that ¢ (u) /u is nondecreasing and
¢ (u) = o(uy/logu). Then there exists a function f € L(I) and a measurable set E C I with
positive measure for which

/ o (1 (@)]) du(z) < 00

i§
and
limt¢, (f,z) =400, x€E.

n—oo

4. AUXILIARY RESULTS

Lemma 1. [2] Let n = 2™ + 272 4 ... 4+ 2™ with ny > ng > - > n, > 0, let n© =n and
n® =nt=0 9% =1 .. r—1. Then

LE; () @ =w,(z).F,(v)
= Zanj (2) Doy () Ly-1)

277 —1

r—1
+anu—1> ) Warj _q Z k+n<J
j=1

+l271r FQ*nT (ZL’) N
Lemma 2. [4|Let N € N. Then

/ sup |K, (2)|dp () < oo.

J n>2N
In
Denote
w ((L’) r—1 2"i —1 D (Z‘)
n k
Gn (.Z') = ln an n(i—-1) ( )w2 J7—1 (.Z') k —|—TL(])
j:l k=1
Lemma 3. Let N € N. Then
/ sup |Gy, (z)|dp () < oo.
J n>2N
In
Proof. Applying Abel’s transform we have
(2) G (2)
r—1 2"5 —2
wn () kK () (2" — 1) Ky ()
A lewn -1 () woyri_y (2) [ 2o (k+ n@) (k+ n0 + 1) G0 1

n1 () + Gra ().



ALMOST EVERYWHERE CONVERGENCE
First we discuss G (z). Set Kj = sup |K,| and 7 := max {j : nl9) > 2V} We write
n>T

2N _1

(3) Gni(z) = wn_(x) an_n(jfl) () wyn; 1 () Z ( il

k+nW)(k+nl)+1)

j=1
T 2" -2
1 kK, (2)
+- Wy —nG-1) (x) Wamj 1 (iL‘)
ln = kZQN(kJrn D) (k+nb) +1)
r—1 275 —2
+ln j;lwnnUl) (@) wyrs () ; (k+nW) (k+n@ 4+ 1)
= Gn11(2) +Gra2(2) +Gpas(z).
Since nU) > 2N for j = 1,....7, we have
T 2N_1
k| Ky (2)]
<
(Cnan @] < Z Z (k+nW) (k +n0) +1)
2N 1
< Z 5 2 Ko
R
k=1
and consequently,
c 2N 1
(@ [ sup (Guss @)l (o) < 555 3 Kl < < o,
Y n22 k=1
In

It is evident that

1 3 k | Kk (2)]
< —
|Gn7172 (x)l — ln . (k + nG 1

I
=

]

]

ol

;: —

= ;mg 70

Ky (x) n

9N
s = log 75
< Ky ()
Hence from Lemma 2 we get
(5) / sup |Gz (2)|dp(z) < /K;N (x)dp (z) < ¢ < oc.
n>2

TN IN
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For G,,13 (x) we write

1 kK ()]
< _
(6) |Gras(x)] < I ]22 — (k+nW) (k+nl) +1)
Rl k1K (@)
b = (k+n+) (k+n+) 4+ 1)

= Gnis1 () +Grise ().

It is clear that

Gnise(z Z |k+1 + Ko (2) .
Since || K|l < ¢ < oo, from Lemma 2 we obtaln
(7) / sup |G 132 (x)] dp (z) < ¢ < 0.
J n>2N
In
We write

— 2" —1

1 k’](k kli(k
Gnisi(z) < — Z — Z Z
Llj:T+2 k=1 (k<+—2"1+1 T =742 p=2"i+1 kj+—2n]+1
r—1 2nj+1 1 2 J—1
1 1 \Kk
< T2 2 K |+—Z )
J=T+2 k=1 " j=T42 g=2"+1
N 27 2
1 1 1 | Ky ()]
< NZQ_j |Kk($)|+NZ -
j=0 k=1 k=1

