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Abstract Two equivalent sufficient conditions are given for the completeness of classes
of finite automata with respect to the isomorphic simulation under the α2 − ν2-product. It
is conjectured that these conditions are also necessary with respect to the isomorphic or
homomorphic simulation too.

Keywords Product of automata · Homomorphic simulation · Letichevsky criterion

1 Introduction

The concept of general product was introduced by Gluškov [12]. The family of αi −ν j -prod-
ucts was described by Gécseg and Jürgensen [10]. It originates from the family of αi -products
introduced by Gécseg [7–9] and the family of νi -products defined by Dömösi and Imreh [3].
Dömösi [1] showed that a class of finite automata is complete with respect to the isomorphic
or homomorphic simulation under the α2 − ν3-product if and only if it has the same property
under the general product. Dömösi and Ésik [2] proved that the ν2-product (and thus, for
every nonnegative integer i, the αi − ν2-product) does not have this property with respect to
the homomorphic simulation (and thus with respect to the isomorphic simulation either).
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398 P. Dömösi, G. Maróti

In this paper, along the same line of research, we give sufficient conditions for the com-
pleteness of classes of finite automata with respect to the isomorphic simulation under the
α2 −ν2-product. We also conjecture the necessity of this condition with respect to the homo-
morphic simulation (and thus with respect to the isomorphic simulation, too).

2 Preliminaries

For all notions and notations not defined here we refer the reader to the books [5,9,11]. By an
automaton we mean a finite deterministic automaton A = (A, X, δ) (without outputs) with
a nonempty finite set of states A, a nonempty finite set X of inputs, and transition function
δ : A × X → A. We also use δ in an extended sense, i.e., as a mapping δ∗ : A × X∗ → A,

where δ∗(a, λ) = a (a ∈ A) and δ∗(a, px) = δ(δ∗(a, p), x) (a ∈ A, p ∈ X∗, x ∈ X). In
the sequel we shall simply write δ for δ∗.

Each automaton can be considered as an algebra with unary operational symbols (cor-
responding to each input letter). Therefore, notions such as subautomaton, homomorphism,
isomorphism can be defined in the natural way. We say that an automaton A homomorphically
(isomorphically) represents an automaton B if A has a subautomaton which can be mapped
homomorphically onto B. The central notions here are those of homomorphic and isomor-
phic simulations. An automaton A = (A, X, δ) homomorphically simulates the automaton
B = (A′, X ′, δ′) under a surjective mapping τ1 of a subset B of A onto A′ and a mapping
τ2 of X ′ into X∗ with τ1(δ(b, τ2(x))) = δ′(τ1(b), x) (b ∈ B, x ∈ X ′). (It is understood
that δ(b, τ2(x)) ∈ B holds for every pair b ∈ B, x ∈ X ′.) If τ1 is bijective then we speak
about isomorphic simulation. Sometimes we say that A homomorhically (isomorphically)
simulates B if it does it under some mappings τ1 and τ2.

Let Ai = (Ai , Xi , δi ) be automata where i ∈ {1, . . . , n}, n ≥ 1. Take a finite nonvoid
set X and a feedback function ϕi : A1 × · · · × An × X → Xi for every i ∈ {1, . . . , n}.
The general product (or Gluškov-type product) of the automata Ai with respect to the
feedback functions ϕi (i ∈ {1, . . . , n}) is defined to be the automaton A = A1 × · · · ×
An(X, (ϕ1, . . . , ϕn)) with state set A = A1 × · · · × An, input set X and transition function
δ given by δ((a1, . . . , an), x) = (δ1(a1, ϕ1(a1, . . . , an, x)), . . . , δn(an, ϕn(a1, . . . , an, x)))

for all (a1, . . . , an) ∈ A and x ∈ X. In particular, if A1 = · · · = An then we say that A is
a (general) power. In the special case n = 1, we have A = A1(X, ϕ1), and we speak of a
single factor product.1

We shall use the feedback functions ϕi , i = 1, . . . , n in an extended sense as mappings
ϕ∗

i : A1 × · · · × An × X∗, where ϕ∗
i (a1, . . . , an, λ) = λ and ϕ∗

i (a1, . . . , an, px) =
ϕ∗

i (a1, . . . , an, p)ϕi (δ1(a1, ϕ
∗
1 (a1, . . . , an, p)), . . . , δn(an, ϕ∗

n (a1, . . . , an, p)), x),

ai ∈ Ai , i = 1, . . . , n, p ∈ X∗ and, x ∈ X. In the sequel, ϕ∗
i (i ∈ {1, . . . , n}) will also

be denoted by ϕi .

