ALMOST EVERYWHERE CONVERGENCE OF FEJER AND
LOGARITHMIC MEANS OF SUBSEQUENCES OF PARTIAL SUMS OF
THE WALSH-FOURIER SERIES OF INTEGRABLE FUNCTIONS

GYORGY GAT

ABSTRACT. The aim of this paper is to prove some a.e. convergence results of Fejér and
logarithmic means of subsequences of partial sums of Walsh-Fourier series of integrable
functions. We prove for lacunary sequences a that the (C,1) means of the partial sums
Sa(n)f converges to f a.e. Besides, for every convex a tending to +oc and every integrable
function f the logarithmic means of the partial sums S,(,)f converges to f a.e.

It is of main interest in the theory of Fourier series that how to reconstruct the function
from the partial sums of its Fourier series. Just to mention two examples: Billard proved
[3] the theorem of Carleson for the Walsh-Paley system, that is, for each function in L? we
have the almost everywhere convergence S, f — f and Fine proved [6] the Fejér-Lebesgue
theorem, that is for each integrable function in L! we have the almost everywhere convergence
of Fejér means o,f — f.

It is also of prior interested that what can be said - with respect to this reconstruction
issue - if we have only a subsequence of the partial sums. In 1936 Zalcwasser [15] asked how
"rare” can be the sequence of integers a(n) such that

1 N
(1) sta(n)f - f

This problem with respect to the trigonometric system was completely solved for continuous
functions (uniform convergence) in [11, 14, 1, 5]. That is, if the sequence a is convex, then the
condition sup, n~'/?loga(n) < +oc is necessary and sufficient for the uniform convergence
for every continuous function. For the time being, this issue with respect to the Walsh-Paley
system has not been solved. Only, a sufficient condition is known, which is the same as
in the trigonometric case. The paper about this is written by Glukhov [7]. See the more
dimensional case also by Glukhov |[8].

With respect to convergence almost everywhere, and integrable functions the situation
is more complicated. Belinksky proved [2| for the trigonometric system the existence of a
sequence a(n) ~ exp(v/k) such that the relation (1) holds a.e. for every integrable function.
In this paper Belinksky also conjectured that if the sequence a is convex, then the condition
sup,, n~/?loga(n) < +oo is necessary and sufficient again. So, that would be the answer for
the problem of Zalcwasser [15] in this point of view (trigonometric system, a.e. convergence
and L' functions). In this paper - among others - prove that this is not the case for the
Walsh-Paley system. See below Theorem 1. On the other hand, this difference between the
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Walsh-Paley and the trigonometric system is not so surprising. Because of the following.
Let v(n) == > 20 |ni — nial, (n = Y ooy ni2") be the variation of the natural number n
expanded in the number system based 2. It is a well-known result in the literature that
for each sequence a tending strictly monotone increasing to plus infinity with the property
sup,, v(a(n)) < +00 we have the a.e. convergence S,,)f — f for all integrable function f.
Is it also a necessary condition? This question of Balashov was answered by Konyagin [9] in
the negative. He gave an example. That is, a sequence a with property sup,, v(a(n)) = +oo
and he proved that Sy, f — f a.e. for all integrable function f.

In this paper we prove (see Theorem 1) that for each lacunar sequence a (that is a(n +
1)/a(n) > q > 1) and each integrable function f the relation (1) holds a.e. This may also
be interesting in the following point of view. If the sequence a is lacunar, then the a.e.
relation Sy, f — f holds for all functions f in the Hardy space H. The trigonometric and
the Walsh-Paley case can be found in [16] (trigonometric case) and [10] (Walsh-Paley case).
But, the space H is a proper subspace of L'. Therefore, it is of interest to investigate relation
(1) for L' functions and lacunar sequence a.

In this paper - using the method of the proof of Theorem 1 we prove (Theorem 2) that
for any convex sequence a (with a(4+00) = 400 - of course) and for each integrable function
the Riesz’s logarithmic means of the function converges to the function almost everywhere.
That is, we prove that the Riesz’s logarithmic summability method can reconstruct the cor-
responding integrable function from any (convex) subsequence of the partial sums in the
Walsh-Paley situation. For the time being there is no result known with respect to a.e. con-
vergence of logarithmic means of subsequences of partial sums, neither in the trigonometric
nor in the Walsh case.

Next, we give a brief introduction to the theory of the Walsh-Fourier series.

Let P denote the set of positive integers, N := P U {0}, and @ := [0,1). Denote the
Lebesgue measure of any set £ C @ by |E| and sometimes by mes E. Denote the LP(Q)
norm of any function f:Q — C by ||f|l, (1 <p < o).

Denote the dyadic expansion of n € Nand 2 € Q by n = 3" (n;27 and o = 37 2,277~}
(in the case of x = 2% k,m € N choose the expansion which terminates in zeros). n;, x; are
the i-th coordinates of n, x, respectively. Set e; := 1/2F! € Q, the i-th coordinate of e; is
1, the rest are zeros (i € N). Define the dyadic addition + as

r+y=> |z —yl27 "
=0
The sets I,(z) :={y € Q : yo = X, .., Ypn—1 = Tn_1} for z € Q, I,, := I,,(0) for n € P and
Iy(x) := @ are the dyadic intervals of (). Denote by J := {I,(z) : x € Q,n € N} the set of
the dyadic intervals on Q. A, the o algebra generated by the sets I,(z) (x € Q) and E,, the
conditional expectation operator with respect to A, (n € N).

