POINTWISE CONVERGENCE OF CONE-LIKE RESTRICTED
TWO-DIMENSIONAL (C,1) MEANS OF
TRIGONOMETRIC FOURIER SERIES

GYORGY GAT

ABSTRACT. The aim of this work is to generalize the more then 60 year old celebrated result
of Marcinkiewicz and Zygmund on the convergence of the two-dimensional restricted (C,1)
means of trigonometric Fourier series. They proved for any integrable function f € L'(T?)
the a.e. convergence
0(n1,7zz)f — f

provided ny /8 < ny < Bnq, where 3 > 1 is fixed constant. That is, the set of indices (n,n2)
remains in some positive cone around the identical function. We not only generalize this
theorem, but give a necessary and sufficient condition for cone-like sets (of the set of indices)
in order to preserve this convergence property. For the time being there is no known result
like this.

1. INTRODUCTION

The question

What kind of restriction implies the convergence of the two-dimensional (C, 1)
means of trigonometric Fourier series of integrable functions?

The only example is due to Marcinkiewicz and Zygmund [6]. Tt is surprising that there are
no other a.e. convergence results of the two-dimensional o, (i.e. (C,1)) means of trigono-
metric Fourier series of integrable functions, where the set of indices is inside a cone around
the identical function. We mention that Jessen, Marcinkiewicz and Zygmund also proved in
[5] the a.e. convergence o,,f — f without any restriction on the indices, but not for functions
in L'. They proved this for a proper subspace. Namely, for functions in L'log™ L.

This section contains a preliminary result and notions that are needed in formularizing
the main theorems, given at the end of this section. The result presented here is an easy
observation and the proof is tedious. Let « : [1,400) — [1,+00) be a strictly monotone
increasing continuous function with property lim, ., o = +00, a(1) = 1, and 5 : [1, +00) —
[1,4+00) be a monotone increasing function with property (1) > 1.

Definition 1.1. Define the cone-like restriction sets of N2 as follows

Nogi = {n eN?: % <ny < a(m)ﬁ(m)} :
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a”!(no)
B(na)
For a(z) =z, 8(z) = § € (1,4+00) we have

Ny g2 = {n eN?:

1
Na,ﬂ,l = Na,ﬁ,Q = {n (- N2 : B < @ < ﬁ}

the "ordinary"

Now, let B(x) = [ € (1,400) be a constant function. It is obvious that N, 5,1 C Nyg, 1
and Ny g, 9 C Ny g, o for any 3 < 35, Let

No, = {Nogi: 8> 1}

for i =1,2. Let i € {1,2}. We say that N, ; is weaker than N, o_;, if for all L € N, ; there
exists an L € N, o_; such that

restriction set used by Marcinkiewicz and Zygmund (and others).

LCL.
This will be abbreviated by
Nai < Ngooi.
If No1 < Ny, and N, 9 < Ny 1, then we call N, ; and N, 5 equivalent. We abbreviate this
by
No1 ~ Ngo.

We say that « is a cone-like restriction function (CRF), if
Na,l ~ Na,Q-

Now let N, := N, 1 UN, 2. We say that the cone-like set L € N, is based by the function
a. We study the a.e. convergence of the (C,1) means o,f of functions integrable that
is, f € LYT?), where T := [—m,7m) x [-m, 7). We study the convergence restricted by
n € L,L € N,, where a is CRF and An — +o0. It is natural to ask: How does a cone-like
restriction function look like? First we prove:

Proposition 1.2. Function « is a cone-like restriction function if and only if there exists
C,v1,7v2 > 1 such that

na(z) < a(Cr) < a(z)
holds for each © > 1.

Proof. First suppose that y1a(z) < a((z) < yea(x) holds for each x > 1. We prove
Ng2 < Ny
Let L € Nygo, and n € L. Then L = N, g, o for some 3; > 1. This means

a”!(ny)

O

<n <a t(ng)Bi.

This inequality is equivalent to
n
al(—) <ng < a(nif).

b
Since ¢ > 1, then there exists a j € N such that ¢ > ;. Thus,

ny < a(nid?) < vja(ng)
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and

ny > a(ny/B) > alng/¢?) > %a(nl).

This implies L C N EET Thus Ny 2 < No1. Next, let n € L € N, ;. Then L = N, g, ; for
some 1 > 1. This means
a(n)

G

<ng < a(ng)b

that is
a M (no/Br) <ni < a M (nafh).
The inequality
na(z) < a(Cr) < ya(z)
gives
Cal(z) <a M px), al(mz) <o ().
Take 5 € N such that ”y{ > (.
ni < a ' (nef) < aH(neyd) < Fal(na)
and

m > o (na)B) > o Mna/7) > éa%nz»

That is, n € Ny¢io, and L C Nyeio. Thus, No; < N,o. Therefore the equivalence
No1 ~ Ny is proved. Next, on the other hand, suppose that N, ; ~ N, o for some CRF
a. Ny < Ny o means that for all 8 > 1 there exists a v > 1 such that N, 31 C Ny 0. Let
n € N, g1 that is,

Then there follows
o H(ny/B) < nyp < aH(ngf).
Since n € N, , 2, therefore
a”!(ng)
—

Let x > 1 be an arbitrary real number. Then

a”!(Bz) < a”H(B2lx]) < a N (PRI [ ]) < yPHUR B0 ([2]) < 4P RS0 (2).

<at(ny/B) and a '(nyB) < yat(ny).

Hence N, 1 < N, 2 implies the existence of the real numbers 3;,y; > 1 for which a‘l(”ylx) <
Bra~Y(z) for z > 1. Similarly, Ng2 < N, 1 implies the existence of the real numbers 35, 72 > 1
for which a(fz) < Yea(z) for x > 1. Let s := a~(z). Thus, na(s) < a(Bs). Since
a1(1) = 1 and a~! is strictly monotone increasing we have for all x > 1 that v,a(z) <
a(f1z). Choose j € N such that 5 > f;.

na(z) < a(fir) < a(fjr) < ya(z).

The proof of Proposition 1.2 now is complete. O
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How does a CRF « look like? Every CRF « has the following structure. Let (¢,) be a
bounded sequence of real numbers: 1 < infe¢, < supec, < 400, ¢; =1, and let ( > 1. Take

() =c1- ¢

for j = 0,1,..., and « at other points be defined arbitrary taking account only that « is
strictly monotone increasing and continuous. Then « is a cone-like restriction function, and
every CRF can be given in this way.

The system of functions
e (n=0,£1,£2,...)

