UNIFORM AND L-CONVERGENCE OF LOGARITHMIC MEANS OF
WALSH-FOURIER SERIES
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ABSTRACT. The (No6rlund) logarithmic means of the Fourier series of the integrable function
fis:

15 k(f)
™ _1nfk’ where [, Zk

In this paper we discuss some convergence and dlvergence properties of this logarithmic
means of the Walsh-Fourier series of functions in the uniform, and in the L! Lebesgue
norm. Among others, as an application of our divergence results we give a negative answer
for a question of Moricz concerning the convergence of logarithmic means in norm.
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In the literature it is known the notion of the Riesz’s logarithmic means of a Fourier series.
The nth mean of the Fourier series of the integrable function f is defined by
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This Riesz’s logarithmic means with respect to the trigonometric system has been studied
by a lot of authors. We mention for instance the papers of Szasz, and Yabuta [11, 13|. This
mean with respect to the Walsh, Vilenkin system is discussed by Simon, and Géat [10, 3|. For
results of this kind with respect to the Walsh-Kaczmarz system, and some generalization of
the Walsh system see |7, 1]

Let {qx : k > 0} be a sequence of nonnegative numbers. The Norlund means for the Fourier
series of f are defined by
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1
0. > ok Si(f)
" k=1
where @Q,, := Zk L I g = %, then we get the (Norlund) logarithmic means:
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In this paper we call it - it will not cause any misunderstood - as logarithmic means. Al-
though, it is a kind of “reverse” Riesz’s logarithmic means. Moricz [6] investigates the ap-
proximation properties of some special Norlund means of Walsh-Fourier series of L? functions
in norm. The case, when ¢, = l is excluded, since the methods of Moricz are not applicable
for logarithmic means. The alm of this paper is to prove some convergence and divergence
properties of the logarithmic means of functions in the class of continuous functions, and in
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2 G. GAT AND U. GOGINAVA
the Lebesgue space L'. We mean convergence and divergence in norm. Among others, we
give a negative answer for the question of Moricz [6].

Let N denote the set of nonnegative integers and I = [0, 1) the unit interval. By a dyadic
intervals in I we mean one of the form [I27%, (14 1)27%) for some k € N,0 < < 2*. For a
given k € N and x € I, I} (x) denote the dyadic interval of length 27* which contains the
point x. Set I (0) = I and [y (z) = I.

Let ro (z) be the function defined by
1, if v e [1
ro () {—1, if v € I\I;’ ro(w+1) =10 (x)
The Rademacher system is defined by

rn(x) =ro(2"z), n>1 and xz€l.

Let wo, wy, ... represent the Walsh functions, i.e. wy(z) =1 and if k =2" + ... 42" isa
positive integer with ny > ng > --- >n, > 0 then

w () = 7y () -0, ()

The idea of using products of Rademacher’s functions to define the Walsh system originated
from Paley [8].

The Walsh-Dirichlet kernel is defined by

n—1
D, () =Y wy(z)
k=0
Recall that
2 ifrxel
1 D n - ’ " N .
(1) 2 (@) {0’ togr €N

Suppose that fis a Lebesgue integrable (f € L (I)) function on [ and 1-periodic. Then its
Walsh-Fourier series is defined by

S F (k) wn (),

k=0

where
7 (k) =/f<t>wk (t) dt

is called the k-th Walsh-Fourier coefficient of function f.

Denote the n-th partial sum of the Walsh-Fourier series of the function f by S, (f,z).
Namely
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The logarithmic means of the Walsh-Fourier series is defined as follows
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It is evident that

where

and @ denotes dyadic addition [9, 5].
Denote by C (I) the space of continuous function on I with period 1 .
Let f € C(I).The expression

w (0, f)e = sup [f(-+h)=F()lec

|h|<é

is called modulus of continuity of the function f, while the integral modulus of continuity
defined by

w (0, f)p = sup [|f (- +h)=FC)l-

|h|<é

It is well-known that the following are true [9, 4, 5|.
Theorem A. Let f € C(I) and

Cﬂ&ﬁc=0(E§%@)’

then

1S, (f) = fllc = 0 as n— oo.
Theorem B. Let f € L([) and

w@fh=0(ﬁiﬁ5)’

then

1S, (f) = fll;, =0 as n— oco.
Theorem C. Let f € Llog™ L (I). Then
152 (f) = fll, =0 as n— oo
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S

1Sk (f) = £l
th(f>_f||L§EkZ;#

and by the fact that the logarithmic summability method is regular from Theorems A, B
and C we obtain

Theorem 1. Let f € C(I) and

w6, fle=0 (m) ’

then

It (f) = fllc =0 as n— oo.

