UNIFORM AND L-CONVERGENCE OF LOGARITHMIC MEANS OF
CUBICAL PARTIAL SUMS OF DOUBLE WALSH-FOURIER SERIES

G. GAT AND U. GOGINAVA

ABSTRACT. The two-dimensional (Norlund) logarithmic means of cubical partial sums of
the double Fourier series of the integrable function f is:

n—1 n—1
1 Si z(f) 1
— : wl l, = —.
‘ =, ere 321 A

In this paper we discuss some convergence and divergence properties of this logarithmic
means of the two-dimensional Walsh-Fourier series of functions in the uniform, and in the L
Lebesgue norm. We give necessary and sufficient conditions for the convergence regarding
the modulus of continuity of the function, and also the function space.

1. INTRODUCTION

In the literature, it is known the notion of the Riesz’s logarithmic means of a Fourier series.
The n-th mean of the Fourier series of the integrable function f is defined by

1 nzl Sk(f)
Ly k-

k=1
This Riesz’s logarithmic means with respect to the trigonometric system has been studied
by a lot of authors. We mention for instance the papers of Szasz, and Yabuta [11, 13|. This
mean with respect to the Walsh, Vilenkin system is discussed by Simon, and Gat [10, 1].

Let {gx : k > 0} be a sequence of nonnegative numbers. The Norlund means for the Fourier
series of f are defined by

n—1
Qi Z qn—k5k<f)a
" k=1

where @, := EZQ g If g = %, then we get the (Norlund) logarithmic means:
1 &= Sk(f)

l

3
S

|
o

In this paper we call it - it will not cause any misunderstood - logarithmic means. Although,
it is a kind of “reverse” Riesz’s logarithmic means. Moricz [7] investigates the approximation
properties of some special Norlund means of Walsh-Fourier series of L” functions in norm.
The case, when ¢, = % is excluded, since the methods of Moéricz are not applicable for
logarithmic means. In [6] we proved some convergence and divergence properties of the

logarithmic means of functions in the class of continuous functions, and in the Lebesgue
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2 G. GAT AND U. GOGINAVA

space L. Among others, we proved that the maximal norm convergence function space of
this logarithmic meams is L log™ L. With respect to the two-dimensional logarithmic means

Sia(f)

- (n—1)

H

n—

1
l

3

A

there is no known corresponding result yet. On the other hand, with respect to approximation
properties of some other means of double Walsh-Fourier series see for instance the paper [4].

In this paper we discuss some convergence and divergence properties of logarithmic means of
cubical partial sums of the two-dimensional Walsh-Fourier series of functions in the uniform,
and in the L Lebesgue norm. We give necessary and sufficient conditions for the convergence
regarding the modulus of continuity of the function, and also the function space.

Let ro (z) be a function defined by

1, if z €[0,1/2
7“0(""):{ —1, ifz ![1/4,%) o Moz 1) =ro(a).

The Rademacher system is defined by

rn(x)=ro(2"z), n>1 and xz€][0,1).

Let wo, wy, ... represent the Walsh functions, i.e. wo(z) =1 and if k =2" + ... 4 2™ isa
positive integer with ny > ngy > --- > ng >0, then

w () = 1y () -7, ()

The idea of using products of Rademacher’s functions to define the Walsh system originated
from Paley [8].

The Walsh-Dirichlet kernel is defined by

n—1
Dy () =) wy(x).
k=0
Recall that
[ 2rifreo,1/27),
() Dan (z) = { 0, ifze[1/271).

We consider the double system {w,(z) X w,,(y) : n,m = 0,1,2,...} on the unit square [* =
[0,1) x [0,1).

As usual, denote by L (I?) the set of all measurable functions defined on 12, for which

11 = [ [ 17 o)l dedy < o0
0 0

and, by C (I?) the space of continuous functions on I?, with the supremum norm

Iflle = sw [f @yl (feC (7).

7y€



UNIFORM AND L-CONVERGENCE 3

The positive logarithm log™ is defined as

log™ () 1= {log( x), ifz>1,

0, otherwise .