(x € R,1 = v/—1) is called the trigonometric system. It is orthogonal over any interval of
length 27, specially over T := [—m, 7). Let f € L'(T), that is integrable on T. The kth

Fourier coefficient of f is
1 —ikt
= rdt
5 [ Fae

where k is any integer number. The nth (n € N) partial sum of the Fourier series of f is

=Y e

k=—n

The nth (n € N) Fejér or (C, 1) mean of function f is defined in the following way:

n

|
onf(y) = ;Skf(y)-

ouf(y /f ~ 2)de,

where the function K, is known as the nth Fejér kernel; we will now find an appropriate
expression for it (see e.g. the book of Bary [1].

e (M)

From this expression one immediately derive the following properties of the kernel. They
will play an essential role later.

It is known that

K (u) =

K, (u) > 0.

2

K,(u) < m

Let f be an integrable function that is let f € L'(T?). The k = (ky, k2)th Fourier coefficient
of fis

(0 < |ul < ).

1

fay, xg)e krtithat2) gy, )
27T TxT

f(k') = f(kh k‘z)

where ky, ky are integers. The nth (n € N?) partial sum of the Fourier series of f is

Snf(y> = Snl,nz y1,y2 = Z Z f ]{1’ k1y1+k2y2)

ki=—n1 ka=—nso
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The nth (n € N?) two-dimensional Fejér or (C,1) mean of function f is defined in the
following way:

1 ni no
Onf(Y) = Ony o f(y) = (m1 + 1)(ns + 1) Z Z Sef (),

k1=0 k2=0

where y € T?. In 1939 Marcinkiewicz and Zygmund [6] proved their celebrated theorem
on the convergence of the two-dimensional restricted (C, 1) means of trigonometric Fourier
series. They proved for any integrable function f € L'(T?) the a.e. convergence

O(nl ,ng)f B f

provided ny /6 < ny < fny, where § > 1 is fixed constant. So, the set of indices (n,ns)
remains in some positive cone around the identical function. Actually, their proof is not a
simple one. (We remark that their theorem is also valid for the two-dimensional Walsh-Paley
system. For the proof of this see [3].) For the time being there is no other restriction set
for the indices, which preserves this a.e. convergence relation, is known. We remark that in
1935 Jessen, Marcinkiewicz and Zygmund [5] proved the unrestricted convergence
lim o,f =f
An—00

a.e. But, it is proved for functions in L'log* L, which is a proper subspace of L'(T?). It
is quite natural to ask what kind of cone-like restriction sets can be given preserving the
a.e. convergence of the two-dimensional Fejér means of integrable functions. The aim of this
paper is to prove the following two main results

Theorem 1.3. (The convergence.( Let o be CRF, L € N,. Then for any f € L'(T?) the
a.e. equality

lim o,f=f
An—00,
nel

holds.

Theorem 1.4. (The divergence.( Let o be CRF, (3 : [1,400) — [1,+00) be a monotone
increasing function with property lim, ., f = +o00, and § : [1,400) — [0, +00) be a measur-
able function with property lim 6 = 0. Let L := N, 31 or L := N, go. Then there exists a
function f € L'1ogt L6(L) such that

limsup o, f = +00
An— o0,
nerl

a.ce.

One might think that if we enlarge the cone based by «, then the convergence space from
L' to L'log(L) (no restriction) changes somehow continuously. Theorem 1.3, and 1.4 show
that there does not exist an interim space between L!, and L'log*(L). These theorems
immediately give

Corollary 1.5. Let o be CRF, [ : [1,+00) — [1,+00) be a monotone increasing function
with property 3(1) > 1, and L := N, g1 or L : =N, 32. Then
lim o,f=f

An—o0,
neL

holds a.e. for all f € LY(T?) if and only if the function 3 is bounded.
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Corollary 1.5 shows that the theorem of Marcinkiewicz and Zygmund on the convergence
of the two-dimensional restricted (C,1) means of trigonometric Fourier series can not be
sharpened, that is the cone based by the identical function can not be enlarged infinitely
preserving the a.e. convergence for each integrable function. The Corollary 1.6 below also
provides a simpler proof of the theorem of Marcinkiewicz and Zygmund.

Corollary 1.6. Let (5 : [1,400) — [1,4+00) be a monotone increasing function with prop-
erty f(1) > 1, then

lim onf=1Ff

An—oo,

n1/B(n1)<ng<niB(ny)

holds a.e. for all f € L*(T?) if and only if the function (3 is bounded.

The "divergence part" of this corollary for the two-dimensional Walsh-Paley system can
be read in [4], and the "convergence part" in [3]. For an introductory on the trigonometric
series see also the book of Zygmund [9], or the book of Bary [1], or Edwards [2].

2. A DECOMPOSITION LEMMA

The dyadic subintervals of T" are defined in the following way.
jO = {T}, jl = {[_7770)7 [077T>}7
Jy = {[_71'7 _71'/2)7 [_W/27 O)v [07 7T/2)7 [71—/2770} e

J:= O J,.
n=0

The elements of J are said to be dyadic intervals. If F' € J, then there exists a unique
n € N such that F' € J,,, and consequently mes (F') = 3—:{ Each J,, has 2" disjoint elements
(n € N). J x 7 is the set of dyadic rectangles.

Let functions 1, : [1,+00) — N be monotone increasing and continuous from the right
with property
The aim of this section is to prove the following decomposition lemma on 7 which will play
a prominent role in the proof of Theorem 1.3.

Lemma 2.1. Let f € LY(T?), and X > ||fll1/(2m)* . Then there exists a sequence of
integrable functions (f;) such that

f = Zfla
1=0

[follo < CA, [ folh < Cl[fllh, and
supp f; C I"' x I, where
I% € 7 are dyadic intervals,

. 2
mes (_]w) = QT?%)’ for some
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si > 1(j = 1,2,1 € N\ {0}). Moreover, [, fi(x)dz = 0(i > 1), the dyadic rectangles
It x 12 are disjoint (i € N\ {0}(, and for

F = U (I°" x I'*)  we have mes (F) < C||f]li/.
=1

Proof. Let s; :=1 and

Ql = {J = Jl X JQ c jwl(sl) X ij(Sl) ;. mes (J)l/ |f(l’)|d$ > )\} .
J

Since for each J € €2y, we have

1 91 (1)+v2(1)
mes (J) = T,

then we also have

1
A< mes(])l/ |f(x)|dx < 2w1(1)+¢2(1)ﬁ/ |f(z)|dz < 201 W+2(D )\ < O\,
J ™ Jr2

Let so := inf{s € [1,+00) : 25:1 |1;(s) — 9j(s1))] > 1}. Since the functions 14,1 are
continuous from the right then we have the following three cases:

Case 1. ©1(s2) = ¥1(s1) + 1 and ¥5(s2) = ¥1(s1),
Case 2. ¥1(s2) = 11(s1) and ¥o(sa) = ¥1(s1) + 1,
Case 3. ¢1(s2) = v1(s1) + 1 and 1a(s2) = ¢1(s1) + 1.
We decompose the dyadic rectangles contained in

[J¢1(81) X 31/12(81)] \{J:Je}.
That is,

Qy = {J € Ty (s2) X Tun(s) : mes (J) 7 /J |f(z)|dz > Nand K € Q such as J C K} .
Consequently, for all J € 25 we get
A < mes (J)"! /J F(2)|dz < 4N
(In case 1 and 2 we even have 2\, but it makes no problem to take 4\, instead.) Generally,
for N> n >3s, :=inf{s € [1,+00) : 25:1 11;(s) — ¥i(sn—1))| > 1}. That is, ¥;(s,) =

V;(sp—1) + 1 for at last one j (j = 1,2). If for a j this is not valid, then ¥;(s,) = ¥;(sn_1).
Also take

n—1
Q, = {J € Jpi(sn) X Tup(sn) mes (J) ™' / |f(z)|dz > Nand BK € U Q;such as J C K} .
J i=1
Similarly, as in the case of €25 we have that for each J € (2, the inequalities

A< rnes(J)_l/ F(2)|dz < 4\
J

hold. Denote by [, € N the number of elements of 2,,, and the elements of 2, by J,, x(k =
1,...,0p,n € N). Since Ty, (s,) X Ty(s,) has 20160 F0200) (disjoint) elements, then [, <
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2¥1(sn)+¥2(sn) (n € N). For an arbitrary set B C T? the characteristic function of B is

denoted by 15. Let
fok = (f — mes(Jn,k)_l/ f(x)d:c) 1
Jn,k

k=1,...,l,,neNand F := Un 1 k 1 In - Since the dyadic rectangles J,, , are disjoint,
then we have the following decomposition of the function f:

oo In
f= ZZflJn,k + flpa\p

n=1 k=1

—ZZ(f mes (Jo.) /Mf dx)ljk

n=1 k=1

8

In

+ ZZ [mes(t]n,k)l/ f(:zc)d:v] Ly, . + [l
n=1 k=1 Jn,k

1

fn,k + f0~

k=

[
WE

3
Il
_

-

This means that fo = > -, 2":1 [mes fJ d:v} 1s, 4 flr2\p and the functions

n

fi(i=1,2,...) in the statement of Lemma 2 1 Wlll be the functlons fok (B=1,... 0, n€
N). suppfnr C Jny are disjoint dyadic rectangles,

472

mes (Jp ) = 291 (5n)+2(5n)

frox(z)dr = / f(x)dxr — mes (Jn,;.c)f1 / f(z)dx - mes (J, ;) = 0.
T2 Jn ke Jn ke

an,kul S Hf]‘Jn,k

|1 + mes (Jn,k)_l/] |[F@)ldz|[1s, [l = 2[f 15, 11
n,k

Consequently,

1323l 233 Wl =2 [ @l <2071,

n=1 k=1 n=1 k=1

This immediately gives

oo n
ol = I1F =D furlls <3l -

n=1 k=1
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Since F' is the disjoint union of the dyadic rectangles J,j, then for the two-dimensional
Lebesgue measure of F' we get

oo In
mes (F) = Z Z mes (Jp,x)

n=1 k=1

<Zi%/{}nk\f(x)\dx

n=1 k=1

1 1
- [ @l < 300

There remains to prove || fo|] < CA. The construction of €, gives the inequality
mesun,k)—l/ f(2)|dz < O
Jn,k‘

in the case of n = 1 we have 2¥1(W+¥2(1) and in the case of n > 2 we have number 4 as
(
constant C'). That is,

oo Un
folloe <MD D~ Liilloo + 11 £ 172 pll

n=1 k=1
= AM1r[loo + [ f1r2\Fll

Let A, be the o-algebra generated by the elements of Jy, (5,) X Jyy(s,) (7 € N). Then we have
an increasing sequence of o algebras

A C Ay C ...

The conditional expectation operator of the function f with respect to A, at a given point
reT?is

mes (J) " /Jf(t)dt,

where J is the unique element of Jy, (s,) X Jy,(s,) such that z € J. Since lim ¢ =
lim o, ¥ = 400, then the martingale convergence theorem (see e.g. the book of Neveau [7])
gives that this integral mean value converges to f(z) for almost all z in T2.

Now let « € 7%\ F. Then the construction of the set Q,, gives for each J € Iy, (s.) X Ty (sn)
that mes (J) " [, 1f(®)]dt < X (for all n € N). From the lines above there follows

[f(2)] < A

for almost all x € T?\ F, so

[flramllo <A [ folloo < 2

With this the proof of Lemma 2.1 is complete. U
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3. THE CONVERGENCE

The aim of this section is to prove Theorem 1.3, the convergence theorem. To perform this
we need several lemmas. Mainly, we prove that the maximal operator o f := sup,c; |0 f]
(L € N,, a is CRF) is of weak type (1,1). This means

sup A mes (z: o] f(x) > X) < | flh
A>0

for all f € LY(T?). We give further details later. First, apply Lemma 2.1 for functions
P1(s) := |logy(s)] (|z] denotes the lower integer part of x) and y(s) := |logy(a(s)) |, where
a is CRF. Then we prove

Lemma 3.1. Let o be CRF, L € N,, f € LY(T?), and suppf C J; x Jo» € I x J with
mes (J;) = % for some s > 1 (j =1,2(. Suppose that

/ f(x1,29)dx; =0 (for each) wxe_; €T, j=1,2.
T

Then it follows that

/ o1 f (@1, 29) d(1, 72) < C| /1.
(T\2J1) X (T\2.J2)

Proof. We remark that 2.J; means the double of the interval J; with the same center. Let
u; € T be the center of the dyadic interval J; (j = 1,2). Then we have

/ ot (21, 32) (1, 2)
(T\2J1)%x(T\2J2)

= / / sup
T\[Ul—ﬂiﬁauﬁi) T\[u2 nel

27 2
T E) ~ 202 2t o)

U1+L u2+$
21 (s) ot (s)
/ / [y, x2)
u u

_ s _ s
1= 5910s) 27 Sua(s)

X Knl (yl - xl)KHQ (yQ - x?)d(l‘th)

:/T[

X Km (yl - xl)Km (yQ - x2)d(x1>x2)

d(y1, yz)

/ sup
) Y T\= nel

27 27 27 )
2’¢’1 (s) ’21[) 211’2(5) ’2w2(5)

us

1@ [ 3920
/ fz1 +uy, xo + us)

oP1(s) ¥ 9¥a(s)

d(yh y2).

