ON ALMOST EVERYWHERE CONVERGENCE AND DIVERGENCE OF
MARCINKIEWICZ-LIKE MEANS OF INTEGRABLE FUNCTIONS WITH
RESPECT TO THE TWO-DIMENSIONAL WALSH SYSTEM

GYORGY GAT

ABSTRACT. Let |n| be the lower integer part of the binary logarithm of the positive in-
teger n and o : N> — N2, In this paper we generalize the notion of the two dimen-
sional Marcinkiewicz means of Fourier series of two-variable integrable functions as t& f :=
%ZZ;& Sa(in|,k)f and give a kind of necessary and sufficient condition for functions in or-
der to have the almost everywhere relation t&f — f for all f € L1([0,1)?) with respect to
the Walsh-Paley system. The original version of the Marcinkiewicz means are defined by
a(|n|, k) = (k, k) and discussed a lot of authors. See for instance [13, 8, 6, 3, 11].

First, we give a brief introduction to the theory of the Walsh-Fourier series.

Let P denote the set of positive integers, N := P U {0}, and [ := [0,1). For any set E
let £? the cartesian product E x E. Thus N? is the set of integral lattice points in the
first quadrant and I? is the unit square. Let E' = E and fix j = 1 or 2. Denote the j
-dimensional Lebesgue measure of any set F C I by mes(E). Denote the L”(I?) norm of
any function f by [|f]l, (1 <p < o0).

Denote the dyadic expansion of n € Nand 2 € I by n = 3" (n;2/ and 2 = 2 2,277~}
(in the case of x = 2% k,m € N choose the expansion which terminates in zeros). n;, x; are
the i-th coordinates of n, x, respectively. Set e; := 1/2/"1 € I, the i th coordinate of e; is 1,

the rest are zeros (i € N). Define the dyadic addition + as

o0

rHy=> |z —yl27"

Jj=0

The sets I,(x) :={y €1 :yo=20,...,Yn-1 = Tp_1} for x € I | I, := 1,(0) for n € P and
Iy(z) := I are the dyadic intervals of I. The set of the dyadic intervals on I is denoted by
J:={Il.(x):x € I,n € N}. Denote by A, the o algebra generated by the sets I,,(x) (z € I)
and E, the conditional expectation operator with respect to A, (n € N). C denotes a
constant which may be different from line to line.

For t = (t',¢*) € I, b = (b',b*) € N? set the two-dimensional dyadic rectangle, i.e.
two-dimensional dyadic interval

Iy(t) := I (1Y) x L (t%).

For n = (n',n?) € N? denote by E,, = E,1,2 the two-dimensional expectation operator
with respect to the o algebra A, = A, ,2 generated by the two-dimensional rectangles
La(z') X Lez(2?) (x = (2!, 2%) € I?). For n € P denote by |n| := max(j € N : n; # 0), that
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is, 2I"l < n < 2"+ The Rademacher functions on I are defined as:
ro(x) = (=1)"" (ze€l,neN).
The Walsh-Paley system (on I) is defined as the sequence of the Walsh-Paley functions:

d Inl

wn(z) = [ [(ri(z))™ = (=)= (z €I, n €N).

k=0
That is, w := (w,,n € N). (For details see Fine [1].)
Consider the Dirichlet and the Fejér kernel functions:

n—1

n—1
=Y w, K, ZDk, Dy, Ky := 0.
k=0

The Fourier coefficients, the n-th partial sum of the Fourier series, the n-th (C,1) mean of

fe L)
f(n) = / f(@)wn() dz (n € N),

S I =Y 0= [ fasnDu)de = 4 Do),

??‘

ol (4) :=1 S f () = / F(@+ 9) (@) dz = f % Kuly), (n € Py € I).

k=0

N

Moreover, for n € N we have (|10, page 7])

Dy () 2" ifx e I,
n\L) =
2 0, otherwise

and for n € P (|10, page 28])

nl

(1) Zn ri(2)Doi (x

Then, this gives Son f(y) = 27 fln = E,f(y) (n € N). We say that an operator

T:LYI7) — L%(IY) (LO(IJ) is the space of measurable functions on I7) is of type (LP, LP)
(for 1 < p < o0) if || Tf|l, < Cpllfll, with some constant C), depending only on p for all
f € LP(I7) . We say that T is of weak type (L', L') if mes{|Tf| > A}| < C|f|li/A for all
f e LYl’) and A > 0 (j = 1,2). The two-dimensional Walsh-Paley functions, Dirichlet,
Fejér and Marcinkiewicz kernels are defined as follows:

