ALMOST EVERYWHERE CONVERGENCE OF (C,a) -MEANS OF
QUADRATICAL PARTIAL SUMS OF DOUBLE VILENKIN-FOURIER
SERIES

G. GAT AND U. GOGINAVA

ABSTRACT. In this paper we prove that the maximal operator of the (C,a)-means of
quadratical partial sums of double Vilenkin-Fourier series is of weak type (1,1). Moreover,
the (C, a)-means t2 f of the function f € L! converge a. e. to f as n — oo.

1. INTRODUCTION

In 1939 for the two-dimensional trigonometric Fourier partial sums S; ; f Marcinkiewicz [8]
proved that for all f € Llog L([0,27]?) the a.e. relation

1 n
tof = Ezsj,jf — f
=0

holds as n — oo. Zhizhiashvili [13] improved this result and proved for f € L([0,27]?) the
(C, ) means

n

1
tif =1 > ATt

n =0
converges to f a.e. for any o > 0. Dyachenko [3] proved this result for dimensions greater
than 2. In papers [12, 6] written by Weisz and Goginava one can find that the (C,1)
means ¢} f of the double Walsh-Fourier series of a function f € L([0, 1]*) converges to f a.e.
Recently, Gat proved [4] this result with respect to two-dimensional Vilenkin systems. The
d-dimensional Walsh-Fourier case is discussed in [7]. The aim of this paper is to generalize
the result of Zhizhiashvili [13]| concerning the (C,«) means with respect to two-dimensional
(bounded) Vilenkin systems.

First, we give a brief introduction to the theory of Vilenkin systems. These orthonormal
systems were introduced by N. Ja. Vilenkin in 1947 (see e.g. [11, 1]) as follows.

Let m := (mg, k € N) (N:={0,1,...},P := N\ {0}) be a sequence of integers each of
them not less than 2. Let Z,,, denote the discrete cyclic group of order my. That is, Z,,,
can be represented by the set {0, 1,...,my — 1}, with the group operation mod my, addition.

Since the group is discrete, then every subset is open. The normalized Haar measure on
Zmy s i 18 defined by e ({7}) :==1/my. ( € {0,1,...;myp — 1}). Let

o0
G = X Ly,
k=0

The first author is supported by the Hungarian National Foundation for Scientific Research (OTKA),
grant no. M 36511/2001, T 048780, and by the Széchenyi fellowship of the Hungarian Ministry of Education
Szo 184/2003.

1



2 G. GAT AND U. GOGINAVA

Then every z € G,, can be represented by a sequence = (z;,7 € N) | where x; € Z,,,, (i €
N). The group operation on G,, (denoted by +) is the coordinate-wise addition (the inverse
operation is denoted by —), the measure (denoted by p), which is the normalized Haar
measure, and the topology are the product measure and topology. Consequently, GG, is a
compact Abelian group. If sup, cym, < 0o, then we call G, a bounded Vilenkin group. If
the generating sequence m is not bounded, then G,, is said to be an unbounded Vilenkin
group. In this paper we discuss bounded Vilenkin groups, only. The Vilenkin group is

metrizable in the following way:

= |zi —yi
i=0 !

The topology induced by this metric, the product topology, and the topology given by
intervals defined below, are the same. A base for the neighborhoods of G,,, can be given by
the intervals:

In(x) :=Gpn, IL(z)={y=(yi,i €N) € G, :y; =ux;fori <n}

for x € G,,,n € P. Let 0 = (0,7 € N) € G, denote the nullelement of G,, and I,, (0) :=

Furthermore, let LP(G,,) (1 < p < oo) denote the usual Lebesgue spaces (||.||, the corres-
ponding norms) on G,,, , the o -algebra generated by the sets I,,(x) (z € G,,), and E,, the
conditional expectation operator with respect to ,, (n € N).

