NORM SUMMABILITY OF NORLUND LOGARITHMIC
MEANS ON UNBOUNDED VILENKIN GROUPS

ISTVAN BLAHOTA, GYORGY GAT
ABSTRACT. The (Norlund) logarithmic means of the Fourier series
is:
1 n—1 Skf n—1 1
tof = EZ n_k,where l, = ZE
k=1 k=1
In general, the Fejér (C, 1) means have better properties, than the

logarithmic ones. We compare them, and we show that in the case
of some unbounded Vilenkin systems the situation changes.

1. Introduction

Introduce the necessary notations and definitions.
Let P = N\{0}, and let m := (mg, m4, ...) denote a sequence of positive
integers not less than 2. Denote by Z,,,, := {0, 1, ..., my—1} the additive
group of integers modulo my.
Define the set G, as the complete direct product of the sets Z,, , with
the product of the discrete topologies of Z, ’s.
The direct product p of the measures

i) i= o (€ Zn)

is the Haar measure on G,, with u(G,,) = 1.
If the sequence m is bounded, then G,, is called a bounded Vilenkin
group, else its name is an unbounded one. The elements of GG, can be
represented by sequences x := (29, T1, ..., Tj, ...) (¥; € Zp;). It is easy
to give a base for the neighborhoods of G, :

]Q(ZE) = Gm,

In(m) = {y € Gm’yo =T, -y Yn—1 = xnfl}
for x € G,,, n € N. Define [,, := I,,(0) for n € P.
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If we define the so-called generalized number system based on m in the

following way: My := 1, M1 := mpM(k € N), then every n € N

can be uniquely expressed as n = ) n;M;, where n; € Gy, (j € P)
=0

and only a finite number of n;’s dif%er from zero. We use the following

notations. Let (for n > 0) |n| := max{k € N : n; # 0} (that is,

M <0 < Mip11), nk) = Z]Oik n;M; and ngy =n — n®).

Denote by LP(G,,) the usual (one dimensional) Lebesgue spaces (||.||,

the corresponding norms) (1 < p < oc0).

Next we introduce on GG, an orthonormal system which is called Vilen-

kin system. At first define the complex valued functions ry(x) : G,,, —

C, the Generalized Rademacher functions in this way

2mixy,

ri(z) ;== exp (> :=—1, v € G,,, kEN).

Now define the Vilenkin system 1 := (¢, : n € N) on G,, as follows.

() = HTZk(.Z‘) (n € N).

k=0

Specially, we call this system the Walsh-Paley one if m = 2.
The Vilenkin system is orthonormal and complete in L'(G,,) [10].
Now, introduce the usual definitions of the Fourier-analysis. If f €
LY(G,,) we can define the following definitions in the usual way:
Fourier coefficients:

Flk) = /G fudu (k)

partial sums:

n—1
Snf =) [f(k)Yr  (n€P, Sof :=0),
k=0
Fejér means:
n—1
1
onf = EZSnf (n €P),
k=0
Dirichlet kernels: )
D, = lZJk (n S ]P)),
k=0
Fejér kernels:
n—1
1
K, ==Y Dy (neP)
k=0

We use a further notation:
a+b—1

K= Y D; (a,beN).
j=a



NORM SUMMABILITY OF NORLUND LOGARITHMIC MEANS... 3

2. Approximation in norm

Review some approximation results with respect to the Vilenkin sys-
tem. It is well-known that the partial sums converge to the function in
norm. That is,
1Snf = fllp = 0

for all f € LP, where 1 < p < oo [8]. This is not the case if p = 1 or
p = 0.

Moreover, if we use the partial sequence M, it is also well-known
(]1]) the convergence in the supremum norm for continuous functions,
and in the Lebesgue norm L' for functions f € L!

[Saz, f = fII = 0.

The properties of the convergence are better using the Fejér means on
bounded Vilenkin system [9]

lonf—fll, =0 Vfell 1<p<oco

and in the supremum norm for continuous functions. On arbitrary
Vilenkin system (it is a trivial consequence of the convergence of the
partial sums)

lowf —fllp,—0 Vfell 1<p<oo.

On the other hand, in the case of unbounded Vilenkin systems and
p = 1 the theorem above does not hold. We have the same situation
in the case of the supremum norm and continuous functions.