Wi (7) = Wit (2 w2 (2?),  Dpp(z) = Dy (21 Dyp2(2?)  (m € N?),
K () = Ko (21 K2 (2%), M, (7) = %ZDM@) (m e P’ necP),

where x € I?. Moreover, the two-dimensional Fourier coefficients, the m-th (m € N?)
rectangular partial sum of the Fourier series, the m-th (m € P?) (C,1) mean and the n-th
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(n € P) Marcinkiewicz mean of f € L'(I?):

flm) = [ s@pno)d.
SufW)i= 3 3 F K@) = [ fo+9)Due) do
k1=0 k2=0 2
mt—1m?2—1

o) i= s 30 3 Sufw) = [ fat p)Ena)do,

k=0 k2=0
6IW) = 3 Suf) = [ fet M@ ds (e P)
k=0 I

Many papers investigate the behavior of the convergence (and some the divergence) prop-
erties of the two dimensional Fejér means with respect to the trigonometric or the Walsh
system. We mention the papers [7], [4] (trigonometric) and [9], [2] (Walsh-Paley system).
This is another story and also very interesting to discuss the almost everywhere convergence
of the Marcinkiewicz means % Z;:& S;;f of integrable functions with respect to orthonormal
systems. Although, this mean is defined for two-variable functions, in the view of almost
everywhere convergence there are similarities with the one-dimensional case. On the one
side, the maximal convergence space for two dimensional Fejér means (no restriction on the
set of indices other than they have to converge to +o00) is Llog™ L (|4, 2]), and on the other
side, for the Marcinkiewicz means we have a.e. convergence for every integrable functions
(for the trigonometric, Walsh Paley systems).

We mention that the first result is due to Marcinkiewicz [8]. But he proved ,only” for
functions in the space Llog™® L the a.e. relation t,f — f with respect to the trigonometric
system. The ,, L' result” for the trigonometric, Walsh-Paley, and the so called bounded
Vilenkin systems see the papers of Zhizhiasvili [13] (trigonometric system), Weisz [11] (Walsh
system), Goginava [6, 5| (Walsh system) and Gat [3] (Vilenkin systems). Some of these results
(including the proofs) can also be found in [12].

After then, we turn our attention to the generalization of Marcinkiewicz means. Let
a = (a1,a2) : N2 — N? be a function. Define the following Marcinkiewicz-like kernels and
means:

n—1
(6% 1 (0% (6%
M (@) = =3 Doy(inl)(#) Dag(oli(@?), tnf = f+ My (f € L'(I*),n € P).
k=0

The main aim of this paper is to describe the functions a for we have the a.e. convergence
relation ¢& f — f for each integrable two-variable function f.

The following properties will play a prominent role in this investigation project. (#B
denotes the cardinality of set B.) Roughly speaking they will be necessary and sufficient
condition.

(2) #{l e N:o,(|n],l) = a(|n|], k), l <n} < C (k<nnelPj=1,2)
(3) max{«a;(|n|, k) :k<n} < Cn (nelP,j=12).
More precisely, we prove the ,theorem of convergence”

Theorem 1. Let « satisfy (2) and (3). Then we have t&f — f for each f € L*(I?).
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Condition (2) is clearly a necessary one in the following sense. Let ay(|n|, k) = 0, as(|n|, k) =
k for every n,k € N. Then (3) is satisfied and (2) is not. It is very simple to give a function
f € L'(I?) such as t®f — f fails to hold a.e. To construct an o with (2) which fails to
satisfy (3) and a f € L*(I?) such that t2f does not converge to f a.e. is more complicated.

The ,theorem of divergence” aims to show that (3) is also a necessary condition in certain
sense. That is, we prove

Theorem 2. Let v : N — N be any function with property v(4+00) = +o0o. Then there exists
a function « satisfying (2),

max {ay(|n], k) : k <n} < Cn, max{as(|n|, k) : k <n} <Cny(n) (neP)
and f € L*(I?) such that im sup,,cy [t f| = 400 almost everywhere.

Of course it would have been possible to write the conditions as a; < Cnvy(n) and s < Cn.
We give a corollary of Theorem 1.

Corollary 3. Let (a,) be a lacunary sequence of reals, i.e. any1 > anq for some g > 1
(n € N) and a satisfy conditions (2) and a;(n, k) < Ca, (k < an, j = 1,2) (modified
version of condition (3)). Then for every integrable function f € L'(I%) we have

an—1

Z Sal(n,k),ag(n,k)f(‘r) — f(.T)

1

Qn

for a.e. x € I*.