Several families of products can be derived from the general product by defining restric-
tions on the feedback dependency. Thus, for example, A is called cascade product or α0-
product if for every i ∈ {1, . . . , n}, ϕi does not depend on its j th state variable if j ≥ i.
In general, A is an αi -product (i = 0, 1, . . .) if each ϕt (t = 1, . . . , n) is independent of
the input component and its j th state component ( j = 1, . . . , n) whenever j ≥ t + i. In
particular, if A is an α0-product, then we often give the system of feedback functions in

1 Note that a single factor product is different from its factor in general.
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On α2 − ν2-products of automata 399

the form ϕ1 : X → X1, ϕ2 : A1 × X → X2, . . . , ϕn : A1 × · · · × An−1 × X → Xn .2

If i is a positive integer for which every ϕt (t = 1, . . . , n) depends on its input variable
and not more than i state variables, then A is a νi -product. In addition, an αi − ν j -product
(i = 0, 1, . . . , j = 1, 2, . . .) is an αi -product that is also a ν j -product.

Given a nonempty class K of automata and a type β of the Gluškov-product (includ-
ing the general product), we say that K is complete with respect to the homomorphic
(isomorphic) representation/simulation under the β-product if every finite automaton can
be represented/simulated homomorphically (isomorphically) by a β-product of automata
from K.

Theorem 1 (Letichevsky Decomposition Theorem) [14] A class K of automata is complete
with respect to homomorphic representations under the general product if and only if there
exists an automaton A = (A, X, δ) ∈ K which has a state a0 ∈ A, two input letters x, y ∈ X
and two input words p, q ∈ X∗ for which

δ(a0, x) �= δ(a0, y), and δ(a0, xp) = δ(a0, yq) = a0. (1)

We refer to the above property (1) as Letichevsky’s criterion. If K is a class of auto-
mata containing an element having Letichevsky’s criterion then we also say that K satisfies
Letichevsky’s criterion. This well-known criterion [14] can be used not only for the charac-
terization of complete classes with respect to homomorphic representations under the general
product but for the description of complete classes with respect to isomorphic and homo-
morphic simulations, too [5].

The well-known sharpness of the Letichevsky Decomposition Theorem is due to the fol-
lowing statement by Z. Ésik.

Theorem 2 [6] A class K of automata is complete with respect to the homomorphic repre-
sentation under the α2-product if (and only if) it is complete with respect to homomorphic
representations under the general product. Therefore, K has these properties if and only if it
satisfies Letichevsky’s criterion.

A direct consequence of this result is that a class K of automata is complete with respect to
homomorphic simulation under the α2-product if it satisfies Letichevsky’s criterion. (Because
the class of automata not having the condition (1) is closed under general product and homo-
morphic simulation, the reverse of this statement can be shown easily.)

On the other hand the following two theorems hold.

Theorem 3 [2] There exists a singleton class K of automata which is complete with respect
to homomorphic representation under the general product but not complete with respect to
homomorphic simulation under the ν2-product.

Theorem 4 [1] A class K of automata is complete with respect to homomorphic simulation
under the α2 − ν3-product if (and only if) it is complete with respect to homomorphic rep-
resentations under the general product. Therefore, K has these properties if and only if it
satisfies Letichevsky’s criterion.

For every positive integer n ≥ 1, denote by Tn = ({1, . . . , n}, Tn, δn)) the automaton
for which Tn is the set of all transformations over {1, . . . , n} and δn(k, t) = t (k) for any
k ∈ {1, . . . , n} and t ∈ Tn .