For n € P denote by |n| := max(j € N : n; # 0), that is, 2"l < n < 2I"+1. The Rademacher
functions are defined as:

ro(z) = (=1)" (x €@, neN).
The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

00
[n|

wn() 1= [J(re(@)™ = (1) (z € @, n€N).

k=0
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That is, w := (w,,n € N). Consider the Dirichlet, Fejér and Riesz’s logarithmic kernel
functions:

— 1 & 1 <= Ds
= , K, = — D, H, = — eP), Dy, Koy, Hy := 0.
z::wk nkz:; F lognkz:;k (n ), Do, Ko, Hy

The Fourier coefficients, the n-th partial sum of the Fourier series, the n-th (C, 1) mean, the
n-th Riesz’s logarithmic mean of f € L'(Q):

f(n) = /Q f(@)wn(z) dz (n € N),

Skf /fx—l—y (x)dz(n e Py € Q).

In this paper we prove the following a.e. convergence theorems with respect to the Fejér
and logarithmic means of subsequences of the partial sums of the Walsh-Fourier series of
integrable functions.

(()) >q>1(n €N). Then for

all mtegmble functwn f € LY Q) we have the a.e. relation

1 N
N Z Sa(n)f -
n=1

Theorem 2. Let a : N — N be a conver sequence with property a(+00) = +oo. Then for
each integrable function f we have the a.e. relation

N
1 Sam) f
log N ; n f'

In this paper in Theorem 2 above, a : N — N is a convex sequence with property a(+o00) =
+00. Then a is strictly monotone increasing from some natural number. Since in the
point of view of convergence of logarithmic means, a finite number of partial sums have no
importance, then we can suppose that the sequence a is is strictly monotone increasing on
N. We can also suppose that a(0) = 0. These assumptions for a can be supposed without
loss of generality. The character C' denotes a positive constant which may vary from line to
line and can depend only on a.

Expand every positive integer n with respect to the binary number system as
o0
n=92™Ma) 4 ... 4 20 = Zni2i7

where 1) > -+ > ng) > 0 are integers and n; € {0,1} for i € N. Denote the lower integer
part of the binary logarithm of such an n by |n|. That is, 2"l < n < 2"+ (n > 1). To tell
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the truth o depends on n of course, but this notation will not cause any misunderstood.

it is absolutely necessary, then we use a(n). That is,

a(n)

n= Z 21

i=0
Moreover, we also use the notations:

n = inﬂi, n\¥) = i AON
i=j

=7

For n,i € N,;n > 1 set the two-dimensional sequences A, ;, d}. ;, d? ; as:

n,t’ “'n,t

A= 0, ifie {n(l),n(g), RN ,n(a)} or ¢ §E [n(o),n(a)),
" 1, otherwise,

d,lm = /\n,iu)nwl Dgi, diﬂ = )\n’iwnﬂ-l D22‘+1.
We prove the following version of the decomposition of the Dirichlet kernel functions.
Lemma 3. Let n be a positive integer. Then

In|—1

=0

If

Proof. For the sake of the proof of this lemma we introduce the notation for n,j7 € N,n > 1:

Dn,j:rn(a)' D2”<j), jZO,...,Oé—l.

g

Moreover, D, o = Dyn@y = Dyjny and D,, j = 0 for j > «. Consequently, for j =0,...,a -1

we have
D, ;
= Tngay -+ Mg (Dg”(j) - DQ"(7+1)) + Trgay =« Tngyo (D2n<j+1)+l — D2n(]‘+1))
= WpG+1) (Dgnm - D2n<j)+1) — Wp+2) (D2"<j+1) - Dg"(j+1>“)
n(r1—1
+ Z Wy, (5+1) (Dgz - D22‘+1) .
i:n(j)-f-l

Moreover, by [13] it is well-known that

Q

D, = D
=0

n?j :
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By this and the above we get

[ a—1
Dp=> Dnj=Dyu+> Dn,
j=0 j=0

a—1

= Dyini + E (wnu+ (Dgngy — Doyngya1) — w2 (Dyrrny — Donianyer))
=0
a-1nG+n—1

+ Z Z Wi (+1) (DQi — D2i+1) =: Dyn + A+ B.

J=0 i=n(j+1
First we discuss addend A. It is easy to have by its telescopic property that

Dyin + A

= Dojnl + w0 (D2“<o> - D2n<o>+1) - (D2"<a> - Dz”(a)"H)

= Dyinir1 + wp) (Dyroy — Dynioy1) -
Discuss addend B. Since nUt!) = 2%@) 4... 427G+ and i € {n(j) + 1, G4 — 1}, then

we have
[e.e] «
=y 2t = Y 2ne = Y 2nw = Ut
k=it+1 gy >it1 k=j+1
Consequently,
a—1 N+ ~1
B = Z Z Whpi+1 (Dzi — D2i+1)
7=0 i:n(]-)+1
a—1 M(G+1)
= Z Z )\miwnz‘ﬂ (DQi - D2i+1>
7=0 i:n(j>+1
Na)—1
= Z )\njiwni-kl (D2i — D2i+1) .
i:n<0)+1
That is,
O In|—1
Dn = D2|n\+1 + Z )‘n,i Wi+l (D2i — D2i+1) = Dg\n\ﬂ + Z )\n,i Wi+l (D2i — D2i+1) .
This completes the proof of Lemma 3. U
Set
In|—1
dpi=dy;—do,, Dy= dn;
i=0
That is,
(2) D, = Dn + Dz\n|+1.

The following lemma will play a prominent role in this paper.
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Lemma 4. Let f,ge L', 1 <neN,i,j€{0,1,...,|n| —1}. Then

for all © # j, where ¢ is an A; and ¢ is an A; measurable function.

Moreover, if 1 <m,n € N,i,j € N;i <|m|,j < |n| and |m| # |n|, then we have again
(O(f * dm,i) (g * dny)) = 0.