Proof. The proof of this corollary runs as follows. Let b, = [log, a,,] and

~ ~Ja(n, k), if0<k<ay, .
@ (b, k) = {k if a, <k < 20 =12

Then, @& satisfies conditions (2) (trivially) and (3) since for k& < a,, &;(bn, k) = oj(n, k) <
Ca,, < C2%. By Theorem 8 (see in this paper below) it follows that for the maximal operator
t8f .= sup [t3 f| we have mes {tf > A} < C||f|:1/A for all f € L*(I?) and A > 0. Since

an—1 2bn 1 2bn 1

an 1 2bn 1
a_ Z San(n,k)az(nk) | o on Z S (bnk),G2(bn k) f — == Z Sk fs

k=0 k=an

and consequently, [t2 f| < 2[t5,, f| + 2|t12‘§,n [+ 2|t ], then (id denotes the ,identical func-
tion”, ie. id(n,k) = (k,k)) tof < Ct&f + Ct.f. The ordinary maximal Marcinkiewicz
operator is of weak type (L', L') (see e.g. [3|) and this by standard argument [10] completes
the proof of this corollary. O

Now, we turn our attention to the proof of the convergence theorem. Our first main aim
is to prove that the operator t&f := sup,,cp [t2f| is of weak type (L', L'). In order to have
this we need a sequence of lemmas. The first, which - may say - the very base of the proof
of Theorem 1 is the most difficult one. However, the techniques of its proof will also be used
in the proof of the forthcoming lemmas.

Denote for k € N Jp = I}, \ 1 and n® := > 52 ni2% (n,s € N). n® = n,nl"+t = 0.
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Lemma 4. Let a € N. Then

251
33 / sup sup QAZ S Dyttt ) () Doy (22) | dir < €
g 21 Y I xJp2 AZa|n|=A s=t1 | k=0

Proof. First, for fixed t = (t!,t?), s, A we discuss the integral

/ sup
JaxJz In|=A

t

251
Z Dal(A7ns+1+k)(xl)DQQ(A7ns+1+k)(x2) dz.
k=0

Check the function Zi:_ol Doy (Ans+145) (1) Day(ans+11x)(2?) on the set Ju x Jz2. Since
we have 22 € Jp, then by (1) we have |D;(2?)| < 2°° for each j € N and consequently
| Dayamstisg (@2)] < 2. On the other hand, again by (1) for 2! € J1 we have

tt—1

Da1(A,n5+1+k) (fEl) = w[al(A7ns+1+k)]t1+1 (xl) (Z[al(A’ TLS+1 —+ ]{3)]]2‘7 — [O[l(A, TLS+1 —+ k’)}tl 2t1>

7=0
— w[al(A,ns+1+k)}t1+l (1‘1)[041 (A’ n8+1 + k)];l

Apply the Cauchy-Buniakovski-Schwarz inequality:

25—1
/ / p Z DOq(A ns+1+k)( )DO[Q(A777,S+1+IC) (.’])2) dl‘l d:L‘2
J2 Jya In[=A
9 1/2
41
< / 9—t'/2 / Z AmoH k) ( 1)Da2(A,ns+1+k)(9€2) da! dx2
Jy2 Ja |”| k—

), [/ s, Z st sy 1 ()l (4t i ()
+2 Jon

k,l=

1/2
x o (A, + )] for (A, n ™ + D] Dag(ams k) (27) Dag(Ans+111) (xQ)d:z:ll dz* =: B'.

Since n*™! depends only on ng,1,...,n4_1 (recall that ny = 1), then the supremum SUD|y|=4
above also depends only on ngyq,...,n4_1. Thus,



6 GYORGY GAT

25—-1

1 1
DI /J D Wty (@), 4o (@)

t na_1=0 ns+1=0" ¢l k=0

Blg/ 241/2
J,2

1/2
x [ag (A, 0+ k)] [ar (A, n T + l)ﬂlDQQ(A,ns+1+k) ($2)Da2(A,ns+1+z) (2H)dx'|  da?

251

:/J 2—t1/2[ Z Z Z[Oé1(14,n8+1+k3)]:51[041(14,n8+1+l)]~t1

na_1=0 ns4+1=0 k,l=0
2 2
X Dag(A,n5+1+k) (.T )Da2(A7ns+1+l) (l‘ )

1/2

X/ w[al(A,nS+1+k)]tl+1(xl)w[al(A,nS+1+l)]t1+1(xl)dzl dz* =: B*
1

Discuss the integral

[] w[oc1(A,nS+1+k)]tl+1 (xl)w[al(A,nS+1+l)]tl+1 ("ﬂl)dajl-
1

If it differs from zero, then the t' + 1-th, ¢! + 2-th, ... coordinates of a;(A,n*™ + k) and
ai(A,n*™t + 1) should be equal. Since (2) we have that for every k there exists only a
bounded number of I’s for which ay (A, n*™ +k) = a1 (A, n*™ +1). These facts give that for
every k there exists - at most - C'2¢" number of ’s for which this integral is not zero.