Let a be a positive real. We say that the function f € L (I?) belongs to the logarithm space
L(log* L)*(I?) if the integral

1 1
||f||L(lo + L)a = |f (ZE,y)| (10g+ |f(l’,y)|)ad(l}dy
]l

is finite. Let X = X (I?) denote either the space L(I?), or the space of continuous functions,
that is, C(I?). The corresponding norm is denoted by ||.||x. The total modulus of continuity,
when X = C, and the total integrated modulus of continuity, where X = L are defined by

w8, f)x =sup {|If (& +uy+v) = fleyly:w’+0* <8}
The partial modulus of continuity, when X = ', and the partial integrated modulus of
continuity - in this case X = L - are defined by

wi (0, f)x =sup{|lf (z+u,y) = f (z,y)llx : Ju] <0},
wa (0, f)x = sup {[If (z,y +v) = f (@, 9)llx : [v] <6}

We also use the notion of the mixed modulus of continuity, where X = C, and the mixed
integrated modulus of continuity (in this case X = L). They are defined as follows

W1,2 (51,527f)x =sup{[|lf (zDu,y®v)— f(r®u,y)
—fry @)+ f (2, y)lly: Jul <0n o] <6}, feX ().

The rectangular partial sums of double Fourier series with respect to the Walsh system are
defined by

M—-1N-1

SMN f Y y = Z f m n wm<$)wn<y)

m=0 n

2

I
o

The logarithmic means of cubical partial sums of double Walsh-Fourier series is defined as
follows

,_l

n—

1 Sz ) (fa x, y)
t _ NS I
n(hoy) =1 2T
where
n—1
L1
k=1
It is evident that
1
tn (fs2,y) / r@t,yds)— f(x,y)F,(t s)dtds,
0

where )
_ 1 Di(t) Di(s)
L, —

and @ denotes the dyadic addition [9, 5].

k=1



4 G. GAT AND U. GOGINAVA

Denote by
n—1 Dk (t)

1
I, n—k
k=1

the nth one dimensional logarithmic kernel. The following well-known inequality is proved
by Getsadze [2].

Theorem A. Let either X = C, or X = L. Then the inequality

log (n+ 1) + ws (%, f) log (m +1)
X

10 (1) = Fll < e{en (5.)

X

11
+wi (—,—,f) 10g(n+1)10g(m+1)}
n m X

holds.
Let either X = C, or X = L. It is evident that the condition

R (-

provides the convergence of ||Sy, (f) — f|| -
Since

(f)

n—1)

Fllx

Y

n—1
1 o 15
I () = Tl < - 32
" i=1
then from Theorem A we conclude that the following is true.

Theorem 1. Let either X = C, or X = L. Let f € X (I?), and

La&ﬁx=0<<ﬁiﬁﬁ)j'

[tn (f) = fllx =0 as n— oo,

Then we have

In this paper we investigate sharpness of this results. In particular, we prove

Theorem 2. There exists function f € C (I?) such that
1 2
@S =0 ((1og<1/5>> )

Theorem 3. There exists function g € L (I?) for which

wwyn—0<(ﬁfﬁ5f)

and t,, (g) does not converge to g in L-norm.

and t, (f,0,0) diverges.
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What can be said, if we do not provide any condition of the modulus of continuity of the
function? In [12] Tkebuchava proved

Theorem B. If f € L (log+ L)Z, then
||Sm,n(f)_f||L—>0 (m,n—>oo)
From this follows that

1= 1S () = fll,
tn (f) = fll, < Z—Z (

n—1)

—0 (n— o0)

for each f € L (logJr L)Q.

So, the norm convergence holds for every function in the space L (log+ L)2. Can this result
be improved? The answer is no. Not only the result of Tkebuchava can not be improved in
the point of view of the function space, but we prove even more. Namely, we prove that the
maximal convergence space with respect to the L(I?)-norm convergence is L(log™ L)?. That
is, let  : [0,4+00) — [0, +00) be measurable, and 6 (+00) = 0. Then the following is true.

Theorem 4. There exists a two-variable function h € L (log* L)2 8 (L) (I?) such that t, (h)
does not converge to h in L(I*)-norm.