What is the situation regarding the Fejér means in the case of special

subsequence M7 It is interesting, that ¥m unbounded sequence 3f €
L' such that

loar, f— fllh 70

[7], but on every Vilenkin system

ou, f — f ae VfeL
[2]. Moreover, there exists a continuous function such that oy, f does
not converge to f in the supremum norm [7].

3. Norlund logarithmic means

Define the Norlund means, in general. If ¢, > 0 (k € N),

n—1 n—1
1
Q_ E qn—1Skf, where Q, = E dk-
" k=1 k=1

Moricz discussed in [6] the norm convergence on Walsh-Paley system

with respect to some sequence ¢q. The case ¢, = % is excluded in this

paper. Among others, that is why this case, the so-called Norlund
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logarithmic means is also interesting to be discussed. The concept of
Norlund logarithmic means is as follows

—

n—1 n—
tnf = %Z nsifk, where [, := %
= k=1
It is evident that
tof =[x F,
where
1< D,

k=1
For further information with respect to Norlund logarithmic means on
Walsh-Paley system see [5].

In their paper Gat, G., Goginava, U., [4] proved (for Walsh-Paley
system), that 3f € L!

[tnf = Sl 7 0.

On the other hand, the main aim of this paper is to prove that the
Norlund logarithmic means have better apprioximation properties on
some unbounded Vilenkin groups, than the Fejér means.

4. New results on Vilenkin systems

Lemma 1. Let 1 < j < My — 1. Then
Dy, —j(x) = Dag () = pg, 1 (=) Dj(—x).

Proof. Using the well known equalities Vnem = Vn¥m, Ynem =

U /U, Un(x) = 1, (—2) and ¥,1h, = 1 as well as the simple fact
(My—1)eov=M,—1—vforv=0,1,.. M, — 1 we can get

Dy, j(x) = Dy, (2) — jgl.w”@
= Dy, (z) wM,c_l(—x)jgjwM“( )i, (~)
= Dy, (z) kal(—wyi%ink-l( ) /1, (—)
= D, () — Ppp 4 ( x)yﬂgj"éb(ml)eu( x)
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7—1

= D, (%) = ¥pg_i (—2) Z@bv(_‘”)
= Dy, (7) — EM,CA(_-T)DJ’(_ZU)-
O

The next two lemmas can be interesting even in themself, because
it was not known any general estimate of the Fejér kernel functions
before for unbounded Vilenkin systems.

Lemma 2. If logm, = O(n°), then || K|l = O(|n|%), for all § > 0.
Proof. It is known [3], that

|TL| ns—1

TZKn == E E Kn(s""l)—l—jms,MS‘

s=0 j=0

Let z € It\]t-i-l-
At this point divide the examination into four parts.
1. The case |n| > s > t. Then

M, (2)—=, if z—ze € I
K_ s = n 1- T‘(Z)’
n1,(2) { 0 otherwise.

So we obtain
ns—1

Z Kn<s+1)+st,M5 (2)
j=1

wn<s+1)(Z)MtMsmris(S)__ll, if z—ze; €I, and 2, #0
= ¢n(5+1) (Z)MtMsT(Z) if Zg = 0
0 otherwise.

Using this equality we have

ng—1
/ Y Ko ng,an, (2)] du(2)
Ie\It4+1 j=1
me— 1 T"S( )
— MM, / s ]wm
2 i = e
1
< MyMymy log th logng = M1 logmylogns.
Let A := |n|. We would like to give an upper estimate for the next
expression.
A-1

Z Z n(s+D) 45 M, M, (2)| du(z)

s=t+1 j=0

i),
nAMAZ Ie\I1 41
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| AL oA
< M Z Z M1 1og mylog ng
t=0 s=t+1
1 A s—1 1 A
= log ng M1 = Is.

Observe the addends of this sum separately. At first let s = A.