This equality shows that without loss of generality we can suppose the center of both intervals
J1 and J; be 0. That is, we suppose

e e )
= [_zwj<s)’ gw]-(s)> (j=12).
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Then we have

/ o f(x1,22) d($1,$2)
(T\2J1)x(T\2J2)
o¥1(s) 1 9ova2(s) 1 m( 1) m(§4+1) ™ ™
(s) 2%2(s) 291 (s) 292(s)
- Z § : ~sup f(x1, x2)
71'] _ us _ ™
i=—2%1(5) = _9¥2(s) 2¢1(S 2¥2(s) nel 2?¥1(s) 2¥2(s)
i#-2,—-1,0,1 j#—2,—1,0,1
X Koy (g1 — 21) Ky (Y2 — 2)d(21, 22) [d(Y1, Y2)-

Let the real number s;; > 1 be defined later. By the help of the following inequality we
discuss the maximal function o7 .

sup |0, f| < sup lonf|+ sup o f]-
nel n1>s” n1<s”

See the first part on the right hand side. In the book of Bary [1] one can find that

71.2

SIEEyE

i w(j+1) T T
Y2 € {ng(sw 02(5) and  x3 € [_ 20(s) 2w2(8)>’

0 < K,(u) < (0 <|u] <m,neN).

Since

then we have
1 9w2(s)

Y

< :
Y2 — 22| J
thus

4¥2(s) A¥1(s)
=, and similarly 0 < K, (yy —x1) < C
naj

Since L € N,, o is CRF, then without loss of generality, L = N, 3, can be supposed for some
B> 1. Let ny > s;;, n € L. Then ny > 2'°82081) > 2¥105) and ny > % > % > %2¢2(5iﬂ').
This gives

0 S Kng(yQ _:L‘Q) S C

n1i2 ’

4¥1(s)+a(s)
— — < .
Snlelg |Kn1 (yl x1>Kn2(y2 .%‘2)| = 02¢1(sij)+¢2(sij)i2j2
anSij
This gives
ov1(s) 1 9v¥a(s) 1 m(it1) m(j+1)

Vi) [ 5920
Z Z /2'1 /2'2 sup {|lonf(z)| :n € L,ny > s;;} do

T
i=—2¥1(s) j_72w2(5 %1 (s) 2¥2(s)
i#£-2,-1,0,1 j#-2,—1,0,1

2v1(s) 1 ov2(s)_1 9v1(s)+v2(s)

<Ol > X scoweomp

i=—2¥1(s) ]—721@2(5
i#£-2,-1,0,1 j#-2,-1,0,1

=: C||f[l1 A.
Later, we give an upper bound for A. Now, we discuss the second part, that is,

sup{|onf(z)| :n € L,ny < s;;}.
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It is well known that

||
onf(y1,12) ZZ( nl—l-l) (1_n2+1)

|k|=011|=0

f (ke 1yevrtive,

We give upper bounds for the Fourier coefficients f(k, l):

47r2 / flar,w2)e” (), )
J1 J Jo

e /J1 Js flar,@p) (7™ = 1) (e72 — 1) d(x1, 22).

This follows from the equalities fjlf(xl,xg)dxl =0 (vy € T) and fJQ f(xy,m3)dry = 0
(x1 € T). It is simple to have

1

|(671kx1 . 1) (ele:rz _ } < Ck'll'lflfQ < Cklm

That is, for the Fourier coefficients we have

kl

F(k DI < CllFhgrri

which implies

lonf (y1,y2)|
ni no
|| | Kl
= - ——— ) (1- —= ) Clf s
- g::omZ:% ( ny +1 ng + 1 Hf||12¢1(s)+wg(s)
n n
<C|flh 2

21(s)+e2(s)

If ny < s;5 and n € L, then ny < fa(n;) < Ba(s;j). That is, n; < s;; and ny < Ba(s;;).
This gives

2%1(s) — 2%2(s) 1 w(i-?l)) w(j?))
2%1 (s 2%2(s

S [ et L < )i
i=—2%1(s) ]_—211’2(5) o1 (s) 2%2(s)

i#£-2,—1,0,1 j#—2,—1,0,1

P1(s) _ Po(s) _
a¥1(s) 1 2¥2(s)_1 A1 (si)+2(si))

<Clfl Y. Y oo

i=—2%1(8)  j—_o¥a(s)
i#-2,-1,0,1 j#—2,—1,0,1

Let 1/2 < 6 < 1 be an arbitrary real number. Since the function sa(s) is a continuous
monotone strictly increasing function, and lim, , sa(s) = +oo then for each i, € Z\ {0}
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we have an s;; > 1 so that

because |i| < 2¥1(5)

that is

o¥1(s)+ia(s)
|i1°
sa(s)
|i]°
sij(8ij)
a(1)
o¥1(s)+12(s)

|i1°

, || < 2¥2). Consequently,

ov1(s)+a(s)  9i(s)+¢a(s)

1< — < —
/i |ij]°
v (s)+ia(s) 5 oY1 (sij)+2(sij) C
Y1 (sij)+b2(siz) — C|Z‘7‘ and 2Y1(8)+12(s) < |U|5

13

By these inequalities (taking also account the line where the double sum A is defined) we

get

/ ot (a1, 22) (w1, 7)
(T\2J1)x(T\2J2)

<Clfih Y ),

ov1(s) 1 9¥a(s) _q
+

i=—2%1(s)  j—_ov2(s)
i#—2,—1,0,1 j#-2,—1,0,1

ov1(s) 1 9¥als) 1

<CIflh Y- > (P2 + 1) < Cliflh.

7;:_2’1)1(5) j:_2¢2(5)
i#—2,—1,0,1 j#—2,—1,0,1

91 (s)+¢a(s) A¥1(sig)+2(sis)
|:2¢1(sij)+"/)2(sij)i2j2 41 (s)+va(s)

We recall that, 1/2 < 6 < 1 thus § — 2,—2§ < —1. This completes the proof of Lemma

3.1.