2. AUXILIARY RESULTS
Lemma 1. [6] The inequality
1
[F0], > clogpa
holds, where pq = 224 + 22472 4 ... 4+ 22 4 20,

Lemma 2. The estimation

1 Fpa HL >c (10gp,4)2
holds.

Proof. We write

GpA ('T7 y) = k
k=1
-1 -1
2 Dok @) Do @) NS Dy () Dy )
k k
k=1 k=pa_1
(2) =I+11I.
Since [6]
Do2a_y, (z) = Do2a () — wo2a_; (x) Dy ()
we have
2241
17— Z Dgea_y, () Dy2a_4 (y)
o k+pa-
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—Dag2a (x) wo2a_q (y) i kaA

1 +Pa1
2241
Dy, ()
—-D Wo24_1 (T R EE—
224 (?J) 224 1( ) ; E+pas
"' Dy (z) Dy ()
E\T) Vg Y
+Wo24_1 () Wo24_
22 1() 22 1(9) kz:; K+ pas
(3) =1L +1+ 113+ 114.
By (1) we get
(4) L], =0(1).

Denote by K} the kth Fejér kernel function, that is, Kj = %Zle D;. Using the Abel
transform we have

Llo2a_y D
i+ 1m, <2 [ | Y D) |
k=

) 5 k+pa

924 _o . ) )
<2 _ i o
B Z (k+PA1 k+pA1_|_1) /’ K (y)| dy
- 0

5) Pt [ wldy=00).

pa—1 — 1
0

/ z D,
the estimation of [, is analogous to estimation of I/, and we have
(6) [T L]l =0 (1).

Since [3]

)| dxdy < ¢ < o0

Next, we investigate I. Since
Dy (x) = Doza (x) + 724 () Dy, (),

then we have
I = Dy2a () Do2a (y) Uy, _, + Do2a (z) 124 () GpA ()

+Dgea (y) 124 () G8) (@) + 724 () 124 (y) G, (2,Y)

(7) =15+ 1)+ I3+ Iy,
where L
D, _ (u)
G(l) _ n—=k
W () .
k=1

It is evident that
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2-249-24 9-24 | 924
) / /+/ +/ / / / (Iy + Iy + I3 + 1) dady
0 9—2A 9—2A 9-24 9 24
) =B+C+D+E.
Since 1
n— L 9
G (0,0) =3 1 " ’ _ 0 (wogn)
k=1
and
n—1 " — k
G\ (0) = ’ O (nlogn)
k=1
then for B we obtain
9—2A 9—2A
B = / / )DQQA () Doza (y) Ly, _, + Doza () roa () GI(}AL1 (v)
0 0

+Dy2a (y) 124 (2) st ) () 4 roa () raa (y) GpA | (z, )‘ dxdy

S lpA 1 22A ‘GPA 1 )) 22A ’GPA 1 )‘ 24A ‘GPA 1 O 0)‘
(9) —0(4).
It is evident that
2—2A

/ / ‘Dng T ( )GI(,A) () +roa () rea (y) Gp,y (x,y)’ dxdy

1

Z/WQ&JwWy—/%/\%#A%wMMy

0 9-24
2—2A 2—2A
Gyl /\Gp“ dy—/ /1Gpufy}dmdy
0 92— 2A
1
= HG;A) 1|1 22A ’GPA 1 )’
PA-1— 1p
A1 —
924 / Z Dy, -k (?J) dy
2A
1 ba-1 1
Z HGI(’A)—I 1 22A ’GPA 1 )‘ 22A GI(M) 1|4
_Pa-
(10) 22A H
analogously we have
1 ba-
¢! _ 1@ _ 1)
D Z HGPA 1|y 22A ‘GPAA (O>‘ 22A HGPA—I 1
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(11) _bPa HKp