A-1 A-1
1 1 1
Ly= ] M1 <e— Y Mt0 < A°.
naM A naM OgnAg t+1 Ogmt_CMA; t+10 >
Now let s = A — 1.
1 1 = logm
Ty <—1 - M, 0 < A2 ATL 49
a4 A-1 > M, 0gma 1; t+10 > Al =
If s=A—2, then
1 1 =2 logm 1
Tyo< —1 _ M, 10 < A 200472 o~ 48
nAMa A-2 S M, ogma 2; t+10 > A, ~ 207
and so on
1 1 1 1
Cu o< —A° .. I, < A°,
naMay A3_22 ’ ’HAMA 1_2A_2
To sum up these we obtain
1 A
[, < cA.
nAMA ;
2. The case |n| > s = t. From |[3]
ng—1
’ Mt(Mt — 1) T;Lt<Z) — 1
D K an(2) = e () D
7=0
+ M) HW)M — M2, 1) (2)n b
S O o e Ve "ri(z) - 1

= @1(2) + @2(2) + @3(2).
See the integral of the absolute value of these three functions on I,\ ;.
At first

rul | sin(mngz /my)|

O1(2)|du(z) < eM? :
o, 00D < Thn 2 Tsinrecfmo)

< cM;logng < cMyyq.

After

m
Os(2)|du(z < cM?
/WM’ () < M= Y
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and at the end
mt—l 1

1
@ z d z <M2n— —
., 108 2) < M 2. TenGreafm]

< cMyn;logm; < cMyyqlogm;.
>From these three inequalities
A-1

i),
naMa  Jian,

ng—1

Z Koty jag, i, (2)

=0

dp(z)

A-1 A-1

1 1
< M. 1 <e— ) M, t? < cA°.
_nAMA;C t+1 Ogmt_CMA; t+1l” S ¢

3. The case |n| >t > s. It is easy to see, that if z € [;\I;;1, then

Di(z) = ¢¥i(2) (Z k;M; + M, tz rf) :

j7=0 s=my¢—ky
so |Dy(2)| < (ki + 1)M,. It yields
[ Ielau) < b+ < {
I\It41

>From this we get

| K () dule) < Mo ta)
I \It41

omy, ift=A  WHHA:

and therefore

ng—1
/ Z Koo (2)| dp(z) < Mga(n, t,a).
I\t j=0
Using this result we get
1 A t—1 ng—1
K0 4, (2)| di(2)
nAMA =1 /It\ft+1 ; JZO !
1 A-1 t—1 A-1
< 2Mg 1my + 2M, 1ny <c
Ty 2 2 P 2 B

4. The case |n| =t = s. It is known from [3]: if z € I;\[;;1, then
Ko jan i (2) = Kjaana (2) = ©4(2) + O5(2),
where O4(z) < M3, so

na—1
1

> 104 dutz) < e

\Mat1 j—o

TLAMA I
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On the other hand, 3|

na—1

na —1
Op(x) = M2 A =L Ly L g Os4(2).
; 5(2) A(TA<Z> — 1) + ANATT ra(2) 5,1(2) + O5,2(2)
At first observe Oj;5(z).
)
Os52(2)| du(z
ity [Bsale) )
1
= MA/ ————dp(z) < clogmy < cA°.
I\ g41 11 —ra(2)]
At last

o | sin(mnaza/ma)l nAZA 1

< 2M
105,1(2)] < 2M3 |sin(mza/ma)l|?

< cM?

ma sin®(mza/ma)’

SO
ma—1
1 / 1 E 1 zq my
Os1(2)du(z) <c M?n, =2 —4
naMa IA\IAH‘ s (2)] dul2) naMa ZAZZI Ma 4 ma 22
ma—1 1
= — =cl < cA’.
c Z - clogmy <c
za=1
Summarying the reasons of the last four cases
A
S [ K dut) < e’
t=0 Y It\le+1
At the end, based on if z € 14,1, then |K,(z)| < cn we get
1
[ K@) < gy n<e
Lass Mat
Consequently
1K (2)[h < eA® = c|n/’.
O
>From now we use the following notation.
=
= — M1
QA M, tz; t+1 108 1M,
where My <n < May (it means |n|=A).
Lemma 3.
A+l et
+1—1
[ Kl < CZ Tl
i=0

Proof. During the proof we use some method and result from the
proof of Lemma 2. Analogously, we have four cases.