Consequently,

1/2

1 1
ST N gt < oA,

t na-1=0 ns+1=0

This means

21
Z Dal(A»”5+1+k)<x1)Daz(A,ns+1+k) (2%)| dr < CV/2A+",
k=0

/ sup
J.1 ><Jt2 |n\:A

t




ON ALMOST EVERYWHERE CONVERGENCE AND DIVERGENCE 7
This inequality immediately gives (a V b = max(a, b))

25—-1

Z Z / sup  sup — Z Z Doy (ans+14r) (2 )Daz(Ams+1+k)(x2) dx

$1=0 241 ¥ i1 X2 AZaV(2=C )||A2 s=tl | k=0

oYY Y v

t1=0t2=t! A=aV(t2—C) s=t!

< CZ Z Z (A—t'+1)V2r-4

t1=0t2=t! A=aVv(t2-C)

<C za: i ((a V) —th)v2t'—(ave?)

t1=0t2=t!
<O Y- VEELCY Y - tVEE<C
t1=0t2=¢! t1=0t2=a+1

This inequality shows that if we want to complete the proof of this lemma, then we have to
discuss also the case sup;s_cs 45,. This follows that t* should be at least a + C. That is, we
have to prove that the following integral is bounded.

25—1

Z Z / SUp - SUp o Z ZDal et (@ )DQQ(A,nsHJrk)(xQ) dr =: B3,

=0 t2=q1C ¥ Ji1 X Jy2 t2—C>A>a|n|=A i | i=0

The method we are going to use in order to discuss B? is the same as we used for the
investigation of B'. The only difference is that in the situation of B! we used the estimation
| Dy A+ (27)] < 2" and in the case of B® we use - by the help of (3) and the formula
of the Dirichlet kernel D,, (1) - the estimation |De, 4 ns+145) (2%)] < C24. The other steps of
this process are the same. That is,

1/2
1 /

1
<Y Y / ZQAZQ S LY guigpagerigt| g2

t1=0t2=a+C J2 A=q s=t1 ng_1=0 ns41=0

_ CZ&: i tz ZA:Q—ﬁ—A—tlxwm

t1=0t2=a+C A=a s=t!

a oo t?-C A
—C Z Z Z Z 2A/2+t1/27t2

t1=0t2=a+C A=a s=t!

a 0o t2-C
<C> DT D (At gyt

t1=0t2=a+C A=a
<CZ Z — 12t <
t1=0t2=a+C

This completes the proof of Lemma 4. O
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In the sequel with the application of Lemma 4 we prove the main tool with respect to
the maximal Marcinkiewicz-like kernel in order to prove that the maximal operator t$ is
quasi-local (for the definition of quasi-locality see e.g. [10, page 262|) and consequently it is
of weak type (L', L').

Lemma 5. Let a € N. Then

/ sup |M(z)|dx < C.
12\(IaxIa)

n>a—C

Proof. For t' < a—1,t* > t' and z € Ju X J by (1) and (3) it is clear that

|D011(A7n5+1+k)(xl)Da2(A7ns+l+k)(x2)| S 02t1+(t2/\A)‘

This gives

25—1
1 2
Doy (ans+141) () Dag(ans+14n) (27) | d
1= ¢2=¢1 Y Ji1 X Jy2 Aza—Cln|=A k=0

a t
<> i /J sup QLA ;2””*“““%

t1=0t2=¢1 +1 XJtQ AZG‘_C

a oo 1
1,42 1
Sup 22t +te—A + E E — 22t
A>a—C 2t +t
= t1=0t2=a—-C

a [e8) t!
>3 sw sw %Z
1

a

a—C 1
<D D omw

t1=0t2=t!

a

a—C a 00
S 9D SEERNS) Sl Sl e
t1=0 2=¢1 t1=012=a—C
This by equality
A 251

Zns Dal(A,nS+l+k) (I'I)DQQ(A’ns+1+k) ($2)
s=0 k=0

M (x) =

S|

and Lemma 4 immediately gives

Z Z /J sup |M(z)|dx < C.

=0 2= ¥ J1 X Jp2 nza—C

Similarly, we can also have

Z Z /J sup |M3(z)|dx < C.

2—0 =2 Y J1 xJp2 n2a—C

If we prove the almost everywhere relation
P\ (I, x 1) C (U U Jo x Jt2> U (U L Jn x Jt2> = J' 7
t1=0 £2=t1 £2=0 t1=¢2
then the proof of Lemma 5 would be complete. This will be quite easy. Let x = (2!, 2?%) €
I?\ (I, x I,). Then, either x! or z? (or both) is not an element of I,. Say, ' ¢ I,. Then
x € Ju for some t! < a. If 2% € I, and 2? # 0, then x € J'. If 2! € Ju and 2* ¢ I, then
z' € Ju and 2% € J2 for some t',t? < a. For t> > t' we have x € J' and for ¢! > ¢? we have
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x € J2. This procedure can be done if x', 22 # 0. The set of the points z = (z!, 2?), where
either ' = 0 or z? = 0 is a zero measure set, so the a.e. relation 1%\ (I, x I,) C J' x J? is
proved. That is, the proof of Lemma 5 is really complete. 0

Corollary 6. Let n € P. Then
Mg < C.