924 A—llel'

For E we write

11
E= / / Gpay (z,y)] dady
92—2A 9—2A
2724 1
Mol = [ [ 1Goi (] oy
0 9-24
1 9224 9—2A 9—2A4
- / / |GPA—1 (m,y)‘d:vdy— / / |GPA_1 (x,y)‘dxdy
2-24 0 0 0
2pa— 2pa—
12 =Gl - it ||G0L |, = T 1l = 357 [Goas (0,0)]
Combining (8)-(12) we have
2 Apa_
I = 2682, = g fonl, 0] - =gt g
4
o K ally + G~ 0 ()
Apa_
Z 2 HGPA L, T HGPA71H1 - 2?,41 HGPA |, — O (4).
Since X
Pa
<3
from Lemma 1 we get
2
12, = 5 68|, + 16nall -0 )

> (2427 + Gy
A
Z 2] —2)° > cA® > c(logpa)® .
j=2
Lemma 2 is proved.

3. PROOFS OF THEOREMS

Proof of Theorem 2. We choose a monotonically increasing sequence of positive integers
{ny : k > 1} such that

(13) nz—l < ng,

k-1 22nl 22nk

(14) >

=1
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First, set

2it2y if 0 < g < 2722
wnk (Z') — _22nk+2 (I‘ _ 2—2nk—1) , lf 2—2nk—2 S T S 2—2nk—1
0, otherwise,

22nk+1_1

o @)= 2 e (2= gz )+ o o 1) = (o)

Jj=0

We construct a function f defined as follows. Set

where

fo, (T,Y) = @ny, () o, (y) signky,, (2, y)
and

pnk :22nk+22nk*2+,,,+22+20'

First we prove that

(15) w@j%zO(G%%ﬁQj-

For every § > 0, small enough there exists a positive integer k such that

272k < § < Q71

Since |, (T +6) — pp, (z)] = O (§2%™) for I = 1,2,....,k — 1, from (13) and (14) we get
k1

F(a+6y) - @yn_Ejjuam+aw h,xyHQE}—:
—o(i %) <o) -0 () o ()
B (( u&))
Consequently
(16) wddﬁc=0<(ﬁiﬁ5)j-

Analogously we obtain

(1) wﬂ&ﬁc=0<(ﬁiﬁ5)j-

Since

w<67f)6’ < wy (57f)C+w2 (&f)c
from (16) and (17) we get (15).

Next, we prove that t,, (f,0,0) diverges.
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It is clear that
|pnk (fOO) f(070)|:|tpnk (f,0,0)}:
1

1

1 1
1
//f o, (t5) dtds| > — //fnk (t,s) Fp,, (t,s)dtds| —
k
0 0 0

0
1y . 11
2 //f (t,s) F, Doy, (t,s)dtds| — Z " //fn (t,s)Fpnk (t,s)dtds| =
i:lzoo —k+1100
=]—-I11—-1I]

(18)

From Lemma 2 we get

1 1
1
I:n_i //fnk(tJS)Fpnk (t,S)dtdS =
0 0

92n+1_ 1 92np+1_ 1 (j+1)272nk =1 (41)2-2nk—1

1
T2 / / Ony (1) ny () |Fy, ()] dids =
a0 =0 j22ne—1 i2—2np—1
1 22n 122nk+1 1 ) ] (j+1)2_2nk_1 (i+1)2_2nk_1
] 1
- n2 p (22nk+1’ 22n,+1 / Ony (1) @, (8) dtds =
ko j=0 =0 A )
]2 "k 12— <"k
22l 92ngtl g , _ (j+1)272% L (i+1)2— 21
Vi 1
- W Fpnk (22nk+1’ 22nk+1> ' / / 1dtds =
ko j=0 =0 A
Jj2 k 12 k
1 g2np+l_q g2npt1_q (HD27TT (i+1)27 2t
19 =12 [ (1.5) s = 1 L]l > >0
F ]:0 = —2n 1 co—2np, —1
Jj2m "k 272"k
Since
11 1
w12 <—., —.,f) < 2w, (—,,f) 7
[ C 1 c
11 1
W1,2 (—.,—.,f) < 2wy (—_,f)
tJ C J C
and 5 .
w((’sf)CSM(é?/f)C7 O<6/§5

from Theorem A we have
)= flle

¢ ~— IS5 (f)
||75n(f)—ch§lognjz1 —

< ¢ Z{uﬂ(l/] f)clog( +1)+ %log(j—i—l)

_lognj:1 n—j
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\/wl (1/4, [)en/wa (1/7, fclog2

n—7j

< clogn {wl (1/n, fe +wa (1/n, f)e + \/wl (1/n, f)c\/wz (1/n, f)o}

X;jm—j)

U+1)

(20)  <clog’n [wl (1, ) +ws (1n, f +Jwr (1, foyfwn (1/n, f)C} .