2 A feedback from a factor to itself is considered to be of length 1. Thus, in a sequence of automata, a feedback
of length 2 is understood to be to the preceding factor.
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400 P. Dömösi, G. Maróti

Given a positive integer n, consider the subautomaton T ′
n = ({1, . . . , n},

{t1, t2, t3}, δ′
n) of Tn, where,

t1(k) = k + 1, k = 1, . . . , n − 1; t1(n) = 1,

t2(1) = 2; t2(2) = 1; t2(k) = k, k = 3, . . . , n,

t3(1) = t3(2) = 1; t3(k) = k, k = 3, . . . , n.

It is proved in [13] (but it can also easily be shown directly) that T ′
n isomorphically sim-

ulates Tn . On the other hand, it is clear that for any positive integer n > 2, every automaton
having not more than n states can be simulated isomorphically by Tn . Since the isomorphic
simulation (as an operation on automata) is obviously transitive, we can derive the following.

Fact 5 Given a positive integer n > 2, the automaton T ′
n isomorphically simulates every

automaton having not more than n states.

3 Automata with control words

We shall use some structures defined in [4,5].
Let a = a1 . . . ama0 and b = b1 . . . bnb0 denote nonempty words over an alphabet A

having the following properties:

(1) a0 = b0, the letters of a are pairwise distinct, the letters of b are pairwise distinct, and
b1 does not occur in a;

(2) if a = wxy and b = w′xy′ is any factorization with a letter x and nonempty words
w,w′, then y = y′ (w,w′ ∈ A+, x ∈ A, y ∈ A∗);

(3) m ≤ n (and n > 0), or equivalently, |a| ≤ |b| (and |b| ≥ 2).

Given a and b as above, define control words u = u1 . . . us and v = v1 . . . vs as follows:

(4) u1 . . . us =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a0
n+1 if m = 0,

(a1 . . . ama0)
k if m + 1 | n + 1, m �= 0,

n + 1 = k(m + 1),

a1 . . . ama0b1 . . . bna0 if m + 1 � | n + 1,

(5) v1 . . . vs =

⎧
⎪⎨

⎪⎩

b1 . . . bna0 if m + 1 | n + 1 (including

the case m = 0),

b1 . . . bna0a1 . . . ama0 if m + 1 � | n + 1.

The following lemma can be derived from (1) and (2).

Lemma 6 [4,5] Given control words u, v, for all 1 ≤ i, j ≤ s − 1 we have

(1a) ui = u j �= a0 implies ui+1 = u j+1,

(2a) vi = v j �= a0 implies vi+1 = v j+1,

(3a) ui = v j �= a0 implies ui+1 = v j+1.

4 Results

Next we consider automata having Letichevsky’s criterion and some additional properties.

Lemma 7 Let A = (A, X, δ) be an automaton having a state a0 ∈ A, two input letters
x, y ∈ X and two input words p, q ∈ X∗ for which
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On α2 − ν2-products of automata 401

(1b) δ(a0, x) �= δ(a0, y) and δ(a0, xp) = δ(a0, yq) = a0;
(2b) if p′z1 with p′ ∈ X∗, z1 ∈ X is a prefix of xp and q ′z2 with q ′ ∈ X∗, z2 ∈ X is a

prefix of yq for which δ(a0, p′) �= δ(a0, q ′), δ(a0, p′z1) = δ(a0, q ′z2), then z1 = z2.

Then there exists an a0 ∈ A, x, y ∈ X, p, q ∈ X∗ satisfying (1b) for which

(3b) for each pair of distinct nonempty prefixes p′ and p′′ of xp, δ(a0, p′) �= δ(a0, p′′);
(4b) for each pair of distinct nonempty prefixes q ′ and q ′′ of yq, δ(a0, q ′) �= δ(a0, q ′′);
(5b) there exists at most one pair p′z1 and q ′z2 of words, where p′ ∈ X∗, z1 ∈ X is a

prefix of xp and q ′z2 with q ′ ∈ X∗, z2 ∈ X is a prefix of yq for which

δ(a0, p′) �= δ(a0, q ′) (2)

and

δ(a0, p′z1) = δ(a0, q ′z2). (3)

Furthermore, if (2) and (3) hold, then z1
′ = z2

′.3
(6b) If p′z1 is a prefix of xp with p′ ∈ X∗ and z1 ∈ X, moreover, q ′z2 is a prefix of

yq with q ′ ∈ X∗ and z2 ∈ X, and δ(a0, p′) = δ(a0, q ′), then z1 = z2 (and thus
δ(a0, p′z1) = δ(a0, q ′z2)).