Proof. By Lemma 5 we have

/ My < C.
P\(I) x1))

Besides, (3) and (1) gives

M)l < Z|Da1 (1) ()] Dyl ) (& )|<C 22‘”‘ 2"l < o2,
kO

Hence,

/ Mo < C
T %1

and this completes the proof of Corollary 6. O

Now, we can prove that the maximal operator t¢ is quasi-local (for the definition of quasi-
locality see e.g. [10, page 262|) and then a bit later the fact that it is of weak type (L', L1).
In other words:

Lemma 7. Let f € L'(I?), supp f C I,(u') x I,(u*), [ f =0 for some u € I* and a € N.

Then
/ £ ¢ (z)dz < C|| .
I2\ (I (ul) x 1o (u?))

Proof. From the shift invariancy of the Lebesgue measure we can suppose that u! = u? = 0.
If |n| < a— C for some fixed constant C' > 0 depending only on a1, s, then we have by (3)
that ai(|n|, k), a1(|n|, k) < 2% for every k < n. Consequently, the kernel M%(z', x?) (which
is a linear combination of two-dimensional Walsh-Paley functions w;; with j, k < 2%) is A, 4
measurable. This implies

0w = [ @M +ade=Mz) [ flayde=o.

Iox1Iq

That is, |n| > a — C can be supposed. By the theorem of Fubini and Lemma 5 we get

/ o — / sup [t
2\12 2\12 |n|>a—C

- / sup | [ F(@)M2(y + z)daldy

2\12 |n|>a—C JI2

f@I [ s s <€ [ (7@lde=
12 12\12 |n|>a—C 12
This completes the proof of Lemma 7. U

Theorem 8. The operator t& is of weak type (L', L') and it is also of type (LP, LP) for all
1<p<Loo.
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Proof. Now, we know that operator t¢ is of type (L*°, L*°) which is given by Corollary 6
and it is quasi-local (Lemma 7). Consequently, to prove that operator t& is of weak type
(L', L') is nothing else but to follow the standard argument (see e.g. [10]). Finally, the
interpolation lemma of Marcinkiewicz (see e.g. [10]) gives that it is also of type (L?, L?) for
all 1 < p < 0. 0

Proof of Theorem 1. Next, we turn our attention to the proof of the theorem of convergence,
that is, Theorem 1. This is also a trivial consequence of the fact that the maximal operator
t is of weak type (L',L') and the fact that Theorem 1 holds for each two-dimensional
Walsh-Paley polynomial (which is also very easy to see). O

Next we turn our attention to the divergence project. In the sequel we give some necessary
preliminary assumptions.

In order to prove the divergence theorem, that is Theorem 2 we need several lemmas
and some preliminary assumptions. In one of the final steps of the construction of the
counterexample function we will need an almost everywhere convergence result with respect
to some ,absolute Marcinkiewicz” means. Recall that M, = %ZZ;& Dy, denotes the nth
(original) Marcinkiewicz kernel and ¢, f = f * M,, the nth Marcinkiewicz mean of function
f. Set t,f := f * |Myn|. We prove for the maximal operator , f := sup; |tz f| the following
lemma.

Lemma 9. Operator t, is of weak type (L', L") and it is of type (LP, LP) for 1 < p < co.

Proof. The proof that Z, is of type (L, L) is quite easy. It comes from the fact that
|Mae||1 < C (see e.g. [3]) as

Eeflloe < 1 fllsoll Mazlls < Cll -

Next, we prove that ¢, is quasi-local. Recall the definition of quasi-locality. Let f € L'(I?),
supp f C I(u') x Ix(u?), [,» f = 0 for some u = (u',u?) € I?. Then we have prove

/' i.f < Clflh.
I2\[I; (wh) x I (u?)]

(For more on quasi-locality see the book [10, page 262|.) This means that £, is quasi-local.
By the shift invariancy of the Lebesgue measure it can be supposed that u! = u? = 0. If
L <k, then

ff() = [ f@Matrolde = [ f@Maly+alde = M) [ flayds=o.
I, <1, Iy x 1y,

In [3, Lemma 3| one can find

[, i
I

2\ 12 n>2k

and consequently,

[ swiiu| <0
I

2\1,3 L>k
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of course. By the above written L > k can be supposed. This gives
f(@)|Mae (y + x)|dx

/ tf = sup
I\I2 IP\IZ L2k |J 12

S/ | f ()] sup | My (y + z)|dxdy
I2\I2 J T2 L>k

dy

_ /I F@)] [ sup|Mye(2)|dzdz < C|f]]r-

IP\I} L=k

That is, the sublinear operator #, is quasi-local and it is of type (L, L>=). By standard
argument [10] it follows that it is of weak type (L', L'). The Marcinkiewicz interpolation
theorem gives that #, is of type (L?, L) for every 1 < p < oco. This completes the proof of
this lemma. O

For L € Nlet ¢, : I*> x I — {2 € C: |z| = 1} be Lebesgue measurable and also suppose
that Ep, p¢r(x,y) =0 for all z,y € I?. (The conditional expectation operator Er 1 is taken
with respect to variable x € I?%.)