Theorem 2. Let f € L(I) and

0.0 = (iogi7m))

then

||tn(f)—f||L—>0 as n — o0.
Theorem 3. Let f € Llog™ L(I). Then

Itn (f) = fll, =0 as n— oo.

In this paper we investigate the sharpness of these results. In particular, we prove

Theorem 4. There exists function f € C (1) such that
1
6.0 =0 (7))

Theorem 5. There exists a function g € L (I) such that

60 =0 (17 )

and t, (g) does not converge to g in L-norm.

and t,, (f,0) diverges.

Using Ulyanov’s [12| embedding theorem from the Theorem 5 we have

Theorem 6. There exists function g € L (log L)' (I) (¢ > 0) for which t, (g) does not
converge to g in L-norm.

We prove even more. Namely, we prove that the maximal convergence space with respect
to the L-norm convergence is L(log L). That is, let ¢ : [0, +00) — [0,+00) be measurable,
and 0 (+00) = 0. Then the following is true



UNIFORM AND L-CONVERGENCE 5

Theorem 7. There exists function h € L (log* L& (L)) (I) for which t, (h) does not converge
to h in L-norm.

In [6, Theorem 1] Méricz proved the following theorem for Norlund means with some
nonincreasing sequence (g, : k> 1): Let f € P, 1 <p<oo,n=2"+k, 1 <k < 2™ then

n—1 m—1
éZ%ﬁM%fSéEN%Mr%%mM@me%m%»

The case when we have g, = k™! differs from the types discussed by Moricz in [6]. His
method is not applicable for logarithmic means. So, it is a question that his inequality
above holds in this case also, or not. Theorems 5,6, and 7 show that the answer is no. The
theorem of Méricz does not hold for p = 1, and ¢, = k~!. This means a negative answer for
his question |6, Problem 1, p. 386]

In order to prove these theorems we need the following lemmas
Lemma 1. Let 1 < j < 2F — 1. Then
DQk,j (u) = DQk (u) — Wok _1 (u) Dj (U/) .

Proof. Since (28 —1)@v =2"—1—vforv=0,1,..,2" =1 and wyen (z) = w, () wy, ()
we get

%MAWZD%W%-ijdwz

=Dﬁwwwm4w>%i@@4mAw

=D%wwwm4w>§§pwqﬁw>
=Dﬁw—wwuw§}uw

= Dax (u) — wor_y (u) Dj (u).
The proof of Lemma 1 is complete. O
Lemma 2. Let py = 2% 4+ .- +22 4+ 20 Then
[Fpall, = clogpa.

Proof . Set

Then we have

22A72+.“+20_1 1

GpA (IL’) = Z El)QzAJr22A—2+_,_+20,;C (CL’) +
k=1
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9241 92A4-2, 4190 1 1

+ Z ED22A+22A72+“.+20_]€ (33) =: By + B>.

k=922A—24..420
First discuss B;. Since k < 22472 4+ ... 4+ 20 then
D22A+22A—2+,,,+20_k (x) = Dy2a (33) + TQADng—z_,_,,._,_Qo_k ($) .

This gives

Bi = Dy2a (ZL’) (A2 loge(2) + Cil) + T4 (x) Go2a—2 .. 490,
where ¢} /A — 0(A — +00), that is, ¢} = 0(A). Discuss By. Define k' as k = 22472 ... +
29 + k’. This means k" € [0,2*!). From Lemma 1 we write

D22A+22A72+...+20_k (ZE) = D22A_k/ (ZE) = D22A (ZL‘) — Wo24_1q (CL’) Dk/ (ZL‘) .

Consequently,
2241 1
By = Z P LT (Dg2a (2) — wy2a_y (z) Dy (2))
k'=0
2241 1
= Dyea (2) ¢ — wyea_y () Z 924-2 4 ... 1 90 | k/D’f’ () = Bz + By,

k'=0

where 0 < ¢ < ¢. We give an upper bound for the integral of |By|. By the means of the
Abel transform we have:
2241

1 1
Byl < - K Ky
| 2’2‘—,;(22A—2+---+20+k' 22A—2+---+20+k'+1>| v ()]

1
224 4 92A-2 4 ... 4 920
(K} is the kth one-dimensional Fejér kernel). This implies

+ (224 — 1)|Ky2a_q (2)].

2241

1

1Bl < Z (2242 4 ... 420 ¢ k/)zk, + [[Ka2a 4[| < e
k=0

This gives
||B2H1 S 0?4 +c S C.
So, we have
(2) HG22A+22A—2+,,.+20H1 > H2A 10ge<2)D22A + T2AG22A—2+.‘.+20H1 — O<A)

We discuss the right hand side of this inequality, more exactly we give a lower bound for it.
That is, for the integral on the set I\ I54, and then on the set I54 .