Lemma 3.2. Let a be CRF, L € N,, g € LY(T), and suppg C J; € J, Jo € J, mes (J;)

ﬂ — for some s > 1 (j =1,2(. Suppose that

Then there follows

Y1 (s)
/ oy, < 5 L X 9) (@1, 22) d(21, 22) < Cl|g]s-
(T\2J1)x (T\2J2) T

/T o(z) dz = 0.

l
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n e L,m 2 S,L'J} d(l’l,ﬂfz)

14
Proof. Do the same procedure as in the proof of Lemma 3.1. We can suppose that the center
of J; and J, is 0. Besides,
R c N o 0
Z Z - osupq |on | =15 X g (2)
_mi o J_mi 2
_o¥1(s)  j—_a¥2(s) ¥ 59 (s) 2¥2(s)
'L;ﬁ 2,-1,0,1 j#—2,—1,0,1
ov1(s) 1 9¥a(s) _q
w1 (s)+2(s)
< CHQ”l Z Z 2w1(8¢j)+1/12(8¢j)l'2j2
i=—2%1(s)  j—_ova(s)
i#-2,-1,0,1 j#—2,—1,0,1
=: Cllgll1A.
The real numbers s;; > 1 will be defined later in the proof of this lemma. What can be said

in the case of ny < s;;7
1 (s) o¥1(s)
Un( 1y, Xg) = ——0p, (15,) X 0p,9.

2T 2
2%% C’nl OSI"
On, (1J1> (yl) = / - Knl (yl )dxl = ot (S) =g <.
IPZI0)

On the other hand,
g(l) = / g(z) (e7* — 1) du».
Jo

This gives
. Cl
19(D)] < WHQHM

therefore
¥1(s)
On ( o 1J1 X g) <y17y2)
’l| S Sl‘
<oy (1- ) g lalzos
|[|=0
(S)ngszj

< C”ng%’?—(s)s

Since L € N, where o is CRI then, without loss of generality, L = N, g1 can be supposed
for some G > 1. If ny < s;; and n € L, then ny < fa(ng) < fa(s;;) < C2¥%2(si5) . This gives

2%(5)1
n| o _—1ln X
o ( on 9) (x)

2?¥1(s) 2¥2(s)

> > [

_o%1(s) _o¥2(s) w1<s> 2¥2(s)
z;ﬁ 2,-1,0,1 J;ﬁ 2,-1,0,1

2¥1(s) 1 2v¥2(s) 1 g
4¢2(5U) Sz’j

< Cllglh Z Z qia(s) g

i=—2%1(s)  j—_o¥a(s)
i#£—-2,-1,0,1 j#—2,—1,0,1

=: Cllgll.B.

We give the construction of a double sequence (s;;) such that both sums A and B will be
finite. Let 0 < € < 6 < 1 be real numbers defined later. ¢ "will be near" 0 and ¢ "will be

n e L,m < Siyj} d(l’l,mg)

ov1(s) 1  9¥a(s) _q w(i+1) m(j+1)
sup {
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near" 1. Define (s;;) in a way that
a(1)sa(s) = sya(si)lij’

for all 2 and j. This can be done since « is continuous and strictly monotone increasing with
property lim, ., o = 400, and

La(1)]if]° < 1a(1)]ij] < a(1)29*6)12¥26) < o(1)sa(s).

We give an € > 0 such that

< ij| =03

for all 7 and j (7 € N discussed later, and depends on -, and ¢). On the contrary, suppose
that for all € > 0 there exist an 7 and j such that

alsi;) > lif| =" a(s)3.
Let n:= —e — 1+ 6. Then since « is CRF we have
(S”) > Oé( )fynlogyg |’U|f>/;- > a(8)72|_77103'y2 lij] )+ > Oé(gc-mlog,Y2 \Z]H—H—)

This implies

Sij > Scmlogw [ig] |+ > Scnlogm IUI+T—17

siae(si5) > (0% T 5 s (s).
Thus,
a(D)]if|=° = [ij|"|ij]"' 5= ¢ g

Let 7 be defined in a way that a(l) < ¢7"'47. This gives |ij|=° > [ij|"™=9 § <
(e+1—6)(1+1og,, ¢). This does not hold for all § and . To see this let § /1 and €\ 0.
We found that there exists an € > 0 such that

a(s)

for all 7 and j. Discuss expression A and B.

PO 22O G (5)+a(s)

A= Z Z 2% (si5)+ba(si5) 42 52

i=—2%1(s)  j—_o¥a(s)
i#—2,-1,0,1 j#—2,—1,0,1

2v1(s) 1 owals) 1

<oy oy Wb
i=—2¥1(s) j:72¢2(5> |Z]‘
i#—2,—1,0,1 j#—2,—1,0,1

< 00,
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because 0 < 6 < 1, and

P1(s) _ Pa(s) _
2" 122 1 4¥2(si5) s;

b= Z Z 4¥2(s) ?j

i=—2%1(8)  j=_o¥2(s)
i#-2,—1,0,1 j#—2,—1,0,1

ov1(s) 1 9v¥2(s)_q

<oy Y ool
i=—2¥1(s)  j—_ov2(s) Sa(s) a(s)
i#-2,-1,0,1 j#-2,—1,0,1

ov1(s)_1  9wals)_1

<oy Y e

i=—2%1(s)  j=_o¥2(s)
i#£-2,-1,0,1 j#—2,—1,0,1
< 0.

The proof of Lemma 3.2 is complete. U

Lemma 3.3. Let a be CRF, L € N,, g € LYT), and suppg C Jo € J, Jo € I, with
mes (J;) = ﬁ for some s > 1 (j =1,2(. Suppose that

zg@szﬂ

Then there follows

. o¥2(s)
/ o (9% % 1) (a1, o) < Clglh
(T\2J1)x (T\2J2) g

Proof. The proofis similar to the proof of Lemma 3.2, and therefore it is left to the reader. [

Later on we will need the following lemma corresponding to the maximal function of the
one-dimensional Fejér kernels.

Lemma 3.4.
n>b

/ sup K, (t)dt < C2 (a,b € N\ {0}).
T\[-Z,1) b

Proof. Once again we refer to Bary’s book [1], one can find there

7T2

< Kp(u) < —— < m,neN).
0< (u)_2(n+1)u2 (0 < |u] <m,neN)
T |:7T 27?) [27? 47T> {Qjﬂ )
[—,W)C —-— JU|—,— U Ul|—,m],
a a’ a a’ a a
2 21 2l+1
sup K, (t)dt < g% mes <[—7T, T)) < %.

where j = |logy(a)]. Then
e 21e) b

a

This gives,
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In the same way we also get

/ sup I, ()dt < % <C
- =0

[rg) 2

SalBS

This completes the proof of Lemma 3.4. U

Next we prove that the operator o (L € N,, a is CRF) is a quasi-local-like (for the exact
definition of local and quasi-local operators see e.g. the book of Schipp, Wade and Simon
[8]) one. That is, we prove

Lemma 3.5. Let o be CRF, L € N,, f € LY(T?), and supp f C J; X Jo € I x J, with
mes (J;) = % for some s > 1 (j =1,2(. Suppose that

f(l’l, ZL’Q) d(ZL’l, l’z) = O

T2
Then there follows

/ o3 (v 92) Ay ys) < ClLf
T2\(2J1 x2J2)

Proof. Since L € N,, o is CRF, then without loss of generality, L = N, 31 can be supposed
for some G > 1.