Let be 1 < p < +00 be a real. We say that operator T is of type (p,p) if there exists an
absolute constant C' > 0 for which [|T'f]|, < C||f|l, for all f € LP. T is said to be of weak
type (1, 1) if there exist an absolute constant C' > 0 such that ||7f||pear—r1 < C|| f]1 for all
f € LY(G,,), where || f]lweak—1t = supyo Au(|f] > A). It is known that the operator which
maps a function f to the maximal function f* := sup|E, f| is of weak type (1,1), and of

type (p,p) for all 1 <p < oo (see e.g. [2]).
Let My := 1, M1 := m,M, (n € N) be the so-called generalized powers. Then each
natural number n can be uniquely expressed as

n = anMz (n; €40,1,...,m; — 1}, 1 € N),
=0

where only a finite number of n; ’s differ from zero. For 1 < n € N we denote by |n| :=
max {k € N: M, <n} the order of the natural number n. In other words, My <n <
My j+1. The generalized Rademacher functions are defined as

ro(z) = exp(2m—2) (2 € Gpyn € N,1 1= v/—1).

my

The nt" Vilenkin function is

= Hr;-” (n € N).
=0
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The system ¢ := (¢, : n € N) is called a Vilenkin system. Each 1, is a character of G,,,
and all the characters of (G, are of this form. Define the m -adic addition as

k@n:=Y (k;+n;(modm;))M; (k,n€N).
=0
ghe)n 5 wk@n = i/fki/fm wn(x + y) = i/fn(w)l/fn(y), Q/Jn(—ilf) = f&n(x)a |wn| =1 (k7n € viay €

Set A% = (Ha)n& for any n € N, € R. It is known that AY ~ n®. Define the Fourier
coefficients, the partial sums of the Fourier series, the Dirichlet kernels, the (C,«) means,
kernels, and the Fejér means and kernels with respect to the Vilenkin system 1 as follows

f(n) = /G Fibud,
n—1

Snf = Fk)t,

k=0

n—1
Dn = Z wk’a
k=0

« 1 . a—
onf = D ANRSS,

k=0

a . 1 - a—1
K = y ;Anka,

onf =olf, K,:=K' (f e L'(G,,).

It is well-known that
5.00) = | S@Dly - 0)du(a), (1 €Ny € G, f € L'(G))
G7YL
It is also well-known |[1| that

(M, ifxzel,:=1,(0)
0 Da (@) = {0 itz I,
Su, f(x) = M, fdu=E,f(x) (f € L*(Gn),n €N).

In(z)

Next, we introduce some notation with respect to the theory of two-dimensional Vilenkin
systems. Let m be a sequence like m. The relation between the sequence () and (M,,)
is the same as between sequence (m,) and (M,). The group G,, x Gy is called a two-
dimensional Vilenkin group. The normalized Haar measure is denoted by p, just as in the
one-dimensional case. It will not cause any misunderstood. In this paper we also suppose

that m = m. That is, G, X G5 = G2,.

The two-dimensional Fourier coefficients, the rectangular partial sums of the Fourier series,
the Dirichlet kernels, the (C,«) means, the kernels of the (C, ) means with respect to the
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two-dimensional Vilenkin system are defined as follows:

~

f(ny,ng) = ~ F (@, y)0n, (y)¥ns (y)dus(z, y),

ni—1ns—1

Snl,an(’LL,’U) = Z Z f(kh k'2)1/1k1 (UWI@ (U)7

k1=0 ko=0
Dm,nz(x:y) = Dm(x)Dnz(y)a
I o .
tnf =2 D AV St
n jZO

n

1
jn = — E A ]l-Dj’j.
It is also well-known that

tnf(u,v) = . f(@, )T (u = 2,0 — y)du(z, y).

For the two-dimensional variable (z,y) € G2, we use the notations

Un(2,y) = ¥ulx),  Dylw,y) = Dulz), Ki'(z,y) = K;(2),
Un(e.y) = ¥aly),  Di(e.y) = Daly), K;*(w,y) = K (y)
for any a > 0 and n € N.
Set the maximal operator ¢ f := sup,,cy [t2 f| for any f € L'(G2,) and o > 0.

2. MAIN RESULTS

Theorem 1. Let f € L'(G?) and a > 0. Then

Htgfl‘weakfl/l S ¢ ”fHI .
Corollary 1. Let f € LY(G?) and o > 0. Then

to(f) — f ae as  m — o0.