/ 12410g,(2) Dys () + roa () Gazaa .. pon (2) |da
JAVEY
_ / Gysaor oo (2) | d2

JAVEYY

= HG22A72+,_,+20||L — / |G22A72+.“+20 (:17) |dZL‘

Iop

1
= HG22A*2+--~+20”L - 22—AG22A72+,“+20 (0)
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Besides,
/ ’214 10g6(2)D22A (:C) + 7’2AG22A—2+._,+20 (SU) |d&3
Ioa

1

> 2Alog,(2) — 5od

G22A 24...420 (0)

This means
[Go2ato2a-2y.. a0l = 24108, (2) + [|Goza-2y.. o0 L

1
- 22A G22A 24...490 (0) - O(A)
What can be said about function G,, at the point zero?
n—1 n—k n—1 1
Gn(0) = =N E—n—i—lznloge(n)—i-O(n).
k=1 k=1
So,
1 1
2 22A 2AG22A 24.. +20(0)
1 1
=2 o g (P 12 10g (22477 - 4 27) + 0(1)
1 1 1 2
<2 — . — . 222424 - 1).
Finally,
1
ﬂ||G22A+22A*2+---+20HL
1 2
> log,(2) + QAHG22A 24p20][L — 3 o(1)

1 1
> 2= s lGracsi gl = o(1),
By some easy assumptions we also have
1Fyallz > clogpa.
The proof of the Lemma 2 is complete. 0

Proof of Theorem 4 . We choose a monotonically increasing sequence of positive integers
{nk : k > 1} such that

(3) n% < T+,
k—1
AL Nk
(4) o
= T
First, set
227116-"-23:7 if 0 <z< 2—2nk—2
Un, (1) = § =22 (2 = 270 i 270 < g < g
0, otherwise,
22nk+171

eu0) = X b (2 gt )+ om0 1) = e (o)

Jj=0
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We construct a function f defined as follows. Set
N S (@)
f (.ZU) - ; n. )

where
fr () = @y, (2) signk,, (x)
and
Py = 22" 42272 422 4 20,

wa%ZO<E£ﬁ$)

For every § > 0, small enough there exists a positive integers k such that

272k < § < Q71

First we prove that

Since |pp, (z+9) — p, ()| =0 (522"1) fori=1,2,...,k—1, from (3) and (4) we get
— 1
’f(x+6 ’<Z |fmx+6 fm(x>|+2zaz
1=k

<f”m> o(1) =0 (s

1
Next, we shall prove that t,, (f,0) diverges.
It is clear that

:jm% dt>_/fnk -

k—1

c
Z n. /fm pnk t)dt| — /fm pnk =
i=0 " _k+1
(5) — I —1II—III.
From Lemma 2 we get
(6) == )| B ()] dt > = ||F, ||, > >0
Ry Py, Py, = o WPl = ¢ .
0
Since [4]
1
1,(7) = fllo < e (5.f) tog(n+ )
nJc
and

W @.f) (@ f)

5 5 0<d <o,
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we write

¢ S ()~ £
th(f)—chSlogn; —

—1

c "z_fw(%,f)olog(i+l)
~ logn — n—i -

) Bt

evf);x

1=

22ni .
(fm, 22%) =0 (Q%k) , i=1,2..k—1.

Then from (3), (4) and (7) we get

1
1<czgw (s ) e =

=0

It is easy to have

k-1 2n 2ny
nk‘ 7 nk 2 k—1
(8) (22n E T ) <% —_— ) = 0(1) as k — 00.

=0

Since

n—1
1 1 D]l
E,|l, =0 1] —
il = 0 (32 12

—O( : nZlogn(ﬂtl)>=0<log<n+1>>

logn —

by (3) we have

o m=o( ¥ Lia.,)-o(

) =o0(l) as k — oo.
i=k+1

Nk+1
After substituting (6), (8) and (9) in (5) we obtain
kh_{go ‘tpnk (f0,0) = fo (0)] >0

Theorem 4 is proved. l

Proof of Theorem 5. We choose a monotonically increasing sequence of positive integers
{my : k > 1} such that

(10) 2my_y < my,
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k-1 22ml 22m;c

11 <
(11) ;ml o

We construct a function g defined as follows. Set
g@) =3 g;(@),
j=1

where

First we prove that

(12) 209, =0 (17 )

For every 6 > 0 there exists a positive integer k£ such that

7M. <L § < QT2
Since (I =1,2,....k—1,6 > 0)