Define the following operator:
1) = [ F@)on(e)Mos(y+ )ds
I

and its maximal function t¢f := sup, \t;bf f|- In the sequel we prove

Lemma 10. Operatort? f is weak type (L', L*) and it is of type (L?, LP) for every 1 < p < oo.
Moreover, limy_, | tgff =0 a.e. forall f € LY(I?).

Proof. Since |¢r| = 1, then we have

25(0) < sup [ 1F@IMae (y +)ldz = 1100

and by Lemma 9 we have
mes(t7f > ) < mes(t] f| > ) < CllIf[I[ /A= Cllfll/A

and

1£2 71l < 1811l < Colllf 11l = Coll £1l,.
That is, operator t f is of weak type (L', L!) and it is of type (LP, L?) for every 1 < p < oo.
Now, we are to prove the a.e. equality limy ., tfff = 0.

This equality holds for every two-dimensional Walsh polynomial P since if for instance
P € Poror (Pvv = {22 o npenr GkWik)), that is, P is Ay 1 measurable, then for N > L we
have

t53 P(y) = Eoo[P()on (- y)Max (y + )] = Eoo(Enn[P()on (- y) Mo (y +.)])
= Eoo (P()Mon(y +.) (Ennon(.,y))) = 0.

Since the maximal operator sup; [t? f| is of weak type (L', L!), then by standard argument
[10] we have that limy, t?L f = 0 a.e. for every f € L*(I?). O
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Let a/2,7 € N and define a subset of the set of two-dimensional intervals J x J:
Jor (1) = {IL(:cl) x I, 1 (z?) : g _r<L< g} (x € I?).

It is easy to have (Ju-(2) = Is(2') X T2, (2%), mes((Jar(2)) = 27%77. Moreover, F €
Jor(x) implies mes(F) = 27

We remark that since

a/2 a/2
U [L<w1) = a/2—7—(x1)7 U [a7L<:C2) = a/2($2)7
L=a/2—7 L=a/2—7

then the smallest dyadic rectangle containing |JJ,,(2) is Ioja—r(2") X I,/2(2?). Then, we
prove:

Lemma 11. mes(|JJ,,(z)) = 1+2+/2

Proof. Denote (for the sake of this proof, only)

a/2—1+k
[p = mes U Ip(z') x I,_p(2?) (k=0,1,...,7).
L=a/2—1
Then for k£ > 1 we have
a/2—1+k—1
f = pi—1 +mes (Lo rip(2") X Ipjoyr—g(2?)) — mes U Loprsrla?) x L_p(2?)
L=a/2—T

= k-1 + 27 — mes(ja/277'+k(xl) X Ia/2+77k+1 (l‘2))
= [lp_1 + 2—a - 2—(1—1 = [th1 + 2—@—1‘

This gives

1 2
mes(U Jar(@)) = iy = o+ 727071 =270+ 72797 = —;Z/ _

This completes the proof of Lemma 11. O

Let (a,) and (7,) be strictly monotone increasing sequences of natural numbers (besides,
a, is even) satisfying

(4) an-1/2 < an/2—71, (1<neN).
Define the sets J,, -, (t), Qa, -, (t) recursively (¢t € I*,n € N):

ao/2

Jag,0 1= {t}, Qag,m (t) == Ujaoﬂ'o (t) = U ]L(tl) X Iao—L<t2)'

L=ap/2—79
Suppose that J,, -, (t), 4, -, (t) are defined for j < n. Then decompose

n—1

(Iao/2—7—0(t1> X Iao/Q(t2>) \ U Qajﬂ'j(t)

J=0
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as the disjoint union of dyadic rectangles of the form I, o, (z') x I,, o(2?). (By (4) it is
possible to do.) Take from each dyadic rectangle an element to represent. The set of z’s
corresponding to these rectangles is J,, -, (). That is,

n—1
(Iao/QfTo(tl) X [ao/2(t2)) \ U Qajﬂ'j (t) = U Ian/Qan(xl) X [an/2(x2)
j=0

IeJanJ’n (t)

Vo) = | JTanr ().