(7b) If p′z1 is a prefix of xp with p′ ∈ X∗ and z1 ∈ X, moreover, q ′z2 is a prefix of yq
with q ′ ∈ X∗ and z2 ∈ X, then δ(a0, p′) = δ(a0, q ′) and δ(a0, p′z1) = δ(a0, q ′z2)

implies z1 = z2.

Proof Suppose (1b) and (2b) hold. We start by proving that (7b) can be assumed. First we
observe that if xp = p′z1 p′′ with p′, p′′ ∈ X∗ and z1 ∈ X, moreover, yq = q ′z2q ′′ with
q ′, q ′′ ∈ X∗ and z2 ∈ X, then δ(a0, p′) = δ(a0, q ′) and δ(a0, p′z1) = δ(a0, q ′z2), and then
because of δ(a0, x) �= δ(a0, y), p′ = q ′ = λ is impossible, we get z1 = z2.

If p′ �= λ then we can replace xp with p′z2 p′′ so that all of the properties (1b)–(6b)
remain true.

Similarly, if p′ = λ then q ′ �= λ and thus we can replace yq with q ′z1q ′′ so that all of the
properties (1b)–(6b) remain true.

Thus, indeed, we can assume (7b).
Next we consider an automaton A = (A, X, δ) with a state a0, input letters x, y ∈

X, input words p, q ∈ X∗ having the properties (1a)–(2a). Put x1 = x, y1 = y
and x1 p = x1 · · · xm+1, y1q = y1 · · · yn+1 ∈ X∗ (x1, x2, . . . , xm+1, y1, y2, . . . ,

yn+1 ∈ X, m, n ≥ 0).

By (1b), δ(a0, x1) �= δ(a0, y1), δ(a0, x1 · · · xm+1) = δ(a0, y1 · · · ym+1) = a0 and
xm+1 = ym+1 = z.

By (2b), for every i = 1, . . . , m, j = 1, . . . , n, δ(a0, x1 · · · xi ) �= δ(a0, y1 · · · y j ) and
δ(a0, x1 · · · xi+1) = δ(a0, y1 · · · y j+1) implies xi+1 = y j+1.

Put ai = δ(a0, x1 · · · xi ) and bi = δ(a0, y1 · · · y j ), i = 1, . . . , m + 1, j = 1, . . . , n + 1.4

Without loss of generality we may assume that p has the minimal length among the words
satisfying our conditions for appropriate a0, x, y, q and that q is chosen to this p so that q
has the minimal length among the words satisfying our conditions for an appropriate a0, x, y
together with this p.

First we show that, by these minimality conditions, we can choose the input words p
and q such that there exists no repetition in the state sequences a1 · · · am+1 and b1 · · · bn+1,

respectively.

3 Note that (2b) is a direct consequence of (5b).
4 Note that am+1 = bn+1 = a0.
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402 P. Dömösi, G. Maróti

Suppose, say ak = a	 for some 1 ≤ k < 	 ≤ m + 1.

Then let us consider the input word x1 · · · xk x	+1 · · · xm instead of x1 p and thus the state
sequence a1 · · · aka	+1 · · · am satisfying the conditions (1b). On the other hand, new coin-
cidences between the two state sequences did not arise. Of course, it may be possible that
ak �= b j and a	+1 = b j+1. In that case, however, using (2a), x	 = y j . Thus ak = a	 implies
that (2a) remain valid. This contradicts the minimality of the length of p. Therefore, we may
assume that there is no repetition in the state sequence a1 · · · am+1.

By the same treatment we get that, by the minimality of the length of q, there is no
repetition in the state sequence b1 · · · bn+1.

Next we show the following: if ai = b j for some i ∈ {1, . . . , m} and j ∈ {1, . . . , n} then
ai · · · am = b j · · · bn can be assumed.

Indeed, suppose that ai = b j . Two cases arise:
Case 1 m ≤ n. Let j be the minimal index with ai = b j for some i ∈ {1, . . . , m +1}. First

we observe j > 1. Indeed, a1 �= b1 is assumed and thus b1 = a1 is impossible. Moreover, if
i > 1 and j = 1 then ai �= a1. Therefore, we could consider xi · · · xm+1 instead of yq (and
thus ai · · · am+1 instead of b1 · · · bm+1), which contradicts the minimality of the length of q.