T2 \ (2J1 X 2J2> = [(T\le) X (T\2J2)] U [2J1 X (T\QJQ)] U [(T\2J1> X 2J2] = A1 UA2 UAg
We discuss the integral on the set A; first. Let
o1 (s) ov2(s)

g(w1,w2) == f(x1,29) — 17 (21) o/, f(t,za)dt — 1, (2) 5

f(xh t)dt
J2
for (z1,75) € T?. Then Lemma 3.1 can be applied for function g:

/ o1 g(wn, w2)d(en, 22) < Cliglh < ClIf .
Aq

Similarly, for the function
2¥1(s)

2 J5
we apply Lemma 3.2, and for the function
o2 (s)

27

Ly, (1)

f(t, ,Ig)dt

1J2(LU2) f(.ﬁCl,t)dt
Jo

apply Lemma 3.3. This, and the sublinearity of the operator o} gives
| it < i
Ay

We discuss the integral of o7 f(x1,22) on the set A3. As in the proof of Lemma 3.1 we can
suppose that the center of J; and J; is 0. First, investigate the integral

/ sup {|owf (g1, 92)| - m € Limy < 5} d(y, ).
Az
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This integral is less or equal than
Mog (s)] Mog(s)]

Z /Agsup{|anf(y1,y2)| neLn € [%,5)} Y1, Y2) Z Bs ;.

=0
Give an upper bound for Bsj. Let 7 := [log.(4)] (in the proof of this ]emma, only). For
any j € {O , [log(s) } we have

A3:(T\2J1)X2J2CTX2J2

BT it Pt it
:<T\[—7r< ,WC )) ><2J2U<{—7TQ ,WC )) x 2.J5
S S S S
= A3717j U A3’27j.

In order to give an upper bound for B;; discuss the following integral, first.

Bl . ::/ / su On dy.
3,5 T\[_ﬁci+r7,r<g's+q—) 2, neLP | f(y)| Y

s _ s
T

ﬂ—CJ +T oIt

SmcexleJl,szJz,ylET\[ s
~ 1 7Y hecause e.g. y — T > w > ”43 (B7(¢T —2) > 2¢7 > 2). By this and by

s 7 s

) and ys € 2.J5, then yo — 20 € 405, y1 — 21 €

the theorem of Fubini we have have

Byl [ o] e Ka@E.ude.s),
T\{—"Q "C) 4Js

nerl,

S S
€ ¢I+L ¢

and n € L, then we have ny < fa(F), and

Ba(s
/ sup K, (ty)dts < C 5 )
473 na<pal ) a(s)
On the other hand, by Lemma 3.4 it follows that
. sup K, (t)dt; < C.
/T\["sff) megm

—<J+1

Since n; < CJ

Thus,
Ba(3)
afs)

su (o}
/|:7r(:j+"'77r(j+7') /2]2 neg ] | n‘f|
S S

Bs; < C|fl

Meanwhile,

n1<s/¢I
<C
< Cliflh /[_WW) /2J2 Sngg , e
s s n1<s/¢J
¢ 1 s s
C - T < . -
= Hf“l s 06(8) Cjﬂa(cj)

a(2)

< Clfll as)
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That is,
a(F)

B3:J = CHle 04(8)

Consequently,

/ sup {onf ()| 1 € Lomy < s} d(yn, o)
Az

HOgg(Sﬂ Oé(i)
<C 3 g
j=0

M als iOzS lOZS
<ol ( (5)+ —a(s) + ()+...)
< | fl

(recall that a(s/¢) < %a(s)). Thus,

/A o1f < Clflli + / sup {onf (w1, y)| 1 € Lymy > s} d(yn, ys)

That is, the rest to prove that the second addable is also bounded by C|f||:. If n; €
[s¢?, 8¢ ™), n € L,j € N, then we have

alsc? .
Ng € { (56 ),ﬁa(scﬁl)) .
B
By Lemma 3.4 we have
C
/ sup K, (t1)dt; < —
T\2J1 n1€[s¢7,s¢It1) ¢
and
/ sup Ky, (t2)dts
Tnze[#,ﬁa(s@ﬂ))
< Bo(scT )Cﬁa(sC]+1)dt2+ sup Ky, (t2)dts
Al ¥T) TN Baee 1) Baper ) ma> 20552
Ca(s¢it
a(s¢)

We have proved
[ s =cis
Az

In the same way one also can have

/ o1 f < Clflh.
Ao

That is, the inequality

/ o3 f (1 v) (s ) < CIlf
T2\(2J1 ><2J2)

is proved. This completes the proof of Lemma 3.5. U]
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Now, we are ready to prove

Theorem 3.6. Let o be CRF, L € N,. Then the operator o is of weak type (1,1).

Proof. The fact that the operator o} is of type (0o, 00) (this means |07 f|loc < C||f||oo for
all f € L>(T?)) easily follows from the well known inequality

/W Ko (2)|de =7 (neN).

—Tr

Let f € LY(T?), and A > | f]|1/(47?). By Lemma 2.1 we have a sequence of functions (f;)
such that

F=>_1t
=0

[folloo < CAlfolls < C[f[ls  and

supp f; C I"* x I'*,  where
I'J € J are dyadic intervals

. 2
mes (I”) = 2T7(Ts)> for some

si > 1(j = 1,2,1 € N). Moreover, [, fi(z)dz = 0(i > 1), the dyadic rectangles I"! x I"?
are disjoint (i € N\ {0}), and for

F o= U (I"' x I'?)  we have mes (F) < C||f|l1/.

=1

It is obvious that
i=1

N 1~ > 1~
mes (cr}:f > C’A) < mes ((Tzfo > 50)\) + mes (O’Z(Z fi) > §CA> .