1
/ ’D22m1+1 (SL‘ + 5) — D22ml+1 (l‘)’ dx
0

272ml71_6

= / |D22ml+l ({B + (5) — Do2my+1 ($)| dx

0
272ml71

—+ / |D22ml+1 (SL’ + 5) — D22'ml+l (I)’ dx

272m171_6

1-6
+ / |D22ml+l (a: + 5) — D22ml+1 (1‘)| dx

2—2ml—1

1
+ / | Do2my+1 ( + ) — Do2my+1 ()| d
1-6

1
(13) - / Dogmy+1 (2) + | Dozmpir (2 + 8) dw = 22°™H1§,
2_2ml_1—6 1-6
from (10) and (11) we get
/|9(I+5)—g(x)\dx

1
<y L / Dyimgss (2 + 8) — Dymsn ()] d
I
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> 1 ol s L o2m o2
+2) — = ~—|l+0(—
12]; my Z my (mk>

=1

-0 (%) v (i) =0 (sgtm)

tpp, (Z gi)
i=k
k—1 k—1
tpm, (Z gz’) - Zgi
i=1 i=1

(14) =T —1I—1III

which proves (12).
It is evident that

It (9) =9l =

[e.e]
= > lgill, -
L i=k

L

The estimation of ||¢, (g) — g||, is analogous to estimation of ||¢, (g) — g/ (see (7)) and
from (10), (11), (13) we have

k—1 1 1
IIT < Z [y, (96) = 9:ll , = O (Zw (gi’ 22—””) mk) B
L

i=1 i=1

k-1
. my 22mi . my 22m’“*1 .
(15) =0 (22mk 12:1: m; ) =0 (Qka M1 ) =o(1) as k — oo.
From (10) we get
(16) I]<ii—0 L =o0(l) as k— o0
i - me) |

It is easy to have

Consequently, by Lemma 2 we get

o0 o0 1
o (S0)| =2 2l >
i=k L i=k "
1
(17) > Cm_k HFpmk | >c>o0.

Combining (14)-(17) we conclude that
khjgo Ht:nmk (9) — QHL > 0.

O

Proof of Theorem 7. It is well-known that operator S,, is of weak type (L', L'), and of
type (LP, L) for all 1 < p < oo, uniformly in n. This implies the inequality



12 G. GAT AND U. GOGINAVA

(18) 1SNl < ellfllpiogr o + ¢
for all f € Llog™ L. (See for instance the book of Bennett and Sharpley [2]). Since
n—1
15k (f ”L
tn
I (M < oy 2o e

from (18) we get
(19) Itn(llz < el fllprogt 2 +

Later, we will need it. Let (A;) be a sequence of natural numbers, and ();) € I* a sequence
of positive reals. Set

hj = Dyoajer, pa, =24 4224724 ... 420 (jeN).
Obviously, the function h := Z;io Ajh; is an element of L. It is easy to have
tij (hj—&-iax) = Fij (I)

for all i =0,1,.... Consequently, by Lemma 2 we have

pA Z)\]-‘rlh]-H ”L Z/\]-H” PA; HL > CAJ' Z)‘j-i—i > CAj/\j'

i=0
By inequality (19) we also have the upper bound
J
s, O Aj—ihi-i)ll

i=1

J
<D Nilltes byl
i=1

7
<> Nillhy=ill gt + 1)

i=1

J
S C Z Aj—iAj—i-
i=1
By the last two inequalities we get

Ity hllz > cAzh; — e A

i<j

4 1
0, = sup{t >0:90 <T2Qt> > 8?} .

If the set the supremum of which is taken is empty (that is, & < 1/87" for each positive ¢),
then let ¢, := 1 Since the function ¢ is vanishing at plus infinity, then the sequence (9;) is
well-defined. We can define the sequence (A;) and (};) in the following way (A_; := 0):

Let

Ay = max {67, A+ 1,041}, A= —
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Then obviously (A;) € I', and consequently f € L'. Besides,
||tijhHL > cAjN\j — CZ)\iAi > 47" — CZ4i2 > 4’
i<j 1<j
This gives lim sup; ||tijhHL = 00. The rest is to prove that h € Llog™ L§(L). Since

4’[2 4]2
DN = Y P < oo,
i<j i<j J
then we have
2

49
log™ E 224 HL | < log™ CIQQAJ' < cA;.
i<j J

2
We also conclude from A 224 > ) 2241 = 2224541 that the inequality
— J

1
E 924;+1
5 AZQ S 8-72

i<j
holds. Finally, from the above we get
|| h || Llogt L
-y / S22 ogt (S0 n 2240 ) 5 (3T n224 ) da
j=0 7 B2ajei\za;42 g i<j i<j
<1 40, 1
=0 !
<ec.
This completes the proof of Theorem 7. U
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