Consequently,

N 2N
ey e T Kl
® [ s Gusar @)ldu) < £ 3 5 S+ > AL <o <o

J n>2N
In

>From (3)-(8) we get
9) / sup |G ()| dp(x) < ¢ < oo.
n>2N
In

The estimation of G, 5 (z) ia analogous to the estimation of G,,; () and we have

(10) / sup |Gpa ()] dp(x) < ¢ < o0.
n>2N
In

Combining (2), (9) and (10) we complete the proof of Lemma 3.
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Lemma 4. Let N € N. Then
251 K|

1 j
sup — su — < ¢ < o0.
/n>g ln 1<S£nj; ]

In
Proof. It is evident
251 251
1 K; 1 K;
—SUpZ| .]|§l—8up | 'J|
ln 1<s<n ) J n 1<s<N 1 J
2N 1 251
1 K; 1
(11) +-— sup ZM+Z— sup | |—[—|—H—|—IU
ln N<s<n =1 J n N<s§nj:2N ]
Consequently,
2N _1
c | K|
12 .11 < — =
12 sy L
7j=1
1 gy |
(13) 1< — | sup > = | Kjv < cKj.

n N<s§nj:2N J

Combining (11)-(13) from Lemma 2 we obtain the proof of Lemma 4.

Analogously, we can prove

Lemma 5. Let N € N. Then

1
/sup— sup |Kos| < ¢ < oc.
n>N bn 1<s<n
Iy
Lemma 6. Let f € Lo, (I). Then
sup | f <O fll
n 00
Proof. Since || K|, < C < oo and
r—12m -2
k‘|Kk x
< Kon
G ()] logng;; k‘+nJ) lognz| 251 (
we have
C r—12" -2
Hannlsbg” ! k||1+—2||K21 M,
=1 k=1
r—1 2" -2 n(])
Z 5 — | +C<C <o,
] = +nli (k—f—n(ﬂ))

which means that the maximal operator sup | f * G,| is of type (o0, 00).
n

Lemma 6 is proved.
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Lemma 7. ([5])Let f € Lo (I). Then

sup | f * Fon|

<Ol

[e.9]

Lemma 8. ([4])Let f,Q, € L(I), n € P for which
1) [ f=0, supp (f) C Iy;
In

2) fxQ, =0, n<?2V;
3) [ sup |@Qy] < ¢ < .

Ty n22V

If T:=sup|f * Q| is bounded from L., (I) to Ly (I),then
neP

1T flwear-r < C UL (F € L))
Lemma 9. Let the operator T be of weak type (1,1). Then |T'f ()] < o0 a. e. (f € L(I)).

Proof. Denote
Q, ={zxel:|Tf(x)|>n}

and

Q0= ﬂ Q.

n=1

Since

QnJrl C Qn
and -

1
w2 < s =o(3).

we can write

which means that |T'f (z)| < oo a. e.

Lemma 9 is proved.

5. PROOF OF THE MAIN RESULT

Proof of Theorem 1. Denote

Ln D2 ) )ln(jfl)a
then from Lemma 1 we have
lon
(14) tn(f)=fxFy=f*xL,+ fxG,+ fx (l wnwgangnr).

First we prove that (f € L ([))

(15) sup

n

L,

l2m~
f = ( WpWonr Fonr || < 00 a. e.
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and
(16) sup |f *x G| < o0 a. e.
Since . _
" Donr__; “'D.
lQn’I‘F2nT == Z % = l2”7‘D2n’r‘ — Wonr —1 Z 7]
j=1 j=1
onr_2
K.
= lony Donr — Wanr 1 Z —] — Wonr —1 Konr 1,
=1 7
we can write l
f * (%wnwgnr FQm»)
lons
= fx l—wnwgnrDQnr
onr 2
lon, K;
—f* < j Wy Wanr Wanr —1 Z —])
J
l nyr
—f * (j—wn/l,UQnernr_lKQnr_l)

(17) = A, — B, — C,.

>From (1) we obtain
sup | A,| < sup 2" / 0] du ().

In(z)
Hence
(18) sup |A,| <Cflly-
n weak—L
>From Lemmas 3-8 we get that
(19) sup | B| <C|fll;-
n weak—L
(20) sup |Cy| <C|fll;-
n weak—L

Combining (17)-(20) by Lemma 9 we obtain (15) and (16).