Thus j > 1 and we can consider y1 · · · y j−1xi · · · xm+1 instead of y1 · · · yn+1, more-
over, b1 · · · b j−1ai · · · am+1 instead of b1 · · · bn+1. Thus we can obtain property (5b) while
property (4b) is preserved.

Case 2 m > n. Let i be the minimal index with ai = b j for some j ∈ {1, . . . , n + 1}.
Similarly to the previous case, it can be proved that we can consider x1 · · · xi−1 y j · · · yn+1

instead of x1 · · · xm+1, moreover, a1 · · · ai−1b j · · · bn+1 instead of a1 · · · am+1 and that with
these changes we can reach property (5b) while property (4b) is preserved. 	

Lemma 8 Let A = (A, X, δ) be an automaton having the properties (1b) and (2b). Then
there is a state a0 ∈ A, two input letters x, y ∈ X and two input words p, q ∈ X∗ under
which we have

(1c) δ(a0, x) �= δ(a0, y) and δ(a0, xp) = δ(a0, yq) = a0,

(2c) |p| = |q|,
(3c) if p′z1 with p′ ∈ X∗, z1 ∈ X is a prefix of xp and q ′z2 with q ′ ∈ X∗, z2 ∈ X is a prefix

of yq for which δ(a0, p′) �= δ(a0, q ′), δ(a0, p′z1) = δ(a0, q ′z2) and |p′| = |q ′| then
z1 = z2,

(4c) if p′′z1 with p′′ ∈ X∗, z1 ∈ X is a prefix of xp and q ′′z2 is a prefix of yq with
q ′′ ∈ X∗, z2 ∈ X, moreover, δ(a0, p′′) = δ(a0, q ′′) and |p′′| = |q ′′| then z1 = z2

(and thus δ(a0, p′′z1) = δ(a0, q ′′z2)).

Proof Consider an automaton A = (A, X, δ) with a state a0, input letters x, y ∈ X,

input words p, q ∈ X∗ having the properties (1a)-(2a). Put again x1 = x, y1 =
y and x1 p = x1 · · · xm+1, y1q = y1 · · · yn+1 ∈ X∗ (x1, x2, . . . , xm+1, y1, y2, . . . ,

yn+1 ∈ X, m, n ≥ 0).

Moreover, put again ai = δ(a0, x1 · · · xi ) and bi = δ(a0, y1 · · · y j ), i = 1, . . . , m + 1,

j = 1, . . . , n + 1.5

Without loss of generality we may assume, say, m ≤ n.

Next we show that b1 does not occur in a.

Suppose the contrary and let b1 = a j for some j ∈ {1, . . . , m + 1}. Then, using (6b),
b = a j · · · am+1, i.e., either b1 = a1 (with j = 1) or |b| < |a| (with j > 1). Because of (1c)
and m ≤ n, both cases are impossible. Thus we have that indeed, b1 does not occur in a.

5 Note that am+1 = bn+1 = a0.
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On α2 − ν2-products of automata 403

Finally, we remark that we may assume (7b) as well.
Similarly to [4,5] consider the following structures:
Given a and b as above, define control words, u = u1 . . . us and v = v1 . . . vs :

(*) u1 . . . us =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a0
n+1 if m = 0,

(a1 . . . ama0)
k if m + 1 | n + 1, m �= 0,

n + 1 = k(m + 1),

a1 . . . ama0b1 . . . bna0 if m + 1 � | n + 1,

(**) v1 . . . vs =

⎧
⎪⎨

⎪⎩

b1 . . . bna0 if m + 1 | n + 1(including the case

m = 0),

b1 . . . bna0a1 . . . ama0 if m + 1 � | n + 1.