The inequality

o5 follee < 72| follee < Cm2A

shows that if we choose C' > 2C72, then

1~
mes (O'Zfo > 50)\) =0.
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On the other hand, by Lemma 3.5 it follows that
* G 1~
mes <JL(; fi) > 560\)
(o.9] oo § oo 1 _
< mes <U(2Il’1 X 2[1’1)> -+ mes ({I’ € T2 \ LJI(ZIZ’I X 2]1'71) : O'L(Zl fz>($) > 50/\})

=1

2 .
<O+ £ o1 (O fi)(x)dx

TAUs2, (2131 x21;,1) i—1

2 & .
<A+ 3 / o} fi)d

2\(211"1 XQIiﬂl)

C o0
< COllfl/A+ 5 D 1 fill
1=1

< Cllf[l/A
The proof of Lemma 3.6 is complete. O

Corollary 3.7. Let « be CRF, L € N,. Then the operator o} is of type (p,p) for all
1 <p< oo

Proof. Apply the interpolation lemmma of Marcinkiewicz (see e.g. the book of Schipp, Wade
and Simon [8]), and the fact that the operator o is sublinear. O

The proof of Proposition 1.3. (The Convergence.( It is known that the set of two-dimensional
trigonometric polynomials

P .= P = E ck,le’kwle””:cmE(C,kzo,...,nl,le,...,nQ, nl,ngeN

k<nj
1<ng

is dense in L'(T?). Let f € L'(T?), and let ¢ > 0 be arbitrary. § > 0 is discussed later.
There exists a P € P such that
If =Pl <0

mes (limsup lonf — f| > e)

An— o0
nelL

< mes (sup lonf — P| > 6/3) + mes (limsup o, P — P| > e/3> + mes (|P — f| > €/3)

ner n—oo
nelL

C 3
< sz — Pl + EHP = [l
< 95
€
since for all P € P we have 6,P — P (An — o0). This relation holds for all 6 > 0. Thus
for all € > 0 we have

mes <limsup lonf — f| > e> = 0.

nerL
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This gives
lim o,f=f

An—oo
neL

almost everywhere. The proof of Theorem 1.3 is complete.

4. THE DIVERGENCE

The main aim of this section is to prove Theorem 1.4, that is to prove the theorem of
divergence. Let a be CRF, 3 : [1,4+00) — [1,400) be a monotone increasing function with
property lim, ., 3 = +o0o, and let § : [1,400) — [0,4+00) be a measurable function with
the property lim,.,d = 0. Let L := N, 31 (or L := N, g2). We prove the existence of such
a function f € L'log® L&(L), that is

/T2 |f ()| log™ | f(2)]0(]f(x)|)dz < oo

such that

supo,f = +o0
neL

almost everywhere, that is the relation lim An—oo, O f = f may hold on a set of measure zero.
ne

We suppose that L = N, g;. The case L = N, 32 can be discussed in the same way,
therefore it is left to the reader. Let x € T2, n € N2, Denote by

I(x) = I, (x1) X L,(x2) €T x T

the two-dimensional dyadic rectangle for which x € I,,(x) and

21

ons

mes (1, (z;)) = (1=1,2).

For n,a € N? define the following subset of J x J:
Ina(@) == {Ln,+;(x1) X Ingtas—j(z2) 1 5 =0,1,...,Aa}.

It is easy to get
ﬂjn,a(w) = {Lnyna(@1) X Inysa, (72) }

472
mes (ﬂ J”’a (x)> - 9oni+na+Aataz’

F €7,,(x) implies mes (F) = 52= . Next we prove

Lemma 4.1.

e (U Jn,a($)> _Ar(1+ /\a/2)‘

oni+nz+taz

Proof. Denote (only for the sake of this proof)

Ui = mes (U (In1+j($1) X [n2+a2j(552))>

Jj=0
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for k=0,1,...,Aa. Then, po = wﬁ%, and for k > 0 we have

e = pre—1 +mes (Ln, 11 (21) X Lnyyay—1(72))

— mes (O (Znij (1) X Tngrap—j(w2)) N (Ly k(1) X fn2+a2—k(ff2))>

j=0

4qr? .
= M1+ oS, T mes (U (Lnysn(21) X fn2+az—j($2))>

j=0
472
= Hg—1 + Qnitnataz mes (Ln, (1) X Inyyar—k41(72))
_ 472 472
= M1t onitnataz  9nitngtag+l
B 47
= Mt S
This gives
4 A ar? 472(1 + Aa/2)
mes (U jn’(l(x)) = Hpa = Ho gni+nataz+1 - onitnataz
This completes the proof of Lemma 4.1. O

Fort € T?, k € N, a,b € N? define the sets JJ,(t), Qf ,(t) recursively:

Toa() = {t}, Q1) =J%al®).
Suppose that the sets Jg}a(t) and Qi’a(t) are defined for j < k. Then consider

(I (1) % Ty(t2))\ | 9.0

=0

as the disjoint union of dyadic rectangles of the form Iy, i ra, (1) X Ipyipa, (72). Take from

each rectangle an element as representative. The set of z’s corresponding to these rectangles
is Jf,(t). That is,

(Ly, (t1) X I, (t2)) \ L_J N0 = | oshar (1) X Tiyshas (22)]
=0 v} (1)

Then take
Q]lf,a (t) = U U jb+ka,a ({E)

xEJf’a(t)

This gives the a.e. equality
() = |J 94,0
j=0

T? is the disjoint union of 2172 pieces of dyadic rectangles of the form I, (¢), that is denoting

2mm
ok

(m=0,...,2" —1, k € N),
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we have

2 _
T° = U U Qba Cby,my s eb2,m2>

130

Denote ty, := (b, .my, €by.m,) the pairs, which determine the decomposition of T2, Define the
functions fy, : T? — [0, 400) (a,b € N?) as

fbﬂ(m) =2 Z Z Z 1Ib1+’w1+/\’1><1b2+(k+1)a2( )< )

m;=0,..., 2]3,_1 k= OyeJ ( )

Next we prove that the functions f;, are in L' log™ L, that is we prove
Lemma 4.2. For all a,b € N?> we have

/ | fo.a(2)| log™ | fo.0(z)|dz < 80.
T2
Proof.

|Vl o5 ( fuaw)d
T
- 2/\0‘ 1Og(2/\a) Z Z Z mes <1II)1+ka1+AaXIb2+ (k+1)asg (y)< ) 1)

L2l k=0 ye gk (tm)
j12

= 2" 1og(2/%) Z i Z mes (ﬂ Jb+ka,a(y)>

2bj71 k=0 yle’a(tm)

,,,,,

_ oAa Aa mes Uijrkall(y))
e ¥ 5 5t
m;j=0,...2% 71 k=0 yeJf (tm)

log(2"*) 9
_ T%) < &80.
'_1-FAa/2HwS( ) <

Recall that
na(z) < a(Cz) < a(z)
holds for each =z > 1.