Denote
1 1
Ey = U U U Isnia (2o, .oy x3n—1, 1 — Tan) ,
20=0  @aN-1=0 CN<aon++asn_1<N/2

where C < 1 /2 is some positive constant discussed later.
It is evident that

(21)  Isny1 (zo, ..., x3n—1, 1 — 2on) ﬂ]4N (T0y ves TIN 15 TONy ooy TIN-1, LN oy Tan—1) = ()
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and
Denote
E:=( U B~
k=1 N=k

Then it is easy to show that u (E) >C>0.

Let z € E and {N, : v > 1}is such that = € Ey,, v =1,2,.... and {M, : a > 1} is subse-
quence of {N, : v > 1} for which

(22) e (2M) > 1,
Ma > 2Ma717

© (24Ma) < 1

23
( ) 24Ma\/m — 8(124Ma717
a—1
28Mk 24Ma /Ma
(24) Z k94M, 4M < a94 M, 4Mg\ "
— 4k k—lgp(2 k) a9 a—lgO(Q a)

Consider the function pyy,, defined by

P, (1)
oM 3M,—1 1 1
o VL Z Woj (t),t € U U [4Ma (xg,...,l'gMa_l,xQMa,...,.CI?gMa_l)
- Jj=2M, zo=0 zBMa—IZO
0, otherwise,
pu, E+1) =puy, (B), 1=0,F1,F2,.....
It is easy to show that
2Ma 1 1 3Mg—1
Il = ——U - U / S w ()] dis (1)
Ma xo=0 s =0 i=2M,
0 3Ma = 0L 1 (0 B30 — 1,20 g s s B30 —1) @
1 1 1 3Mg—1
- —— wys ()| dpe (1)
Ma 20=0 x U =0 / z2]\:/[
0 3Ma =10 1 (L0 T2 Mg — 1520 g oo s B3 Mg —1) @
1 3M,—1 1 3Ma—1 2 1/2
— / D wy ()| dp(t) £ —— / > wy (t) dp(t)| =1
VM, T 1i=2Mq Ma T 1i=2M,
Let
fo(z) = anpMa (),
a=1
where
24Ma




ALMOST EVERYWHERE CONVERGENCE 11

Denote
Na(z) *= Sa(x) + Qa(zx);
where
3My,—1 AMg—1
Sa(z) ‘= Z (1 - :Ej) 2, Ga(z) ‘= Z (1 - xj_Ma) 2.
j:2Ma j:3Ma

Then it is easy to show that

(25) W, (1) = ws,,, (t) wy,,, () =1 for t € supppu,.
We write
a—1
(26) fO * Lna( ) CapMa * L a( ) + chpMk * L a(z) + Z CkpMk * L a(z)
= k=a+1

Let n := Z n;2" and denote n (j) := Z n;2'. Then for k < a, we have
=0 =0

(27) pMk * lna(x) Lna(ac)

= [ P @ L (o 1) i 1)

I

— [ Oy 4 Ol L o D d ()

I
3Mg,—1

- Y - a@”)/m@ W, (2 4+ ) wyy (2 + 1) Doy (4 1) dpa (1)
§=2Mag I
4M,—1
£ 3 (=) o) [ Patc () (24 0w (24 0) Doy o+ ) 1)
j=3M, T

— (=) by 1) [ P O, (@ ) s, (o 48) Dy, (0 0) d (1),
I

where

o~

M, =max{j:2M, < j <3M,,xz; =0}.
It is evident that

[ it O, @, 0 O (0t 0,

implies that
L=ngm —2M +s, 0<s <2,
Consequently from (27), we can write

C’]WaQ‘lM’c
||pMk ||1 < 024Mk

(28) ’pMk *x L, | < T@ <

N (x)
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For k > a, we have

(29) )pMk * Lna(z) S Cna(m) HpMkHl S C24Ma

Since (see(21))
(30) x+t¢Izyyy for z€FEy and t€supp(py),

from (1) and (25) we have

P, by Loy = [ 3O by Ly (0 4+ 0 1)