Proof. We begin with the proof of the first orthogonality relation. Let say ¢ > j. d,; =
An,jwni+1(Daei — Daj+1) and consequently, if A, ; = 0, then there is nothing left to be proved.
So, Anj = 1 can be supposed which gives j > n() and consequently ¢ > n¢). We can
also suppose that A, ; # 0, otherwise there would be nothing left to be proved again. This
implies @ # 1), Ny, - - -, M) and by this we get n; = 0. As a consequence of the equality
Anj = Ani = 1 we have
nitlygiqi—1y.. 400
dn,i = Wpitl (DQi — D2i+1) = —’I“Z'wni+1D2i = — Z Wi.
k=ni+142i
By the same way we have
nIdtl42i497-14...490

dn,j = — Z wy.

l=nJ+1427
If
L=n/tt 420 41 427 4 120
=t 2 T Y 2 20
= 27 e g P 2T 2T 20

Consequently, [ — n'™! < 2. Besides, for k appearing in the sum d,,; we have k > n'™! + 2.
As a result we have [ # k. Thus, (wg,w;) = 0 for every wy, and w; appearing in the sums d,, ;

and d,, ;. since the function ¢ is A; measurable, then ¢ = 212:61 é(l)wl and consequently

201 nitl 4204 9i=1 4. 420 nitl4oiqpoi=lq.. 490
O(f *dni) ==Y (D > f(k)wy = >, cro(k)wk
=0 k=nit142i k=nit1421

for some complex numbers ¢y (k). Similarly,

ndtl49i49i—14...490

(f * dny) = > crp(Dwi

l=ni+142i
and consequently by (wg,w;) = 0 we have (¢(f * d,;),%¥(g * d,;)) = 0. That is, the first
orthogonality relation of this lemma is proved.

Now, turn our attention to the second orthogonality relation. Just as in the investigation
of the case of the first orthogonality we have

nd 14274251 4...420

O(f * dny) = > cry(Dws

l:nj+1+2j
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once again and also

mi+1+2i+2ifl+,,,+20

O(f * dm;) = > cr.o(k)w.
k=it 420
since i < |m| — 1, then i +1 < |m|, that is [m'™'| = |m|. Similarly, [n/*!| = |n|. Thus,
|k| = |m| # |n| = [I| and consequently k& # [ which by (wy,w;) = 0 proves the second
orthogonality relation. This completes the proof of Lemma 4. 0

For each A > 0 real (there is no connection between the real A and the zero-one sequence
Ani) define the following stopping time [13, 4]

va(z) :=inf{n e N: E,(|f])(z) > A} (inf@ = +o0).

Then the function 1y, is A; measurable. (1x is the characteristic function of the set X.)
We prove the inquality

(3) Toasiy < Lugysig1y-

to prove (3) we suppose that 15, -4 (2) = 1. Then we get
Eo(IfD)(2), .., E(|f)(z) < A

Thus,

B (If)() = 277 /

Iiy1(z)

flly)dy <22 /

Li(z

) |fl(y)dy =2E(|f|)(z) < 2A.

This means 1y,,,~;4+13(z) = 1. That is, (3) is proved. Next, we prove the following inequality
with respect to the kernels d,,;. (g * h is the dyadic convolution of functions g and h.)

Lemma 5. Let f € LY(Q),1 <n € N,\ > 0. Then we have

[n]—1
D s (f * duallz < CAIIf 1.

=0

Proof. In the statement of Lemma 5 we have to take account only the addends for which
An,i # 0 of course. This means that n; = 0 or ¢ = n. If i = n(g), then apply (3):

2
Hl{u,\>n<0)}(f * dnzn(O))H2
2
1{1’2A>”<0>+1} (E”(0>|f| T E"(0>+1|f|> 1

<[ (B |1+ Bugal 1) |, < 83711

<

In the other cases (that is, n, = 0) we have

f * dn,i = Wpi+1 (Ei(fwniH) - Elqu fwni+1))
= wni (Bi(fwns) = Eina(fwni)) = wn(Ei(fwn) — Eipa(fwn)).
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Let g = fw, and apply the inequality of Burkholder [4] (note that |g| = | f| and consequently
the stopping time v, for f and g coincides)

In|—1

D psalf * duills
7,:0,17571,(0)
In|—1

< Z ||1{V2>\>i+1}|f*dn7i|2”l
i=0,i%n(g)
In]—1

= D pasisnlBil9) = Eia(9)Plh

i=0,i#n o)

< M usisy| Eilg) = Eiaa(9)P s
=0

< C2Alglls = CAl[f]1-
This completes the proof of Lemma 5. U

With the application of Lemmas 3, 4 and 5 we are ready to prove Theorem 1.

The proof of Theorem 1. First of all, we suppose that ¢ > 2. At the end of the proof of this
theorem we turn back to the case 2 > ¢ > 1. Use the following notations

Sef = 1+ Di - la(w)] = A(n) = aa(n),  a(n) = 2700 4. 4200/

and investigate the integral
2

N A(n)
Z Z 1{1/>\>2} f*da(n) )

=0 9

If m > n, then A(m) = |a(m)| > |a(n)| = A(n) since a(m) > 2a(n). Consequently, by the
second orthogonality relation of Lemma 4 we have
(Lpasiy (f * dagmyi)s Lasp (f * daw) 3)) = 0

foralli < A(m),j < A(n) integers. This lemma can be applied since 1y, -y is A; measurable
and 1y, is A; measurable. That is, we get

N A(n)—

=% Z Ly (f # daguy) |

n=1 =0
which is bounded by C N f]|1 as it comes from Lemma 5.