1. The case |n| > s > t. With the notations of Lemma 2. the case
s=A
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r 1 A1
A _ lognAZMt+1 logm; < cay.
=0

nAMA N nAMA
Similarly, s=A—-1, s=A—-2

A-2

Taq 1
<—lom_§M10m<a_
naM = My g A1t:0 t+1 108 My =~ ia—1,
Fa_s 1 Tazs 9
< ay_92 < y_327°,
nAMA_ A2 ’ nAMA_ A3

and so on. In this way we obtain

1 4 L a
A—i
I <c .
2. the case |n| > s = t. We use the same estimation we obtained in
the 2nd case of the proof of Lemma 2.

A-1

; /
TT,AM —0 [t\]t+1
A-1

Zth+1 logmy; < cay.

t=0

3. The case [n| >t > s. As in the 3rd case of the proof Lemma 2,
A

i),
nAMA =1 Y It\It+1

4. The case |n| =t = s. Lemma 2. yields that

/ |K,| <c.
Taq

If we summarize the results of the last four case we get

’l’lt—l

Koo, (2)| du(z)

j=0
1

nAMA

<

t—1 ng—1

Z Z Kn(s+1)+st,Ms (Z)

s=0 j=0

du(z) <e.

A A+1
QAA_; dA41—4
||KnH1§C; i +C+CQA+1§C;#a
where |n| = A. O
Lemma 4. L
Sy log®m;
F <ep==" = 7
£l < =50
Proof. From Lemma 1 we get
M, —1 My—1
S D) N L (D (0) g () D)
k=1 ~ " k=1
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Moy
= D, (2)lar, — Uag, 1 (— Z Dk = A — Ay
Observe case Ag. Since
Mp—1 Mol
[Aalls = (| ag, 1 ( Z Dk: = wDx(@)]
k=1 1

we consider this expression 1nstead of the or1gial one.
Using Abel transfomation we obtain

1 Ma=2 /o 1 k M,—1
ZD.| = - D;
> =X (i) St L P
k=1 k=1 j=1
K
SZ ZH + c| K, | = As + As.
k=1
Start with As.
Mol
lAslh < D Tkl
k=1
n—1m;—1 (a+1)M;—1
<c Z Z i (i1 + 27+ o+ @277
7=0 a=1 s=aM; A
n—1
< cZ logm;j(caiq + ;27 4+ o+ @277
=0

It is easy to see that
logma < agyq <logmay + 21 logma_1+ ... + 24 log my.
Since "
Qjpq + 0@-271 +o 427 = ZQb*jflab

it
< Z 2= (logmy_y + 27 logmy_y + ... + 27" logmy)
b=0
j+1 G+1 b—1
= ZQb -1 22 brutllogm, = 277 ZZQ“logmu
b=0 u=0
j+1

J+
_QZ 2J+1 ” logmu—QZ log mj41—u,

so, using that Zu L g < 00

n—1 j+1 n—1 j+1

u
ol < e togm, S S togmyes = e 3 5 L togm, log e
7=0

u=1 7=0 u=1
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n—1 /j+1 j+1
<c Z (Z — log? m; + Z log? mj+1_u>
= n—1 j+1
< chog m; + CZ Z log? Mjt1—u
7=0 u=1

n—j
u
:cZIOngj+chog2mj 2u
=0 j=0 u=1
n—1
<c Z log? m;.
=0

Proceed to Ay.
Mp—2

A4l < ‘ 1||DMn—1||1

It is known that [|[Dys, 1] § c. On the other hand,
Mp—2
H = ||KMn—1||1 S Oln+2_104n_1+...+2_n(1/0

_1ZD

< (logmy_1 + 2 ogmy_g + ... + 27" log my)
+(27 log my_o + 272 logmy,_3 + ... + 27" log myg)
4.+ (27" logmy + 27" logmyg) + (27" log myg)

n—1 . n—1
n—1]
= Z T logm; < Zlog m;
j=0 j=0
= log M,
Originally, we started with

M,—1

M, —k
k=1

1
| Faz, |1 = v
M,

1

_ IIAL]]x + CZ?;é log? m; + ¢ + log M,
- log M,
CZ}:& log® m;
log M,,

Theorem 1. If f € L? (1 < p < o0) and
y Z;(l) log® my,
imsup ==——"——
neN P IOg Mn ’
then