~

- / Pty () Wy (0 4+ 1) s iy (2 8) dp (1)

a(z) /pMa N (x) n a(x) (QJ + t) d,u (t)
I

3M,—1
W,y (@) Y (1= 2)) b, () / par, () D3y (z +t) dp (t)
Jj=2M, T
4Mgs—1
e, (@) > (1= 2im,) by () / par, (£) D3y (x4 1) dpu (t)
Jj=3M, T
3M,—1
=ty (@) Y (L=l [ P (D5 (a +4) 1)
j:2Ma T
. (%) (1= 2a1,) sy 3040) / pas, (8) Disrra (1) dpa (1)
I
2Ma 3My—1 1 1
= / wna(z) (l‘) Z <1 - x]) lnu(z)(.j) U U U
Ma j=2Ma 50=0  s3n,-1=0
3M,—1
/ (3 ) oy et
k=2M,

Iynig (50,952 Mg —1552Mg >+ +»S3Mq — 1552 Mg s-+»S3 Mg —1)

b (5) (1= 231 oy [ B, (w24 0) Do (o + ) () = B
T
We have x € Ej;,. It means that

T3y, = 1 — xang,.

Dy, (4 t) # 0implies that tg = x, ..., tsp,_, = T3m,_,. On the other hand, ¢ €supp pa, (1)
and
lam, = Tam, -

Consequently,
Wosnt, (z + 1) = (—1)"MaTlBMa — 1
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By the help of this we get for B

1 3M,—1 1 1
B= e @) 2 =)o U U
a(x) a(;c)
Mo Jj=2Ma s0=0 53Mq—1=0

/ ( > <t>) Dy (& + ) de (1)

k=2M
I3nig (505153 Mg —1) e

W, () (1= 21,) by 3010y [ Pz, (8) Dasnea (x4 1) dpe (2)

N\

1 3My—1 3My—1
- @ 3 -t [ (3w 0) 03 st
M, j=2M, T k=2M,
1 3M,—1
—Wn, ., (2) (1 = Za1,) oy, (30M) T > (-
a(x) a a(gc) a
@ j=2M,
Since
3M,—1 N
S (-1 <M, (1 - 20) x € By,
Jj=2M,
and
l a(ac)(]) Z Cj (1 - x])

we have
(31) ‘pMa * Lna(x)

1 3M,—1 I ) 3Ma—1

> o 2o e et )
— a(z)(])
Na(x) @ j=2M, l”am @ j=2M,
1 3M,—1 <1 — 25) M

> ——— Y (1—=z)j(-1)" -
l”a(z) M, j=2M,

> <C— (1-25)) VM,

VM,

Let 1 —2C < C/2. Then from (31) we obtain

(32) ‘pMa x L%)‘ > C/2/M,.

13
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Combining (24), (26), (28), (29), (32) and using the fact that ¢ (u) /u is nondecreasing for

x € by,

(33)

v

v

v

Vv

Vv

>

we obtain that
’fO * Lna(z)
a—1 00
Ca |Pay * Ling iy | — ch Py * Lingy | — Z Ck [Py * L,
k=1 k=a+1
a—1 0
2Me /M, B CZ 24 94Mi _ (v Z 24 AM,
a94Mq_ 4M, E94M,_ 4M, k94 My_ M
12 (20 2 R (21 2 T (210
C2*Ma\/M, i 28Mx
4“24Ma*1g0 (24Ma) Rt 4k24Mk,1SO (24Mk)
C2Ma /M, > 24Mr—1 aM,
4094Mo1 5 (24Ma) - k_za;rl ARQAM 1 (5 (24M5 1)
C24Ma /M, o
4024Ma1 5 (24Ma)
4%,

Let Ey be the set for which (15) and (16) does not hold. Denote E := E\E,. Then it is
evident that u (E) > 0. Let € E. Then combining (14)-(16) and (33) we conclude that

lim [t, (fo,z)] =400 (z€ k).