After set the Fejér means with respect to our subsequence of the partial sums of the Fourier
series as

| N
UNf = N ; Sa(n)f
By the help of Lemma 3 we have

N N
1 1 ~
ONf:N E SQA(n)+1f“|’N E f*Da(n) = I+ 11l
n=1 n=1
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It is well-known that the power of two indexed partial sums converge to the function almost
everywhere (see e.g. [13]) and therefore the a.e. relation limy_ .o I/ = f is trivial. Con-
sequently, we have to discuss term I/ only. Recall the definition of the stopping time vy.
va(z) == inf{n e N: E,(|f])(z) > A} (inf() = +00). In [12] one can find the well-known
inequality

C
mes {v) < oo} = mes {[f[* > A} < <[ f]1,
where h* = sup | E,,(h)|. Therefore

es{er >)\}

< mes {v\ < oo} + mes fBEQ:V,\(ZL‘):OO,% Z Z (f * day,i)(x)| > A

*D

= I1L + 11,.

I11; < £||f|lx as it has proven. Since in the case v (z) = co we have g, -, (z) = 1 for every
i, z, then it follows

11,

N A(n)-1
<mes{ x €Q N Z Z {uA>z} f*da(n),i>(x) > A

n=1 =0
B EROS 2
)\_F Z Z ]-{y,\>7,} *da(n z)
n=1 =0
2
1 1
~ A

/\2N

where the last inequality is implied by the inequality given for I at the begmnmg of the
proof of this theorem. In other words, we proved for the operator oy f := & Zn L fx D
that

C
= % > A< — .
mes {vy = o0, |Gn f] } < N)\”le
This last inequality immediately gives

- C
mes {I/)\ = 00, sup |Gz f| > )\} < Zmes{u)\ =00, [or2 f| > A} < —||fl]1-
K k=1 A

Let now k% < m < (k + 1)% Then

Z ga(n)f

n=k2+1

- 5 1
|Umf| < |Uk2f| + ﬁ
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Have a look at the beginning the proof of this theorem. More precisely, the investigation of
term [ by the two orthogonality relations of Lemma 4. That is,

mes{ x €Q: Z Z 1{V>\>'L} I * da(n),i)(x) > A
n=k24+1 =0
2

27 DD s (f o)

n=k2+1 =0 9
A(n)—1

2

D sy (f # damy) |3
=k2+1 =0

LClm = R < 5517l

m

1
2 j
i
2 j

This implies

es {sup |om f| > )\}

< mes {v\ < oo} + mes {V,\ = oo,sup |Gr2 f| > )\}

(k+1)2-1 m  A(n)—

. 1
+Z mes Z Z Liysiy (f * dagny,i)| > A
k=1 m=k?2 n=k2+1 =0
C oo (k+1)2-1
X|f”1+z_: Z;Q )\k3”f“1
C
A

Since oy f = % anl Ssamy+1f +0nf and since the first addend of the right side is bounded
by f*, then we have that the maximal operator sup |oy| is of weak type (L', L'), that is,

C
es{sup|aNf| > A} < S
N

Since for each Walsh polynomial P = ZZL:() cw; we have limy oy P = P everywhere (because
Sy P = P for u > L), then by the standard density argument (the set of Walsh polynomials
is dense in L'(Q)) and by the weak (L', L') typeness of the maximal operator sup |ox| we
complete the proof of Theorem 1 in the case of ¢ > 2.

Finally, we turn the attention to the case 2 > ¢ > 1. Recall that a(n + 1)/a(n) > q.
Set f = [%1 ([2] denotes the upper integer part of #). Then 1 < 3 € N and ¢* > 2.

This follows that for every [ = 1,..., we have a((k + 1)8 +1)/a(kB +1) > ¢° > 2 and
consequently the above written gives

N-1

% Sawsf — f
50
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a.e. for each f € L'. Now, let 1 < M € Nand M = N3+ j, where N,j € Nand 1 < j < 3.
Thus,

M
i > Suwyf
k=1
1 N | BN
=37 2= 2 Sawsenf + 57 2 D Sawanf
M M
I=1 k=0 I=j+1 k=0
N (&1 E G P
i < NZSa(kﬁH)er Z N 2= Satsnf | = f
I=1 = k=0 I=j+1 " k=0
a.e. because % — % as M — oo. This completes the proof of Theorem 1. 0

Denote by F,(z) := max {n : a(n) < z} or simple F(z) the distribution function of a. That
is, a(F(l)) <l and a(F(l) + 1) > I. Later, we need the following concavity-type inequality
with respect to F.

Lemma 6. F(y) < Y (F(t)+1) for ally >t > 0.

Proof. Let y > t > 0. For the sake of the proof of this lemma we introduce the function
a:[0,+00) — [0,400) as a(n) = a(n) for n € N and a(z) = (a(n+1) — a(n))(z —n) + a(n)
for n < z < n+4 1. That is, @ is linear on the interval [n,n + 1] (n € N). It is obvious
that a is a convex, strictly monotone increasing bijective function. Its distribution function
Fi(z) == max{n:a(n) <z} = max{n:a(n) <z} = F,(x) = F(x) is the same as the
distribution function of a. The definition of the distribution function F' gives
a(F(y) <y, a(F(t)+1)>t.

Since a is convex, then for z = a~!(t) we have
a (ga:> > %d(a:) =y.
Consequently, the strictly monotone increasing property of a gives

Fly)<a'(y) <a (& (%x)) - %x - %Efl(t) < %[F(t) +1].
This completes the proof of Lemma 6. U

Moreover, define the sequence of natural numbers b as b; := min {n cF2r) > 21}. Since
lim, o, F' = +00, then b is well-defined. Also define the operator 77 as

F(2bi+1) A(n)—1

Tl = 1o B 2bL+1 Z 2 Z Hinzip ( # dar.o)-

=0 p= F(le)+1 =0

In the sequel we prove a lemma which will play a prominent role in the proof of the Theorem
2 with respect to the logarithmic means of the partial sums S, f.