On the basis of these constructions, let

(
) 6 x ′
1 . . . x ′

s =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x1
n+1 if m = 0

(x1 . . . xm xm+1)
k if m + 1 | n + 1, m �= 0,

n + 1 = k(m + 1),

x1 . . . xm xm+1 y1 . . . yn yn+1 if m + 1 � | n + 1,

(

) x ′′
1 . . . x ′′

s =

⎧
⎪⎨

⎪⎩

y1 . . . yn yn+1 if m + 1 | n + 1 (including

the case m = 0),

y1 . . . yn yn+1x1 . . . xm xm+1 if m + 1 � | n + 1.

Clearly, we have immediately (1c) and (2c) by choosing x, y, p, q as x1
′, x1

′′,
x ′

2 · · · x ′
s, x2

′′ · · · x ′′
s, respectively.

Observe that (3b), (4b) and am+1 = bm+1 = a0 imply (1), and (7b) implies (2). Therefore,
Lemma 6 holds for u and v.

By (4) and (5), m = 0 implies ui = vi if and only if i = s. On the other hand, using
(2b), we have x ′

s = x ′′
s . Then we obtain (3c). Moreover, there are no proper prefixes p′′

of x1
′ · · · x ′

m+1 and q ′′ of x1
′′ · · · x ′′

m+1 with δ(a0, p′′) = δ(a0, q ′′) and |p′′| = |q ′′|. Thus
(4c) holds because appropriate input words and letters do not appear.

Suppose m + 1 | n + 1 with m > 0. By (6b), (3b), and (4b), there is no repetition in b
which is equal to v in this case. Therefore, ui = vi implies n − m + 1 ≤ i ≤ n + 1 with
ui = ai−n+m and vi = bi . Using (6b), we get ui · · · un+1 = vi · · · vn+1. Let i be the minimal
index with ui = vi . Obviously, a1 �= b1 implies i > 1. Moreover, i − 1 is the only index
for which ui−1 �= vi−1 and ui = vi . Thus we obtain (3c) because (2b) implies x ′

i = x ′′
i . In

addition, (4c) follows from (7b).
It remains to study the case m + 1 � |n + 1. Because of (4b), there is no repetition in the

string b. Therefore, if there exists a j ∈ {1, . . . , m + 1} such that n + 1 < j ≤ m + 1
then u j �= v j necessarily holds. Suppose j ≤ n + 1; then u j = v j implies a j = b j . Let
j be the minimal index having this property. Recall that a1 �= b1. and thus j > 1. Hence,
v = b1 · · · b j−1a j · · · am+1a1 · · · am+1 and thus |b| = |a| contradicting m +1 � |n +1. There-
fore, for every j ∈ {1, . . . , m+1}, u j �= v j . Thus coincidences in u and v may appear in their
last m +1 positions. Moreover, the last m +1 positions of u form the suffix of length n +1 of
b and the last m +1 positions of v form the word a. Because um+1 = vm+1 = a0, there exists
a j ∈ {n + 2, . . . , n + m + 2} with u j = v j . Let j be the minimal index with this property.
Recall that un+1 = bn−m with bn−m �= bn+1 and vn+1 = bn+1(= a0). Therefore, we can

6 Note that, by (2a), xm+1 = yn+1 holds for all of the listed cases.
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be sure that u j−1 �= v j−1. Moreover, by our constructions, u j = b j−m−1 and v j = a j−n−1.

Two cases arise:
Case 1 If j = n + 2 then u j−1 = bn−m and v j−1 = bn+1. Then δ(bn−m, x ′

j ) =
δ(bn+1, x ′′

j ), where bn+1 = am+1 (= a0). Thus we have δ(a0, p′x ′′
j ) = a1 with p′ = λ

and δ(a0, q ′x ′
j ) = a1, where q ′ is a prefix of yq. Because δ(a0, p′) �= δ(a0, q ′) (where

p′ = λ), applying (2b), we have x ′
j = x ′′

j . Moreover, there are no more prefixes of xp and
yq having these properties. Thus we get (3c). Furthermore, (4c) follows from (7b)

Case 2 If j > n + 2 then u j−1 = b j−m−2 and v j−1 = a j−n−2. By the minimality of
j, b j−m−2 �= a j−m−2. On the other hand, b j−m−1 = a j−n−1 such that δ(b j−m−2, x j

′) =
b j−m−1 and δ(a j−n−2, x ′′

j ) = a j−m−1. Therefore, considering the prefixes p′ of xp and
q ′ of yq with δ(a0, p′) = a j−m−1 and δ(a0, q ′) = b j−m−2, using (2b), it follows that (3c)
holds. In addition, (4c) follows from (7b) again. 	