3. AUXILIARY RESULTS
Lemma 1. Let 0 < j <nsMs and 0 < ngs < mg. Then
DnsMs_j - DnSMS - wnsMs_IEj‘

Proof. It is clear that

nsMs—1

j—1
Dyom, = Dngnig—j + Z VY = Dnov,—j + Z¢nsMs—k—1-

k=nsMs—j k=0
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VnoMy—k-1(T) = V(ng—1) M+ (ms 1~ 1)My_1+-+(mo—1) Mok (T)
= @D(nrksq)Mﬁ(ms,lfks,l71)Ms,1+...(m07k071)M0(iU)

= Y(na1)Mat-(ma1—1) M1 4-.(mo—1)0Mp () Uk ()

= VYnoar,—1 () k(2)

Lemma 1 is proved.

Lemma 2. Let o € (0,1) and n := n = n My+---+noMpy. Then in the one-dimensional
case

A 3 Mp—1
Kop < £ Mot K| + M2 | Ky 1| + M®Dyy,
K< S D M 3 M
Proof. It is evident that
n naMa—1
(2) S ATID = > AYTID; + Z ASTID; =T +11.
Jj=0 j=0 Jj=naMa

Since [1] for r € {0,...,m4 — 1}

r—1
Djyrry = (Z W@) Dy + ¥, D,
q=0

then for I we write

na—1Ma—1 r—1
a—1 q
An —j—rMy E ,¢MA DMA
0

r= ]: q=0

)_l

na— —1

+

A (ma—r—1)Ma+n(A= 1)+]DMAJ'> %TWA = Il + [2-

ﬁ

j=
It is evident that

(3) (L] < e () M D,

Using Lemma 1 for I, we obtain (D = 0)

na—1|Masg—1
(4) L] < ¢(a) {M;;DMA D N D D, i o) }
r=0 | j=1
Since
Dj+nAMA = DnAMA + ¢nAMADj
we write
(5) 111] < c(a) {M§Dyr, + 0V |K Sy}

Combining (2)-(5) we obtain

Z (ma—r—1)Ma+n(A- 1)+]Dj
j=1

DI < () {MADMA .S

r=0

_.I_ n(A*l) :(A—l) ‘ } .
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Iterating this inequality we obtain that

A n;—1|M;—1
I EREE) SETEVED 9 D) P AT

=0 r=0 | j=1

} |

Applying Abel’s transformation we write

M;—1 M;—
a—1
Z A(’nZ*T l)M +ni= 1)+j Z (nzfr 1 M+n(z 1)+]jK
j=1 =1
a—1
A(nz—r)M 4pnli=1) (Ml - 1) KMi*17
consequently,
My—1 A
n|Ky| < cla ZMQDM +ZZM‘1 PSR+ M Ky
=0 p=1 Jj=Mp_1 =0
Lemma, 2 is proved.
Lemma 3. Let A > k. Then
My,
sup | K <c—.
/n>g| M| < M,
1y,
Proof. Since |9]
ms—1
K, ()] < My Y 1y, 0prers, (), € I\, s=0,..,n—1,
rs=1

where 1 is characteristic function of set £ and e, := (0, ...,0,1,0,...) € G, the s-th coordi-
nate of which is 1 and the rest are zeros, we obtain that

o k-1

/sup|KM|<Z/|KMn|—ZZ JL
7 n=As=0; '\
oo k-1 ms—1
<y [ o mgcz zMsgc—
n=A s=0 x5:1ls+1\ls M,

Lemma 3 is proved.

Lemma 4. Let A > k. Then

M. (A—Fk+1
/sup K| < Mkt
n>Ma MA

Ty
Proof. Since

\K\«;Z }KM| for Ma<n < M,
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By Lemma 3 and from the fact that [1]

(6) sup/|Kn| < 00,
n>1
Gm
we obtain
[ s <354 /!KM\
5 n>Ma v=A j=0 J
oo k
L AT S B /\KM\
v=A j=0 1. v=A j= k+1 et

< — < .
C{MA+§4 M, <c M,

Lemma 4 is proved.

Lemma 5. Let a € (0,1) and A > k. Then

A—k+1

K} < —_—.