Lemma 7. ||T.f||2 < 2|/ f|l1 for each integrable function f.
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Proof. For every n; € (F(2%), F(2"%*)], 7 = 1,2, l; # I, we have
2% < a(F(2")+1) < a(ny) < a(F(2%7)) < 2"+,
that is, A(n;) = |a(n;)| € [by,, b, 41) for j = 1,2 and if - say - [; <y, then
A(ny) < b1 < by, < A(ng).

Consequently, A(ny) # A(nsz). This by the second orthogonality relation in lemma 4 gives

1 o | Fen | Ama ?
2 __
1T fl5 = —10g2 F(2ve1) lz; Z Z Liysiy (f * dagy )
= n:F(Zbl) 9

Next, we investigate the integral in the sum of the right side of this equation.

F(2b+1) 2
> Z Uiy (£ * a1
n=F(2%) +1 =0 9

F(2bi+1) 1 A(n)—1 A(m)—1
D VRN (F TR o TR >>
=0

nm="F(2%)41

F(251+1) ) A(n)—1 Am)-1
DR D DETAIEAT AN 1N FAD DRTAEAL N
n,m=F(2%)+1 i=0 ) )
F(le+1) 1l A(n)—1 2 . X 9
- Z 2|n Z Hinp (f * datu.) +§ m Z Liuysiy (f * dagmy.i)
n,m=F(2%)+1 1=0 ) i—0 ,
F(2%+1) . A(n)—1 2
- Z n2 Z 1{N>\>i}(f*da(n),i)
nym=F(2%)+1 i=0 )

The first orthogonality relation in in lemma 4 and Lemma 5 give that

A(n)—1 2 Am)-1

Z Lo (f #dad)|| = D Igunsir(f * o) 15 < CAIF [
) i=0
Since by Lemma 6 F(2+1) < 2F(2b+171) + 2 < 02! F(2%) > 2! and
b
PR
>
nym=F(2%)+1

F(2b1+1)

=[P - FE Y S

n=F(2)+1

< C[F(le“) - F(2bl)] (F(;bl) o F(211),+1)) <C,
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then we have

F(2bi+1) A(n

Z Z 1{#A>z} * do(n ) < CA[[f|hh-

—p(ob
n=F(2°)+ 9

This inequality immediately gives for the L? norm of the operator T}, that
Y8

L
CA
2 < < —
75l < o > CAll < Tl

2 F(2be+1)
because F'(2°r+1) > 25+ This completes the proof of Lemma 7. O

We apply Lemma 7 in order to get a bound for the maximal operator of 77.

Lemma 8. | sup, [T0f]l3 < CA|| f]1.

Proof. Let M? < L < (M + 1) Then

M2 F(2b+1) A(n

Tuf = lo gF 2bL+1 Z Z Z 1{“)‘>Z} *d )

=0 n=pF(2%)+1

F(2bi+1) A(n) 1

+logF 20141 Z Z Z Lin>ip (f * dan).i)

l M2+1 p= F(2bl)+1 i=0
=T} f+T:f.

That is, [T} f| < supy [Taef| and by Lemma 7 we get

CA
1T < 1T F 13 < S

Hence

I'sup IToflllz < Cl Sup T f1112+ Cl sup LA

Besides, following the proof of Lemma 7 we can give an upper bound for the L? norm of
TZf.

L F(2bl+1)

A(n)—1
1 1
2 2_ - - ) ]
||TLf||2 - 10g2 F(QbL+1) § g n g 1{M>\>Z}(f * da(n),z)

I=M2+1 n=F(2%)+1 1=0 5

F(2b+1) 2

1 1 A(n)—1
log ( 2bL+1) Z Z n2 Z Lyunsiy (f  dagn) i)
=0

=M2?+1nm=F(2%)+1

I/\

2

C L
=1 Z Ml < CMFIh 51 + 17 = M%) < ol
=M?2+
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Therefore, [T}, pf| < |Tazf| (B < 2A) implies

I sup |The pfIll2 < llsup|Taz f[3
B<2A A

1 ©© 0 1
S T ff? < CZ/ T f
A=170

0A1

cz M < o

On the other hand,

I sup T 5113 < / S S 5 < ZZ—AHﬂIl < CAllf|.

A=1B=0 A=1 B=0

Consequently,

Isup [TL A5 = || sup |TazynfllI3

L B<24
< C|l sup |Thoyp I3+ Cll sup [The, s fll3
B<24 B<24

< CA[l Il

This completes the proof of Lemma 8. U
For K, L € N set
Ngkp = {nEN: In| = K,3i €{0,...,K —1} such that n;, =1,ng=---=n;_1=0

zdem:m:0J<j<}Q|zL}

Recall that for a positive integer n the number |n| is the lower integer part of the binary
logarithm of n and for a finite set X the number | X| is the number of the elements of this
set. The coordinate ¢ is the minimal index for which n; = 1 and there are at least L zeros
among n; 1, Nita,...,nx—1. Of course if K < L, then N = 0 and if K > L+ 1, then
N1 # 0.

The next lemma will also be another important key tool in the proof of our theorem with
respect to the logarithmic means of the partial sums Sg,) f.