erﬂnﬂ'n (t)
In the sequel we prove the following a.e. relation:

Then,

Lemma 12. [f Y 7 Io = 400, then the following a.e. equality holds

n=0 2™

Iao/2*To(t1> x [ao/2(t2> = U Qapra (1)
n=0

Proof. Determine the ,filling ratio” of the set €2, -, (). For n = 0 this is equal to

mes(U up (1)) _ERE 241
meS<Iao/2—T0(t1) X [ao/Q(tz)) 55 2n+1

290

Taking account the procedure of the construction of the sets €2, -, (t) we have that when we
step from n—1 to n, we decompose the ,remaining part” of the rectangle Io, j2—r, (£1) X L5y 2 (£2).
In other words, denoting

24T,
/Bn = 27'n+1 ) Hn = meS(QanyTn (t)) (n € N)
we get
1 2 27
o = Bomes(Lqy/2—r (1) X Ia0/2<t ) = ﬁo% =: Bop—1

H1 = 51(#—1 - ,uo)
M2 = ﬁz(ﬂ—l — Mo — Ml), e
,U/nzﬁn(:u—l_ﬂ(]_"'_un—l) (1STLEN)

By induction (with respect to n) we prove that

n—1 n—1
H—1 — Zuk = H(1 - ﬁk) CH—1-
k=0 k=0

If n = 0, then both sides are p_; (empty sum is zero, empty product is one). Suppose that
we have this equality for every nonnegative integer up to n — 1. Then prove it for n in the
following way:

n—1 n—1
fn = Bu(pioy = Y ) = B [ (1 = Br)pis.
k=0 k=0
Thus,
n n—1 n—1 n—1 n
por =Y e =por— Y gk — = [ [ = Be)por = B [ [ = Bo)p—r =[]0 = Be)ps.
k=0 k=0 k=0 k=0 k=0

That is, the equality is proved.
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Since > 77, B = Zk 0 22:;% = +o00, then we have [[;~,(1 — 3;) = 0 and consequently
lim,, oo (ft—1 — Y24—¢ pux) = 0. This can be verified easily for instance as (3, — 0);

0 < H - ) R SR SN
- k n — n — n .
Hk =0 1= m Hk:o(l + f—%k) [0+ Br) = Do Be

Recall that p, = mes(Q,, -, (t)) and also the fact that sets €, . (t) (n € N) are disjoint.
This gives

mes <[a0/2—7'0 (t') X Loy pa(t?) \ U Qa, (t)) = g — Z'uk =0.
k=0

n=0

This completes the proof of Lemma 12. O

Let t = (Z;“):/OZ P el 10271 1262) ¢ 12 Lemma 12 gives

I’ = U U Qan,Tn (t) = U U Qan,Tn(t)

t} 7ti€{071} n=0 teT n=0
j<ao/2—70,k<ao/2

After then, we define functions f,,(z) : I* — [0, +00) as

fur(z) = 7,27, if there exists a t € T,n € N,y € J,, . (t) such that x € (T, - (Y).
“r B 0, otherwise.

In other words, denoting by 15 the characteristic function of set B C I? we have

for(z ZZ Z Tn2m11a 72 x1ay, joqr, (y 2)(1:)'

tET n=0 yE.Jay 7y (1)

Since functions f,  will serve as fundamental functions in the counterexample function, then
it is necessary prove that they are Lebesgue integrable.

Lemma 13. For all (ay,), (7,,) above we have




ON ALMOST EVERYWHERE CONVERGENCE AND DIVERGENCE 15

Proof.

/p for@lde =33 > 27 mes(ly, uxts, air, 60 = 1)

teT n=0 yeJu, , (t)

=>.>. 2 w2 mes(()Ja,n(®)

teT n=0 ycJa,,ry, (t)

DI -

2
tGT n:O yet]anﬂ'n (t) Tn

<> Y 2mes(|%an ()

teT n=0 yeJﬂnﬂ'n (t)

=2 Z Z mes(Q,,, -, (1))

teT n=0

= 2Zmes(la0/2_m(t1) X ]ao/2(t2)) = 2mes(I?) = 2.

teT

mes(|_JJa, 7. (v))

The following lemma also plays a prominent role in verifying that the counterexample
function (will be given later) is really a counterexample function.

Lemma 14. Let (a,),(7,) and set T as above. Then, for almost every x € I there
exists a unique t € Tyn € Nyy € J, . (t) such that x € Ip(y') x I,,_r(y?) for an
Led{a,/2 —Th,an/2 — 1+ 1,...,a,/2}. Besides,

2L 1

1
(5) o > St far(r) = T0fd > 1o /4.
k=0

Proof. Recall the a.e. equality

re | Q1)

teT n=0

The construction of the sets Q,, .. (t) immediately gives that z € Ir(y') x I,,_1(y?) for
an L € {a,/2 —Tp,a,/2 — T, +1,...,a,/2} for a unique t € T,n € Ny € J,, .. (t). The
only thing to prove is relation (5). This will be an easy consequence of the fact that f, , is

nonnegative everywhere and so do the one-dimensional kernels Kyr, Dya,— (for this see e.g.
[10, page 47]).