Finally, we prove that

(34) [eUs@Ddn@) <o
T
Since
Z U < sup 2kuk,
k
we write
® <Z Uk) < (SUP Qkuk) < Z o (2" u)
k k k

consequently,
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Since ¢ (u) /u is nondecreasing, we obtain that

/ o (2| Pag, (2)]) dpt (2)

I

< 2%, / o [Py, (@)]) dyt (2)
I
. ) 24Ma
< v [FE Ry @lan
I
o e (2"M)
< 2% 94M,
. 24Ma ¢(24Ma)

S 4“24Ma*1g0 (24Ma) 24Ma

1
C—.
2(1

IN

Consequently we can write

[elr@hine <Cy 5 <o

I
Theorem 1 is proved.

Remark 1. We note that Theorem 1 is true in the case of ¢ (u) /u is not nondecreasing.

Indeed, let ¢ : [0,00) — [0,00) is arbitrary function. Define

N e(Du, 0<u<l1
¢ (u) := sup %”)u,u>1.
1<v<u

Then it is evident that
(35) o(u) =z e (u), u>1
On the other hand (u > 1),

" sup MU/ sup (v)
(36) F(u) _isesa ' rsesu
uy/log u uy/log u Viegu

Let € > 0. Then from the condition of Theorem 1, there exists an u (¢) such that for every

u > u () we have
¢ (u) < eur/logu.

Then from (36) we can write

sup @ e sup +/logv

()5(“ < 1<v<u(e) 4 u(e)<v<u
uy/logu — log u Viogu

Consequently,

7 (w) = o (uy/logu) .



16 GYORGY GAT AND USHANGI GOGINAVA

Since ¢ (u) /u is nondecreasing, from Theorem 1 there exists a function fy and set £ C [
with positive measure, for which

/s?f(lf(x)l)du(x) <o
and L
nll_)nolo tn (fo,z)] =400 (z€E).

On the other hand from (35), we write

[etr@nant) < [ &5 @ Daute) <o

1 1

REFERENCES

[1] S.V. Bochkarev, Everywhere divergent Fourier series in the Walsh system and in multiplicative systems.
(Russian, English) Russ. Math. Surv. 59, No.1, 103-124 (2004); translation from Usp. Mat. Nauk 59,
No.1, 103-124 (2003).

[2] G. Gat, U. Goginava, G. Tkebuchava, Convergence of logarithmic means of multiple Walsh-Fourier series.
Analysis in Theory and Application. 21, 4(2005), 326-338 .

[3] G. Gat, U. Goginava, Uniform and L-convergence of logarithmic means of Walsh-Fourier series, Acta
Mathematica Sinica (English Series), 22 (2006), No 2, 497-506.

[4] G. Gat, On (C,1) summability for Vilenkin-like systems, Studia Math. 144 (2) (2001), 101-120.

[5] U. Goginava, Almost everywhere convergence of subsequence of logarithmic means of Walsh-Fourier
series, Acta Math. Acad. Paed. Nyiregyhaz. 21(2005), 169-175.

[6] K. Moon, An everywhere divergent Fourier-Walsh series of the class L(logTlog™ L)!~¢, Proc. Amer. Math.
Soc. 50 (1975), 309-314.

[7] F. Schipp, Uber die divergenz der Walsh-Fourierreihen, Ann. Univ. Sci. Budapest Eotvos Sec. Math. 12
(1969), 49-62.

[8] F. Schipp, On boundedly divergent Walsh-Fourier series, Acta Math. Hungar. 56 (1990), 361-367.

[9] P. Simon, On the divergence of Vilenkin-Fourier series, Acta Math. Hungar. 41 (1983), 359-370.

[10] E. Stein, On limit of sequences of operators, Ann. of Math. 74, 2(1961), 140-170.

G. GAT, INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE, COLLEGE OF NYIREGYHAZA, P.O.
Box 166, NYIREGYHAZA, H-4400 HUNGARY

E-mail address: gatgy@zeus.nyf.hu

U. GOGINAVA, DEPARTMENT OF MECHANICS AND MATHEMATICS, TBILISI STATE UNIVERSITY, CHAVCHAVADZE
STR. 1, TBILISI 0128, GEORGIA

E-mail address: z_goginava@hotmail.com