11
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In the case f € C the convergence holds in the supremum norm.
Proof. Using the theorem of Fubini and Lemma 4 we obtain

wmﬂhzz;wmﬂwwmw
<—§/° ) Fun () ()| dty)
/ / D)1 Fas, (v — )| dpu(y)du(a)

_/G P P ndun(z) < el ]

that ¢y, operator is (1,1) type, uniformly in n. Similarly,

tas, flloo = sup |tar, f(v)|
yeGm

/G F(2)Far, (y — 2)dp(x)

= sup
yEGm

< sup /G @) Fan, (g — 2)|dpu(y)

< sup / 1F @) Er, (v = o)l dp(e) < llooll Earll < el flloo

yEGm
that is the operator ¢y, is of type (00, 00) (uniformly in n).
The Marcinkiewicz interpolation theorem implies that the operator
tar, is of type (p,p) (1 < p < o0). >From this we get the proof of the
theorem in the usual way. U

Lemma 5. Let py = Moy + Mog_o + ... + My. If logm,, = O(n?) for
some 0 < 9§ < 1/2, then
[Fpall = cpA”.
for every 0 < 8 < 1—0.
Proof. Introduce the following notation
n—1 Dn_k;

G, = ’

k=1
We use this decomposition of G,
M2A72+...+M0711 pa—1 1
Gp, = Z EDPA—IC + Z EDPA—k
k=1 k=Maa_o—+...4+ Mo
= B1 + Bg.

Start with By. Let k' :=k — (Maa_o + ... + My). In this case 0 < &k’ <
Ms4 — 1. Consequently we can use Lemma 1.

Dy () = Dpgyp—p () = Dpgyp (2) = Uy, 1 (—2) Do (—2).
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So,
pa—1 1 B
Bo(x) = Z E(DM2A(x) — Uy, 1(—2)Dp (=) =
k=Msa_o+...+Mp
Moa—1 1 B
Z E(DMzA(x) - wMQAfl(_Z')Dk/(—$)) =
k=
Moa—1 ’ 1 B
> Mt iy B D)~ P (R Dy () =
_ Moa—1 1
Dty ()ea(A) = Uagya(=2) D Dy (~2)

£= Moo+ ..+ My + K

= BQJ(Z’) + Bg,g<$).
Investigate co(A)

Moa—1

1
0<c(A) =
ca(4) Z Mop_o+ ...+ My + K

k'=0

M.
< log (MziAz) = log(maa_1maoa_2) < cA°.

Consequently c3(A)/A — 0if A — oo, that is c2(A) = 0o(A). This gives

|Baalls = /G Danyalo(A) = o A).

Using Abel transform and bringing Fejér kernels observe Bs o
| Baa(z)] <

Maa 2 1 1
2 <M2A_2 + it Mo+ K Mog o+ ...+ My+ K + 1) '

k'=0
1
(K + DKy (— Mo | K —x)|.
(K4 D)+ 5 (Vo) s ()
So we can obtain using Lemma 2
Moa—2 1
B < K+ 1| K, K
[ B2all1 < kzzo (MQA_2+M+MO+,€,>Q( + D[ Krralln + 1 Kasu
Moa—2 1
< K K
< 12) MQA_2+...+MO+I<:’“ ktilln + [ K4l

M
< cA%log (—M) = cA° log(maea_1maoa_2) < cA?.
Mas_o

This gives
[ Ba2[l1 = o(A),
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consequently we have

| Ball1 = o(A).
Focus on B;. Easy to see that in case of 0 < 7 < M,
Mytj—1 j-1
Dtyj = Dy, + Z Y, = D, + Z Vit
k=M, 1=0
Jj—1 Jj—1
= D, + > tiem, = Da, + ¥, Yt = D, + 7D
1=0 1=0
holds. Thus,
Map_2+..+Mp—1 1
Bi= >, 1 Dns

k=1
Moa_o+..+Mp—1 1
- Z E (DM2A + T2ADM2A—2+-~~+M0_IC)
k=1
Map_2+...+Mp—1
1
= Dy, (log(pa-1) +0o(A)) + 124 Z EDMQA,2+...+MO—1¢
k=1
= D, (log(pA—l) + O(A)) + T2AGM2A72+...+M0‘
>From B; and B, we got

|G rtyptanso|lt = | Doty L0g(pa—1) + 124G atys_ottas |1 — 0(A).