16 GYORGY GAT

<6>
o Z Spaani far(T)

= far (2) Kor (@' + 2") Doan—r(2* + 2°)dz"d=*
IxI

= Z Z Z T2 / 1]an/2(vl)><1an/2+7_n(y2)(Z)KQL(371 + 2Y) Doan-1(2? 4 2%)d2' d2?
IxI

teT n=0 veJy,, m (t)

> 7,2™ / L1, o) %I, oy, (v2) (2) Kot (2" + 2Y) Dgan—r (2% + 2%)dz"d2?
IxI

= 7,2™ / Kor (2! 4 2Y) Doan—1 (2* + 2%)d2' d2>.
an/Z( )Xlan/2+7'n(y )

Since z! + 2! € I}, then we have Koo (2! + 2') = LQ_I (see [10, page 47]). Consequently the
right side of (6) equals with
2l —1
TnT”/ 5 20~ Ldtd? > 1, /4.

Ian/Z(yl)XIan/2+Tn (yQ)

Recall that a,/2 — 7, < L < a,/2 and consequently, a, — L < a,,/2 + 7, Thus 2? + 22 €
I, 1, Doan—r(x? 4 2%) = 2%»~L This completes the proof of Lemma 14. O

Finally, we give the construction of the divergence example.

The proof of Theorem 2. Let sequences (ay), (7,) be defined as above and define the

following sequences:

0

0= (10, T15--- ), @ = (ag,as,...),

7= (T, Tht1, - - ), @' = (Qk, Qpy1, ... ), where k:=min{j e N:7; >} ieP.
It is very obvious by Lemma 13 that f := Y .7° 5/ € L'(I?). Moreover, |f[li <
2y L <t

Fix an ¢ € P. Use the notation 7° = (13, 7{,...),a’ = (a},a},...). Then let

‘ ab/2—7é-1 ab/2—1 A ‘ ‘
T'={t=( >t Z trer) it th € {0,1},j < ah/2 — 70,k < aj/2
j=0

Apply Lemma 14 with respect to sequence a = a’. Then, for a.e. z € I* (we have

2 = Ueri UnZo Qi i (2) a.e.) there exists a unique ¢ € T',n € N,y € Jyi ;i (t) such that
el (y') x Iy _(y?) foraal /2 — 1) < L <al/2.

By using the fact that each fui -+ and one-dimensional kernels Kyr, D, _, are nonnegative
everywhere by (5) in Lemma 14 we have

oL 1 2L 1

11 1,
5L Z Sy gt S (2) = 5L Z Sy gaiv—r faizi (T) > i—270/4 > /4.
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Since a’, = ag, 7! = 7 for some k € N and
ar1/2 < ap/2 — T =a,/2 — 7. < L <a /2 =ay/2 < ar1/2 — Thy1,

then we have that for each L € N there is maximum one a’, such that o’ /2 — 7! < L < al /2.
Therefore, this a!, can be denoted as A(L). Denote the set of L’s arisen from this process

above by A.

Consequently, we get

2L 1

(7) lim sup or Z Spoaw-1 f(x) =

LeA,L—+o0

almost everywhere. Let aq(L, k) = k, ag(L, k) = 241 4k (0 < k < 2, L € A). For the
Marcinkiewicz-like kernel M7 (z) we have
2l—1

2:(2) = 5F Z Dy (2") Dyacry-144(2°)

2L 1 2L 1

2L Z Dk DQA(L) L Z Dk TA ( Q)Dk(zg)'

Recall that A(L) — L = a!, — L > L and therefore EL,LTA(L)_L(I +z) = 0. By Lemma 10 we
have that

lim f( )’I"A (L)— L($ + Z)MzL (ZIZ‘ + Z)d =0

LeAN,L—+0
a.e. for each f € L'(I?). This equality with (7) gives

limsup |t5: f| = +o00
LeAN,L—+o0

a.e. Moreover, let o;(L, k) = k for L ¢ Ak < 2L (j = 1,2). For L € A we also have
a2é€’k) < 2A(L;ZL+I“ < 22l 1 1 < 22 4 1. Since 7! =74 for some k, a’ /2 — 7. < L < a’ /2
and the strictly monotone increasing sequence a can be as big as we want with respect to
7, then they can be given as 227 4+ 1 < ~(2%). That is, % < v(2F) for all L € N and
7 =1,2. This completes the proof of the divergence Theorem. O
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