Lemma 9. Let K, L, M € N, F(25) < M < F(2E*). Then there exists a disjoint decom-
position

NK,L = U Qf’L

jepr
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such that for n € Qf’L denoting the L-tuple (jin, ..., jLn) by j we have

>

M
n=F(2K)+1

1 A(n)—1
E Z 1{1/A>i}(f*da(n),i>
=0

A(n)—1

1
— Z E Z 1{uA>i}(f*da(n),i)

{m: A=K, a(n)gNi,p.n<hr} =0

L
1
+ Z E Z 1{”)\>K—j1,n_"'_jk,n}(f * da(n)»K*jl,n*-"*jk,n)

{":“(")GNK,L,ngM} k=1

agoy(n)

+ Z % Z Liasiy (f * dan),i)

{n:a(”)ENK,L,nSM} i—0

A(n)_jl,n_"'_jL,n_l

T Z % Z 1{V>\>i}(f * da(n),i)

{n:a(n)eNKvL,nSM} i:a(o)(n)+1
— [+ [T+ 11T +1V,

and

1 1
I+ |II| + |ITI| < CLIf|*, |IV]32 < 3L F(2K))
1]+ (L] + |1 < CLIfI, | VHQ_CAHJ”Hl(gL*F(zK))

Proof. The definition of Ng  and A, ; gives that n € Nk 1, if and only if there are at least
L + 1 pieces of 7 such that \,; = 1. Recall that )‘n,n(m = 1, where n(g is the minimal
coordinate of n which equals with 1. Let

Qﬁ’L ={n€Nkgr: Mr-1=0,..., \x—jit1 =0, A\ x_j, = 1}.
Of course the set Qﬁ’L may be () if j; is too big - say - j; > K — L. This means
Nk = U Qﬁ’L;
J1=1

. . S K,L . .
where this union is a disjoint one. ;" can also be decomposed in the same way, i.e.

[o¢]
Q= {J 9%
j2=1
where n € Qﬁé means that
n€Ngp, Ag-1=""=MKk—jit1 =0, A\ x—j, =1,
A K—ji—1 =" = M K—ji—jot1 = 0, Ay k—ji—jo = 1.
Going further we can write
(o] o0
Nir = U QﬁL]L = U QfL

Jjr=1 Jji=1 JePL
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That is, (we emphasize this because will be important later in the proof) for n € QJK’L we
have n € Nx.r, \uic—jy =+ = Ak—jy—jo——j, = 1 and for the other i’s between K — j; and
K —ji —---—jr (not belonging to the set {K — j1, K — j; — jo, ..., K —j1 — -~ —jp}) we
have \,; = 0. That is, we decomposed the set N ; into disjoint sets and also proved that
the decomposition I + 1+ 111 in the statement of this lemma fulfills. We can go further in
the proof of this lemma. Next, we prove the inequality for |I| + |I1|+ [I1]].

First, discuss . since A(n) = K and a(n) ¢ Nk 1, then there are at most L pieces of index
i in the set {0, ..., A(n) — 1} such that A\y(,); # 0. The definition of dy(),; immediately gives

|f * da(n),il S 2Su-p Ek|f| - 2|f|*7
keN

that is,
1 *
1] < > ELZ\f\ :
{n: A(n)=K, a(n)¢ Nk ,n<M}

In the same way we have

1
11| < —L2|f]".
m< Y Loy
{n:a(n)ENKJ”nSM}
Consequently,
F(2K+1) 1
I+ <c |y, L] <CLIfI
n=F(2K)+1

since by Lemma 6 we have F(2571) < 2(F(2%) + 1). The definition of \,; gives that for
i < a(y(n) we have A\yn); = 0 and also that Aa(n).agy(n) = 1. This follows

1

o {n:a(n) Z }51{”9‘1(0)(”)}(]‘1 ¥ d“(")v%)(”))’
n:a(n)€ENg L, n<M
F(2K+1)
1 1
ey, <t Y, — <Ol
{n:a(n)eNK,L,ngM} n=F(2K)+1

That is, it is remained to discuss IV'. it is obvious by the above that

A(n)—jr1——jr—1

00 00 1
IV = Z s Z Z ﬁ Z 1{VA>i}(f * da(n),i)'

jr=1 =l {n:a(n)eQJK'L,nSM} i=a(g) (n)+1

Let j and j be different L tuples, a(n) € QJK’L and a(m) € QJKL We are to prove the
following orthogonality relation - B

(4) (Lipn>ip (f * dam,i)s Liunsay (f * dam)i)) = 0
for every
i€{agn)+1,...,A(n) —j1 — - —jr — 1},
i€ {ao(m)+1,...,A(m) = j1 — - —jL—1}.

If this scalar product differs from zero, then the equality Aun)i = Aa@m); = 1 must hold.

)

Suppose this. Since i > a((n),7 > a)(m), then a;(n) = az(m) = 0 as it comes from the
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definition of A, ;. This also follows dy(,),; = waiJrl(n)(_DQi — Dyit+1). The function Ly is A;
measurable and consequently

ai+1(n)+2i+1—1 ai+1(n)+25+1—1
Lipysiy (f * dagnyi) = Z i, g (f * dagny ;) = Z Crwi,
k:ai+1(’l’b)+2i k:ai+1(n)+25

for some ¢y, ¢;;, complex numbers.

Say, k = a ™t (n)+ 20+ ki1 +- -+ ko, k= a(n) +2 4+ k1 +---+ko. Can k be equivalent
with £7 Since 7 # j, then we find a s < L such that

jl = ]~1, s ajs—l = js—17js 7é js'
Say, Js < Js- Then

Aa(n) K~y = " = Aa(n K—ji—mjs1 = Na(n) K —ji——js1—js = b
)‘a(m):K—jl == )‘ ) K —j1—r—js—1 — =1,
)‘a(m)’K*jlf'"*jsfl*l = = Aa(m). K —jr——jar—js = -
Thus, ax_j,—...—j,(n) = 0 and consequently i+1 < K—j1—--—js—- - —j < K—j1— - —Js