It is evident that

22ni .
(fnm 22nk)c (fma 22nk)c =0 (227%) , 1= 1,2,k — 1,

Then from (20) we get

22m )
C S C% log p’n;m

[t (Fnis 0,0)] < [ty (Fn)) = Fo,
consequently from (13) and (14) we have

2 k=1 5op, 2 o2y
2 7 2 k—1
(21) II:O<2ZZ; n2>:O(QZ:k - )zo(l) as k — oo.
= Tk k-1
Since
1 [2A1k
EF.|l, =0 =
1Fl = <1ogn§; p—

n—1
1 log? ( (1+1)
= O (1 1
O<lognz n—i ) (log” (n+1) .

i=1
by (13) we have

(22) I[IzO(Z %||Fpnkul>:0<< nk)>:0(1) as k — oo

n
i=k+1 ¢ kt+1

After substituting (19),(21) and (22) in (18) we obtain
hm |tpnk (£,0,0) — £(0,0)| > 0.

Theorem 2 is proved. U
Proof of Theorem 3. We choose a monotonically increasing sequence of positive integers
{my : k > 1} such that

(23) 2myg_1 < my,

k-1 22ml 22mk

(24) 2—2 <.

=1 g,
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We construct a function g defined as follows. Set

j=1

where
9j (2,y) = Dozm;+1 (x) Doyzm;+1 (y) .

First we prove that

(25) w@gn=0<(ﬁjg5f>-

For every ¢ > 0 there exists a positive integer k£ such that
27 L5 < 27

Since (I =1,2,....k—1,6 > 0)
1
(26) / | Dozomy1 (2 + 6) — Doy (1)| dw = 222™+16,
0
from (1), (23) and (24) we get

1 1
//Ig x+0,y) — g (z,y)| dedy
0 0

1

/ |D22m,+1 (:L‘ + 5) D22ml+l |d.r/D22ml+1 ( )dy
0
] -1
1 2m 1
2 — =019 — O|—
23 m=0 (VL) o ()
22mi—1 1
mi_q my,
Consequently

)
(21) wu&mL=0((E§ﬁ5)v.

Analogously, we obtain

(25) wx&wL=0((E£ﬁ5)j-

Since

IN
F W
= ,_.

w(0,9), Swi(6,9), +w2(0,9),,
then from (27) and (28) we get (25).
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It is evident that

o0

i=k L i=k !
-1 k-1
t ( gg) SN 2
k m?
i=1 i i=1 |,
(29) =]—-1I-1II.
Since

and

then from Theorem A we get

1S5 (f) = fll, =

_o( (1 ) log (i + 1) +w2(1., ) log (j +1)
S wr log (i + 1)y /wa log J+1>

Since
w<57f)L<w(5/7f)L 0<5/<5
0 - o’ ’ -
and
wi (0, 91);, = w2 (6,91), = O (22™0)
we have
1Sii (9) — aill, = O ( 2°™ log® pmk) ,
consequently,
[tpn, (90) = ],
pm
< i i ||Szz gl gl”L
ooy pmk - Z)

my. — 1
22miloe?p, Y11
SCY [ER R . -

(

my i—1 L \Pmy, — Z)

log P
o 2m; S Imy
=0 (2 ! 2y > )

=1

log? p FL g2my m2 22mk-1
II] = i = k =o(1 k .
(30) @) < S Z 2 @) Yo o(l) as k— o0

1
=3 lll -

13
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From (1) and (23) we get

=1 1
(31) HSZW:O( ):0(1) as  k — oo
i=k ¢

my
It is easy to have
tmk (gl) = S2Qmi+1’22'”i+l (Fpmkv'ru y) = Fpmk (.CL’, y) ) 1= ku k + 17

Consequently, by Lemma 2 we get

o0

— i 1
w (B0, S
i=k 7 L i=k !
C
(32) > m—%||FpmkHch>0.