Let us devide this norm of the sum to two pieces, like [|.|1 = [ [.[+
[r || First
Naa

/ | Dasyp log(pa—1) + 124Gy ov. 405

Iop

1

> log(pa-1) — M_ZAGMzA—2+--~+MO(O)‘

After
/ | Dy log(Maa) + 724G Moo vt |
JAVEYY

= / |GM2A—2+.-.+M0|
JAVEY

= ||GM2A72+~~+MO||1 - / |GM2A—2+“-+MO‘

Iza

1
- HGM2A72+~~+M0”1 - M_MGM2A72+...+M0 (O)

These inequalities yield

HGM2A+...+M0 Hl

1

> log(pA_l) + ||GM2A_2+~~+M0||1 - QM_QAGMQA_QJr...JrMo(O) - O(A)-
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We will use the estimation

Z T *nZ——n+1—NI0g( )+ O(n).

By simple calculatlons we get

3
Moy < pa = Mog~+ ... + My < Moy + Mos 1 < §M2A-
Since

1

2M_2AGM2A—2+---+MO(O)

(MQA,Q + ...+ Mo) lOg(MQA,Q + ...+ Mo) +c

1 3
—Ms s 51 _
Va2 24—2log(pa—1) + ¢

31 _

_ 3log(pa-1) Lo
MoA—2M24A-1
31 _

o 3log(pa) L

— 4 Y

1

=2
My

<2

we have
HGﬁbA+m+A%H1

3log(pa_
> |Gy ot 1o 1 +108(pa—1) — % e

log(pa-1)
= |G rtppgt o rto |1 + —

This yields
|K;N&A+m+ﬂh”1

>

ﬁ%Pﬂ

3
'3 log(Masy,) — O(A).
k=0

Easy to see that

K K k—1
Z log Maa—ok = Z (108; Mss—o —log (H m2A2h1m2A2h2>>

k=1 k=1 h=1
Z KlOg MQA — KlOg(mgA_lmgA_2>
K k-1

Z logmoa_op_1 + logmaa_on_2)
=1 h=1

> Klog Moy — cA°K?,
if K € {1,...,A}. Since ||F,, |1 > ! ”;‘)”1 let us observe

log

Zk:o log Moy,
log pa

M



16 ISTVAN BLAHOTA, GYORGY GAT

N 237 log Maa_o,
3log M4

KZ
c (K— A1—5) .

Finally, let us choose 0 < 3 < 1 — ¢ and Aﬁ — 1< K < AP In this
case limy_.oo K = 0o and K — i = O(4°), s

2cA°K?
3Alog4

2
> K —
=3

HFPA “1 > CBAB‘
O

Theorem 2. If logm,, = O(n°) for some 0 < § < 1/2, then 3f € L!
that

thf - f”l 74) 0.

Proof. The proof of this theorem is based on Lemma 5 and some
standard method. See for instance [7]. O

Some conditions in our theorems can seem a bit strange, so we show
a simple example.

Example. Let

i [exp(ki)} . if k = 42 for any j € N*,
=
2 otherwise

In this case it is true that
a. limsupmy = oo
keN )
b. logmy = O(k%)
n—1 2
log“m
c. limsup k=008 M

neN log M,, < oo. (It implies || Fag, 1 < )

Proof. It is easy to see that in the case of a. and b. the equalities
hold. Investigate the case c. Since

[vn]
Zlog mk<210g 2—1—21& (n — [v/n]) log? 2+Zy<n
k#j2 Jj=1

and log M,, > nlog2, we obtain

n—1 2
r—o L0g" My,

3
log M, 2

<

Remark
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We formerly thought, that the Fejér means have "better properties",
than the logarithmic ones. Although, what is the situation in case of
unbounded Vilenkin system? Vm unbounded sequence 3f € L' that

loa, f = flli 70,
(it was known before), but we realized: Im unbounded sequence, that
Vfe Lt

[tae, f = flli — 0.

We have the same situation with respect to the space of continuous
functions and the supremum norm.
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