[ s 182 < (o) S
Iy

Proof. From Lemma 2 we get

N 1 Mp—].
1
sup |KY| < c(a sup —— Mot K
[ s el fam g 2307 3|
Tk Tk - F I=Hp—t
N
+c(a sup —— M|\ K oy, —
@ f 50 37 oM K
Iy,
| X
7 +c (o /su — Y M?Dy, =1+11+1I1I.
) @ [ s 37 oM
I
from (1), (6) and Lemma 4 we obtain that
0o k Mo
8 11T < Dy < —k
®) <el@ 3 g oM [ Du <ol e
— :

00 N
II1<c(a Z Z; /\KMZ._1|
T

oo k

-0 J
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(9) Z Z Ma/|KM 1]

i=k+1

c > Mk <cla) =L
<c(a) Z ZM (@ 370

i=k+1
LA Mp—1
I <cla su Mot K
( >/N>3M%;z_; ; ._; e
Tk: =V p= J=Mp-1
1 N k Mp—1
+c(a) | su Mot K
o 53 3w
T, p= J=Mp—1
LN i M,—1
+c(a) [ sup — Mot K;
g 2 3 M 30 1K
Tk 1 p=k+ J=Mp—1
(10) =1L+ 1L+ Is.
MOé
(11) L <c(a) £,
MA
MOC
(12) L<e(@) sl (a—k+),
My
(13) Li<cla ZMa S M“/ s K
imktlp=htl 2
Z EZZM“
i=k+1 p=k+1 (M, /Mk)
N—-—k+1 A—-k+1
< cl(a ——— <c(a) ——F5.
< o >]§4(MN/M;€) (Ma/My)

Combining (7)-(13) we complete the proof of Lemma 5.
Lemma 6. Let o € (0,1) and n =naMy + -+ + noMy. Then

10
Tl <c(a)) B,
=1

where
A+1 s—1 Myy1—1
a—1 } 1
S SHE
s=0 r=0 =M,

1 A
B2 = EZMS‘TTtMS )
s=0
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A+1 s—1 Myy1—1
|D Mot |K*
nsMs r j 3
r=0 =M,
a 1,2
naZ‘Dn M Ms ‘Kns s
A+1 s—1 Mr+1_1
a—1
E Dian | DM Y|
r=0 j=M,

WZID M [

1 A
(03
B7 = o z :MS ‘DnsMs,nsMs )
n

s=0

BB: Z’DnSMS

Bg: Z| nM|Aa51)‘ (sl)

n(é 1)‘ (S 1)|

BlO < C(Oé) .
Proof. It is evident that
naMa n
amo a—1 o a—1 o
AnTn - E : An—jD]:]—i_ E : An—jDJJ
J=1 J=naMa+1
naMa—1 n(A-1)
E : An(A Dtj nAMA JnaMa— J+ E : An<A 1_ Dj+NAMA,j+nAMA'
7j=1

Since (see Lemma 1)
D ; =D - D! > D
naMa—jmnaMa—j naManaMy naMaYnaMa—15

_DTLAMAwTLAMA ID +¢1’LAMA 1¢nAMA IE

and
_ 2
Dj+nAMA7j+nAMA - DNAMA,HAMA + DnAMAl/}nAMAD
1
+DnAMA ’nAMAD +¢nAMA TLAMAD 3,39
we get
CM
A A HAMAJLAMA
naMa—1
—2
- E An(A 1)+]D DnAMA naMa—1
7=0
naMa—1

a—1 Al
B z An(A71>+ij DnAMA naMa—1
Jj=0
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naMa—1
a— D) 1
E : A (A 1 yj JJ wnAMA 1wnAMA 1

« 1 2 1
+An(A*1)Kn(A 1)DnAMA77Z)nAMA +An(A 1)K (A 1)DnAMA¢nAMA
2
_'_wnAMAwnAMA An(A—l) Tn(A—l) :

Consequently,
naMa—1
Ag |TT(1X| < AZ<A)71 |DnAMA,nAMA| + Z AOC(A1 1)+] J ‘D AMA|
j=0
nAMA 1 naMy—1

: : An(A 1)+J ] : : An(A 1)+]