gives
az[—(‘rljlf “—Js <n) = aK*jl*'“*js (n> = O
On the other hand,

tH1<K—-jp——j=K—-—jp— . Jsa—Js——IL<K—-Jji—.. Js-1—Js
Consequently,
al[;ljl_..._] (m) =ag_j—_j,(m) = 1.
(Recall that Agm)x—ji——j, =0and K > K —j; —--- — js > K — j; — ~~~—jL>a()( n).)
This means for k =a*(n)+2 + ki1 +---+ ko and k=da"(n)+ 2"+ k;_ -+ ko that
kg, = ai L, (n) = 0and kx_j,_._j, = a}fl, . (m) = 1. That is, k # k.
This means that the orthogonality relation (4) is proved. This implies
00 00 1 A(n)=jr1——jr—1 ’
11V |3 = Z Z Z - Z Liasiy (f * dany,i)

jr=1 Jji=1 {n:a(n)eﬂf,L,HSM} i=a(g)(n) ,

Investigate the integral
2 2

Afn) =11

> % D Lwea(f #daa)|| = >, %gn

{n:a(n)GQJK’L,nSM} i=ag) (n)+1 ) {n:a(n)EQJK’L,nSM}

It is trivial that
2

1 1 1
SRV S S SRRNEIRE V)
{n:a(n)GQE‘L,nSM} ) {n:a(n)eﬂf‘L,nSM} {m:a(m)GQf’L,ngM}

Since . . ]
2
I~ 9n —gm)| < H—H H ~l2 < 5 2Hgan 32 19mll2;
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then it follows

> %gn < > > %Ilgnllg‘

framen st} " |, {maiment ) {maoeaf )

The first orthogonality relation in Lemma 4 and Lemma 5 give

A(m)—j1n——jrm—1 2
lgnll3 = Z Linsiy (f * dam)i)
i=a(g)(n)+1 9
A(n)—j1,n——jLn—1
< > L5y (f * dagmyi) I3 < CAf 1

1=0

Thus,

IVE<Y | Y S||{n:amen).

Jr=1 Ji=1 {n:a(n)eﬂf’f“}

Since for a(n) € QJK’L we have A(n) = K, then n > F(25) and consequently

IVE<CY 3 [{n: at e | Mg

Jjr=1 n=1
and therefore it is necessary to investigate the cardinality of the set {n s a(n) € QJKL} If

n e QJK’L, then

K-1 K—ji1——jr—1

n=2+ > A2+ > n2
i=K—j1——jL =0
K—ji——jp—1
= 2K 4 > 2+ Y w2
i€{K—j1,.. K—j1——jL} =0
K—ji——jr—1
=284+ > w2,
=0

where x - of course - depends on QJK’L but does not depend on n. This gives

2K + 2z < min QJK’L < max Q?’L < QK + o+ 2K—jl_”'_jL -1
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This by Lemma 6 implies

Hn ca(n) € QfL}

< FQRN 4428 iny — P(2K 4 1)

_ oK 4 ¢4 oK—ji——iL
2K + ¢

= F(max Qf’L + 1) — F(min QfL)

(2% +m)) — F(25 +2)

28 4 g 4 2K—immin K K
< Yy [F(2" + )+ 1] — F(2" + )
oK —ji——jL

:W(F(2K+x)+1)+l

<2 (PRET) 1) +1

There are two cases. If 271779 (F(25F1) 4+ 1) > 1 then

(5) Hn ca(n) € QfLH <2 (F(2KT) 4+ 1)

Meanwhile, in the case of 2771 =7Jr (F(2K71) + 1) < 1 we get Hn :a(n) € QJKLH < 3,
thus )

(6) Hn s a(n) € QfL}‘ € {0,1}.

Taking account both cases (5) and (6) we have

1 . .
||]V||§ S O)\Hf“lm Z Q4= IL (F(2K+1) + 1)
{JE]P’L:Hn:a(n)GQE’LHZ2}

2

1

O gy > {nratm e a5}

{JGPL:‘{n:a(n)EQf’L} ‘gl}

F2(9K+1Y 1
< O gy 31 + A Vi ey
2 2K+1)

Since FFg(—zK) < C and |Ng 1| < F(25%1)] the inequality above follows

1 1
IV]]Z < — :
VI < ISl (32 + g )

That is, the proof of Lemma 9 is complete. O

We use Lemma 9 in order to prove the next one which will directly imply that the maximal
operator of the logarithmic means of the partial sums S, f is of weak type (L', L'). For
LM €N, M < F(2r+1) let

1 M 1 A(n)—1
Temf =7 > Y Lsi(f #dagmys),  Tof = sup sup T 1.

n=F(2°L)+1 " 1=0 LEP p(2bL)< M<F(2°L+1)
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Lemma 10. The operator T is of weak type (L', L'), that is,
. C
mes (T3 £ > A} < 11l
for each X > 0, f € LY(Q).
Proof. Apply Lemma 9 with K = b;. Then,

1 A
mes {1} f > A} < mes {s;gi ECLW* > 5}

2

2bL+1 1 1 A(n)—jlﬂa(n)_"'_jL,a(n)_1
DD IR AP PR B D
L=1 \=F(2"L)+1 {n:a(n)eNy, , n<M} i=a(o)(n)+1 y
F(2"L+1)

S+ S Y W (5 )

L=1 M=F(2%L)+1
Since F(2br) > 2F and F(2°271) < 2L then
2F < F(2r) < 2(F(2°r7Y) +1) < 28 42 < 02%.

This implies

F(2'L+1) b b L L
1 1 F(20L+1 F (21 C2 C?2
) EV = ) ree) < + <C.
3L F(2br) 3L F(2br) 3L 2L
M=F(2°L)+1
Consequently,
. C C =1 C
mes {T5 f > A} < <[ fllx + S [I/1l Z 7z < 5 If 1

This completes the proof of Lemma 10. O

Set for f € L'(Q)

N 1 A(n)
ZE Z 1{V,\>z} f*d (n),i ) R*f = Sup|RNf|'

n=1 i=0 NeP

RNf = 1
og N

Lemma 11. The operator R* is of weak type (L', L').