One can suppose that logw(C) is a power of 2, where the exponent is an integer. Namely,
let 7 € Z be defined as
B <C<y
Then, if we substitute by 7§T+1 and v, by 72 we have that the inequality above holds even
now, and log.,(¢) = 2.
That is, let both a; and log,m(() be powers of 2, and let ay := bg“ﬁ also a positive integer
2

and a power of two. Let b; € N be defined in a way that
pE2"7%) > C2,
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where C is specified later, and by € N be defined by
20271 < (281 < 2b2,
We prove
Ly=1Lni X Lyo:= [261+ka1—2 2b1+(’€+1)a1] % [252+/€a2—2 2b2+(k+1)a2] C Na,@l-

Let n; € Li1. We have to prove

a(ny
L
k2 C [ﬂ(nl) ) a(nl)ﬁ(nl)]a
that is for all ny € Ly
a(ny) ba+kas—2 ba+(k+1)a
— L Qrrrhaz and 27 2 < aln ny).
ﬁ(nl) = = ( 1)5( 1)

Discuss the second one first. It is sufficient to prove
262+(l€+1)a2 < O4(2171+1€CL1*2)ﬂ<2b1*2)
(remark that both a and 3 are increasing).
@(2b1+ka1_2)
> a(251€\_10gg(2ka172”)
kay—
s A g

> ikm —2)log, (2)7121)2,1

1 —210g.(2)-1
M N :

_ 2ka1m2b2
This v > 71, and the definition of ay gives

~ 1
O{(2b1+ka1_2)ﬁ(2b1_1) Z 2b2+ka22a202 QIOgC(2)+1 2 2bz+(k+1)a2’
gl

valid if .
C > 2v ogc(2)+ .
Discuss the first one. It is sufficient to prove

a<2b1+(k+1)a1 )

S

2b2+ka272

Let j = [(k + 1)aylogs(2)]. Then

2b1+(k:+1)a1)
(2" ¢)
(2")3

b2~4
(
2

~~

(67

VAR VAR VAN
Q

by  (k+1)ay log, (2)72

7y
bg—‘r(k—l-l)ag

IA
R RN

Y2
We need to prove
B2 %) > 2% 4.
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Since

6(2171—2) 2 612(127
hence the inequality holds when C > 4, is supposed. That is, let C > 4rys, 27?10&(2”1 be
any fixed real number. Then the relation L, C N, g is fulfilled for each £ € N.

Lemma 4.3. Let a,b € N? as above. We prove

sup o fra(y) >27°
n€Ng 5,1

for almost every y € T2
Proof. Tt is easy to show that for —2/n <u < 2/n (u#0,n € N\ {0})

1 <sin(g(n+1)))2

2(n+1) sin(%)

K,(u) =

1 4
>~ 94 1)%u?/4
“2(n+1)u? (n+ 1)/

=27"(n+ 1),
since for 0 < |z| < 2 we have |sin(z)| > 0.25|z| and (n + 1)|u/2| < 2.

Let y € T?. Then there exists a unique t,, € 7%, k € N such that y € Qj ,(t,,) and hence
a unique t € Jy,(tn,) with

Yy < Ujb+ka,a(t)-
Then we have y € Iy 4rai+j(t1) X Logt(ht1)as—j(t2) for a j € {0,1,...,Aa}. Then by the
nonnegativity of the function f;,, and the Fejér kernels it is not difficult to give a lower
bound for sup,,cy_ o T foa(y):

sup Unfb,a (y)

nELk

Z fb,a(x)K2b1+ka1+j72 (y1 - xl)K2b2+(k+1)a2_j_2 (y2 - Ig)dl‘
T2

>

/ fb7a(x)K2b1+kal+j—2 (y1 — ﬂfl)KQb2+(k+1)a27j—2 (y2 — l‘g)dw
Toy +kay+na (1) XDy 4 (k4 1)aq (t2)

A
2 a/ K2b1+ka1+j—2<y1 — xl)K2b2+(k+1)a27jf2 (y2 — $2)dl’
Iy tkay+na (1) X Doy (k+1)aqy (£2)
472
2b1+b2+ka1+/\a+(k+l)a2
= 722712 > 979,

Z 2/\(1 2—102171+ka1+j—2+b2+(k+1)a2—j—2

This completes the proof of Lemma 4.3. U

Finally we prove Theorem 1.4, that is we give the construction of a counterexample for the
function f. Let w : N — N be a strictly monotone increasing sequence, such that

1

St) < —

<4
for all t > w,,n € N. This can be done, since lim, 6 = 0. Let 7 : N — N be also a
strictly monotone sequence (consequently 7(n) > n), and a, 1 := 2™. Let a,2,b,1 and by
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be defined as above (e.g. @, = an,1/log,,(C)). Also suppose that 2921 292 > ¢, Then
take

e e e}

F=) 2= 2" foan

n=0 n=0

By the construction of the functions f;, it is easy to have

1
mes (¢ € T°: foa #0) = 20 (1 + Aaj2)’

Thus, taking

H_, ::{xETQ:fn(a:):OVnEN},
H, = {x ET?: fu(x) #0, forrsi(z) :O(j:O,l,...)}, (n € N).

mes (lim sup { fx # 0})

— (ﬁ U 7&0}>

n=1k>n

< Jim » mes ({fi #0})

k>n

< lim > 2A1ak

k>n

1

< nh—>nolo ; omin(25,25/log., () v

This implies the a.e. equality |J>~ | H,, = T?. This will play an important role a couple
of lines below in the proof of f € L'log™ L§(L). Let x € H,. Then

2n2min(an,1,an72) = Q”fn(l‘)
< f()

= 2 fux)
k=0

< Z 2k2min(ak$1,ak72)
k=0

S 02n2min(an,1,an,2) _ Cann([If)
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Then 6(f(z)) < 4 on the set z € H,. By Lemma 4.2 we easily obtain

[ 1) tog" (F(@))é(s(a)ds
=3 [ rta)tog (a)a((@)da
<> [ e fila)tog (€2 () g

<O o [ haos (e
<o

Now, by Lemma 4.3 we show that f is "a real counterexample" function. By the nonnega-
tivity of the functions f, and the Fejér kernel functions we have

sup o, f(y) > sup 0,2" fy, 4 (y) > 2792

n€Ng 5,1 n€ENy 5.1
for almost all y € T2 and for all k € N. This implies that we have

sup o, f(y) = +oo
nENaﬁJ

almost everywhere. This completes the proof of Theorem 1.4.
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