+A -y ’ n(A- 1)’ |DnAMA| + Apay | n(A- 1>| |DnAMA‘ + Ay | ﬁA—l)} :

nAMA

Iterating this inequality we obtain that

A neMo—
A%‘Tr?‘SZ{Az(S)_1’DnsMs,nsMs|+ Z Aa 11)4_] J ‘D |
s=1 =0
nsMs—1 nsMs— .
Z At D5\ D3] + Z A%lnﬂ
(14) A o [ || Daar, | + A [ [Di o, ‘} + Ao [Tro] -
Applying Abel’s transformation we write
nsMs—1 o
> AL, Dy
§=0
nsMs—2 Ly .
gc@{ T ) 0
§=0
s M+1 1
{30 3 Gyl ) ol
r=0 j=M,
S M+1 1
(15) {ZMC“ 1 Z 75|+ ()T, Msl\}'
Analogously,
nsMs—1 .
Z Az< 11)+JDJ
§=0

Myy1—1
(16) (@) {ZMal S [+ )’ \T;SMsl\},zzl,z_

J=Mr
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Combining (14)-(16) we complete the proof of Lemma 6.
Corollary 2. Let a € (0,1). Then

sup/ T < o0
n>1
G3,
Proof. Since [1],[4]
(17) sup/ T} | < o0
n>1
Gh

and
sup/|Kg‘|<oo, a>0

n>1
Gm

from Lemma 6 we obtain the proof of Corollary 2.

Lemma 7. Let « € (0,1). Then

/ sup |T| < ¢(a) < 0.
n>Mj,
IkXIk

Proof. Since in [4] one can find

/ sup ‘T,H < c < oo,

’VLZMk
IkXIk
then from (17) we can write
1 A+1 s—1 Mr+1*1
sup B; < c¢(a / sup — Mot T}
[ gpmsee [y s 5w
IkXIk IkX]k o B J=Mr
1 k s—1 Mypy1—1
< — Mot T!
>~ C(OZ) / ig% Mf{ ; g r ; | j ‘
ToxIr - I=
1 A+1 k—1 M'r+1 1
~1 1
refo) [ s 30 S M 3 7]
ToxTs A s=k+1 r=0 j=M,
1 A+1 s—1 M’,+171
~1 1
ve@) [swom 3 Y Y |1
In A s=k+1 r=k j=M,
1 k s—1 Myy1—1
<clygroyum Y [ |
kE s=0 r=0 j=M, e
1 k—1 Myy1—1
-1 1
te(0) g 2 M / 175
r=0 j=M,

IkXIk



12 G. GAT AND U. GOGINAVA
A4l s—1
(18) +c () / ,8412 M‘l zk;rl;M“ sup 1T <
ToxTy
Analogously, we obtain that

(19) / sup By < 0.
IkXIk
We have
(20) / sup B3 = / sup Bs + / sup B3+ / sup Bs.
IkXIk Tkxfk TkXIk [kXTk
It is evident that
1 A+1 /ms—1 Myq1-1
sup Bs < c(« su M 1 KLQ
[ ammsen [y (bl ) S 3 w0
TkXIk YkXIk a s J "
ms—1 'r+1 1
21 <cla su D ]\/[a1 K1’2<ca < 00.
(21) <>/A>2MAZ<7;\n5MS)Z D K s el
TkXIk 5 J "
Analogously,
(22) / sup Bs < o0.
n>Mj,
YkXTk
We write
A+1 /ms—1 s—1 Myy1—1
[ oo [ S (3D o) S 3
_ n>My Azk AT \ oo r=0 j=M,
I <1y, IkXIk
ms—1 s—1 Myy1—-1
o 1,2
<c@ | SUPWZ<Z|D%MS>ZM DN
_ Azk ns=0 r=0 j=M,
IkXIk s "
1 A+1 ms—1 k—1 Myy1—1
a— 1,2
+c () / sup > (Z]DHM> M ST | K
Azk B4 —k+1 \ns=0 r=0 Jj=M;
IkXIk
1 A+1 ms—1 s—1 Mypy1—1
a— 1,2
e [ S (S bul) Saet 3 I
Az A T \ =0 —k =M,
IkXIk
(23) =M+ N+ R.