Combining (29)-(32) we conclude that
i ltp,,, (9) =gl > 0.

This completes the proof of Theorem 3. U

Proof of Theorem 4. It is well-known the following inequality proved by Tkebuchava
[12]

(33) [Smn ()l < el fllLgog )2 + ¢
for all f € L(log™ L)?. Since

o ISk (),
n

I () < o e,

c
n+1) po

then from this inequality we get

(34) [En ()l < el flLgog nyz + ¢

for the two-variable function f. Later, we will need it. Let (A4;) be a sequence of natural
numbers (discussed later), and ();) € I* a sequence of positive reals. Set the two-variable
function h; as

hj(l‘, y) = D22Aj+1 ($)D22Aj+1 (y)

The L(1?) norm of h; is 1 (j € N). What can be said about ||h;]|pqog+ £y2? It is bounded
by cA?. Obviously, the function h := 3777 A;jh; is an element of L(I?). Set

ij:22Aj+22Aj_2+---+20 (]EN)
again. It is easy to have for any (z,y) € I? that
tij (hjris . y) = Fij (z,9)

for all i =0,1,.... Consequently, by Lemma 2 we have

s, O Ayl = D Al Fp Il = €43~ Ay > cAZN;.
=0 =0 =0
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By inequality (34) we also have the upper bound

j
ltpa, (D Aj-ihy—i)llz
=1
J
< Z Aj=illtpa, (hji)llz
=1

j
< e ) Nilllhy-ill pog* 1y + 1)

=1

J
<) NoAl
=1

By the last two inequalities we get

ltps (W)lle > cAIA; — ¢y NAT.

1<j

: (Y 1
dj:=supqt>0:0 t_22 >8? .

If the set the supremum of which is taken is empty (that is, § < 1/ 87° for each positive ¢),
then let §; := 1. Since the function ¢ is vanishing at plus infinity, then the sequence (9,) is
well-defined. We can define the sequence (A;) and (};) in the following way (A_; := 0):

Let

: 45°
Aj = max{6]2,Aj_1—l—1,5j+1}, )‘j = F
J

Then obviously (A;) € I*, and consequently h € L(I?). Besides,
ltp, ()liy = cATN = €Y NAT > " — ¢y 4" > cd,
i<j 1<J
This gives lim; [tpa, bllz(r2) = 00. The rest is to prove that h € L(log* L)26(L)(I?). Introduce
the following notation.
J]k = [2—2Aj+1—1, 2—214]'—1) X [2—2Ak+1—1’ 2—2Ak—1)
for any j, k € N. The construction of function h gives
supp h\ {0} C U Jik = [0,2’2‘40’1) X [0,2’2‘40’1) .
jkeN

Next, we discuss the value of h on the set J;j. Let { := min {j, k}. Then for (z,y) € J;; we
have
M) = M) = M < o
i<l i<l

Since
12

32
D oAt =N %2‘“‘1‘“ < c%f"‘l,
] l

1<l 1<l t



16 G. GAT AND U. GOGINAVA

then we have
12

. 4
log™ Z 2442 ) < og™ cA—l224Al < cA;.
i<l

2
We also conclude from Y7, , A 244i+2 > N 204142 = 4944142 that the inequality
- l

1
2 : 4A;42

i<l
holds. Finally, from the above we get

HhHL(log+ L)26(L)

2—2A0—1 2—2A0—1

()] (1o (1n( )1) ) 8(1A, ) ) dy

()] (1o (1, ) 8(1n(, ) ) dy

P /|l (o e ) at0n(r, )y
=1+1I.

Since to investigate I, and I is quite the same, then we discuss I, only. By the above
written we have

k)2

o
114, 1
ISCZZngjQQAkA_zQ Avge
=0 k=0

S 5% s

7=0 k=0

ISSED PSP
k=0 =
This completes the proof of Theorem 4. O
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