Proof. Basically, the proof of this lemma is the application of Lemma 8 and Lemma 10. Let
L be the lower integer part of the binary logarithm of N. That is, 2¥ < N < 21! The
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definition of operator 717, gives

L—1 F(2 bl+1)

By f] <+ Z > Z Lyt (f * dagn) i)

=0 n=rF(2%) +1
F(2%0) = A(n)—1

1
T Z n Z Lpnsiy (f * dan).i)
n=1 =0
1 N 1 A(n)—1
T Z n Z Lipnsiy (f * dagn)i)
n=F(2°L)+1 i=0

< Cswp|Tif| + IS + Ty .

Lemma 8 says || sup, |T%f]]|3 < CA||f]l; and Lemma 10 says that the operator Tg is of weak
type (L', L'). Consequently, the weak (L', L') typeness of f — |f|* gives

mes {R*f > A} gmes{sup|TLf| > %}—i—mes{m }+mes{|T6“f| > %}
L

C , C C C
< QHS%NTLJ[\H + I+ Sl < S
This completes the proof of Lemma 11.

Recall the definition of the logarithmic means and its maximal operator.

1 N

_ Sam)f ey
Gnf= IOgN; o G =swlGnl.

Lemma 12. The operator G* is of weak type (L', L).

Proof. Recall the definition of the stopping time

va(z) :=inf{n e N: E,(|f])(z) > A} (inf( = +o0).
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The fact that mes {v) < co} = mes{[f[* > A} < §| f|l; and Lemma 3 with the application
of Lemma 11 imply

N
1 1 A
mes {G"f > A} < mes {s%p oz N 321 ESQA(nmf > 5}

N A(n)-1

1 1 A
< = - d(l n).. > =
+ mes {v, < 0o} +mes | vy = o0, 81]\1/p log N ; i ; [ * da), 9

A C
< mes {sup |Enf| > 5} + X”le

N 1 A(n)—1

1 A
+ mes S%p ml{uk:m} ZE Z f*da(n),i > §

n=1 =0

C 1 N 1A(n)—l A\
< X”le + mes Sljép log N T;E ; Liyysiy (f * damy1)| > 5

C
< <71

The last inequality is implied by Lemma 11, that is by the weak (L!, L) typeness of operator
R* and by the fact that if 1y, —y(2) = 1 for some = € @, then 1y, ~5(x) = 1 for all
i < A(n),n < N. This completes the proof of this lemma. O

The proof of Theorem 2. Since the set of Walsh polynomials is dense in L'(Q) and for each
Walsh polynomial P we have Sy, P = P for n "large enough” and consequently, Gy P — P
almost everywhere (even everywhere), then the previous lemma, that is the weak (L', L!)
typeness of the maximal operator G* by the standard density argument (see e.g. [13])
completes the proof of Theorem 2. U

REFERENCES

[1] E.S. Belinsky, On the summability of Fourier series with the method of lacunary arithmetic means.,
Anal. Math. 10 (1984), 275-282.

2] , Summability of Fourier series with the method of lacunary arithmetical means ot the Lebesgue
points., Proc. Am. Math. Soc. 125 (1997), no. 12, 3689-3693.

[3] P. Billard, Sur la convergence presque partout des séries de Fourier-Walsh des fonctions de lespace
L?(0,1), Studia Math. 28 (1967), 363-388.

[4] D.L. Burkholder, Distribution function inequalities for martingales, Ann. Probability 1 (1973), 19-42.

[5] L. Carleson, Appendiz to the paper by J.-P. Kahane and Y. Katznelson, Series de Fourier des fonctions
bornees, Studies in pure mathematics, Birkhauser, Basel-Boston, Mass. (1983), 395-413.

[6] N.J. Fine, Cesdro summability of Walsh-Fourier series, Proc. Nat. Acad. Sci. U.S.A. 41 (1955), 558-591.

[7] V.A. Glukhov, Summation of Fourier- Walsh series., Ukr. Math. J. 38 (1986), 261-266 (English. Russian
original).

(8] , Summation of multiple Fourier series in multiplicative systems., Math. Notes 39 (1986), 364—
369 (English. Russian original).

[9] S.V. Konyagin, The Fourier-Walsh subsequence of partial sums., Math. Notes 54 (1993), no. 4, 1026—
1030 (English. Russian original).

[10] N.R. Ladhawala and D.C. Pankratz, Almost everywhere convergence of Walsh Fourier series of H'-

functions., Stud. Math. 59 (1976), 37-92.
[11] R. Salem, On strong summability of Fourier series., Am. J. Math. 77 (1955), 393-403.




CONVERGENCE OF FEJER AND LOGARITHMIC MEANS OF SUBSEQUENCES 23

[12] F. Schipp, Pointwise convergence of expansions with respect to certain product systems, Analysis Math.
2 (1976), 63-75.

[13] F. Schipp, W.R. Wade, P. Simon, and J. Pal, Walsh series: an introduction to dyadic harmonic analysis,
Adam Hilger, Bristol and New York, 1990.

[14] N.A. Zagorodnij and R.M. Trigub, A question of Salem., Theory of functions and mappings. Collect.
sci. Works, Kiev, 1979, pp. 97-101.

[15] Z. Zalcwasser, Sur la sommabilité des séries de Fourier., Stud. Math. 6 (1936), 82-88.

[16] A.Zygmund, Trigonomeltric series. Vol. I and II. 2nd reprint of the 2nd ed., Cambridge etc.: Cambridge
University Press., 1977.

COLLEGE OF NYIREGYHAzA, INST. OF MATH. AND CowmpP. Scl., NYIREGYHAzA, P.O.Box 166.,
H-4400, HUNGARY

E-mail address: gatgy@nyf.hu