It is evident that
(24)

M < c¢(a) < oo,
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o A+l ms—1 00 B
(25) N <c(a Z Z Z/ c(a)%&d—kj\j&gc(@<m,

s=k+1 nstI

Using Lemma 4 and (1) for R we get
A4l my—1 s—1

R<cla Z D ZZ g/|D;M|sup,Ku|

s=k+1 ns=0 r=k IoxTy
) A+1 s—1
1 WJT—k+1
TSRS 35 B
A=k M3 s=k+1 r=k (M, /Mk>
00 +1 s—1
o —k+1
<)) q7e 2 AV
A=k A s=k41 r=k (M, /My,)
(26) Z_a (A-k+1) <c(a) < .
—k A
Combining (23)-(26) we obtain that
(27) / sup B3 < oo.
n> My,
IkXTk

After substituting (21), (22) and (27) in (20) we have

(28) / sup Bj < 00.
IkXIk

Analogously, we obtain that

(29) / sup B; < oo, j=4,56,T7.
IkXIk

For By we write

(30) / sup Bg = / sup Bg + / sup By + / sup By.
n>Mj, n>Mj, n>Mj, _ n2My

Ik.XIk Tkxjk TkXIk Ik.XIk

Using Lemma 2 we have

A ms—1
1 S
sup By < ¢ (« sup —— D sup Af Ka2
/nzl\lif)k v (>/A>2Mf{;<nz_o| |> <<pM | }
TkXIk TkXIk °
&
<cla)— sup A% | K2
< <>Mg;/1§n£ws oK

m

M,—1

> [ 1w

Jj=Mp— 1G

<cla)— ! Z ZM“ !
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(31) +M;‘/\K}\Zl|+Mf/|DMi] < c(a) < oo.

Gm Gm

Analogously, we obtain

(32) / sup By < o0,
n>Mj,
TkXTk
From Lemmas 2, 5 and by (1) we have

A ms—1
/ sup By < ¢ () / ZIQW(ZZ|DnsMs>ZMasup|Ka2|

n>My, a=0 lal=

IkXTk IkXTk =k 1s=0
2
ve@) [ sup—§j|D A K52
ask MG el "
IkXIk

mgs—1
Z |D} M|>M sup|Ka2|

IA

o

g
S‘H
IS ko
Mz
—
(=
3/_\
L

A=k IkXIk
0o 1 A A ms—1
ey > [ Z(Z!D M,) 2 s 17
A=k A o=k Y =k \n.=0 lgl=
IkX[k
1 k—1 ms—1
et [ L (zmnm) e
M=\ = 1<I<M,
IkXIk
X A k1A X A—kt1 S a—k+1
< M* M*
—C(a){ e 2 M M 2 M; (M, /M)
A=k a=0 A=k —

(33) —1—% - {ZZ:M;‘+M;)“}}§C(@)<OO.

kE s=1 i=0 p=1

By virtue of (30)-(33) we have

(34) / sup By < ¢(a) < oo.
n>Mj,
IkXIk

Analogously, we get that

(35) / sup Bs < c¢(a) < 0.
n>Mj,
IkX]k

Combining (18), (19), (28), (29), (34) and (35) , from Lemma 6 we complete the proof of
Lemma 7.

Proof of Theorem 1. For @ > 1 Theorem 1 is proved in |4]. Hence it can be assumed
that 0 < a < 1. As a consequence of Corollary 2 we have that the maximal operator
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t8f 1= sup,ey |t4f] is of type (00, 00). Since this sublinear operator is quasi-local (this is
what Lemma 4 means), then by standard argument (see e.g. the book [10]) it follows that
it is of weak type (1,1). That is the proof of Theorem 1 is complete.

Proof of Corollary 1. The set of Vilenkin polynomials is dense in L*(G?)), so by the well-
known density argument we have that o f — f a.e. for all integrable two-variable function
f. We remark that the Marcinkiewicz interpolation theorem (see e.g. [10]) also gives that
the maximal operator t¢ is of type (p,p) for all 1 < p < co. The proof of Corollary 1 is
complete.
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