Lemma 9 Let K be a class of automata containing an element A having the conditions
(1c)–(4c) of Lemma 8. Then K is complete with respect to isomorphic simulation under the
α2 − ν2-product.

Proof By Fact 5, to show the validity of our statement, it is enough to prove that for every pos-
itive integer n ≥ 2, the automaton T ′

n can be simulated isomorphically by an α2 −ν2-power
of an automaton satisfying (1c)–(4c). For the sake of simplicity, for every n ≥ 1 consider the
automaton T ′′

n = ({1, . . . , n}, {t ′1, t2, t3}, δ′′
n) with δ(k, ti ) = ti (k), for any k ∈ {1, . . . , n}

and ti ∈ {t2, t3}, where t2 and t3 are defined as before: t1(k) = k + 1, k = 1, . . . ,

n − 1; t1(n) = 1, and t2(1) = 2; t2(2) = 1; t2(k) = k, k = 3, . . . , n,. Moreover, let
δ(k, t ′1) = t ′1(k), for any k ∈ {1, . . . , n}, where t ′1(k) = k − 1 if k > 1 and t1′(1) = n.

Obviously, the transformation (t1′)n−1 coincides with the transformation t1. Therefore, it
is clear that T ′′

n isomorphically simulates T ′
n under the mappings τ1 : {1, . . . , n} →

{1, . . . , n}, τ1(i) = i, i ∈ {1, . . . , n} and τ2 : {t1, t2, t3} → {t ′1, t2, t3}∗, τ2(t1) =
(t1′)n−1, τ2(t2) = t2, and τ2(t3) = t3. Thus, it is enough to prove (for simplicity’s sake)
that T ′′

n can be simulated isomorphically by an α2 − ν2-power of A.

Put m = |xp| (= |yq|) and define the power

Anm({x1,1, . . . , x1,m, x2,1, . . . , x2,m, x3,1, . . . , x3m}, ϕ1, . . . , ϕnm)

of the automaton A in the following way.
For i = 1 and every 2 < i < n, let ϕim really depend on its input component, more-

over, its ((i − 1)m + 1)th and (im + 1)th state variable. Furthermore, let ϕnm really depend
on its input variable and its ((n − 1)m + 1)th and first state variable. Furthermore, let ϕ2n

really depend on its input variable, its first and (2n + 1)th state variable. Therefore, ϕ2 is the
only feedback function among ϕn, ϕ2n, . . . , ϕmn which really depends on its previous with
(2n − 1) state variable. For this reason, the description of ϕ2 is more complex in some sense
than the description of the other feedback functions. Each of the other feedback functions
ϕ j with j ∈ {1, . . . , nm | m � | j}, really depends on its input variable and the ( j + 1)th state
variable. Then, obviously, Anm({x1,1, . . . , x3,m}, ϕ1, . . . , ϕnm) is a ν2-power.

Let xp = x1 · · · xm+1, yq = y1 · · · ym+1, x1, . . . , xm+1, y1, . . . , ym+1 ∈ X. We
introduce the notation au = δ(a0, x1 . . . xu) (u = 1, . . . , m) and bv = δ(a0, y1 . . .

yv) (v = 1, . . . , m). Furthermore, we set b0 = a0, a = a0 . . . am , and b = b0 . . . bm .
Recall that δ(am, xm+1) = δ(bm, ym+1) = a0. Moreover, by (3c),

either am = bm or xm+1 = ym+1. (4)
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Similarly, by (3c),

for every j = 2, . . . , m, b j = a j implies either b j−1 = a j−1 or x j = y j . (5)

Let

τ1 : {b(a)n−1, ab(a)n−1, . . . , (a)nb} → {1, . . . , n}
and

τ2 : {t ′1, t2, t3} → {x1,1 · · · x1,m, x2,1 · · · x2,m, x3,1 · · · x3,m}
be the mappings of the isomorphic simulation defined by

τ1(b(a)n−1) = 1, τ1((a)i−1b(a)n−i ) = i (i = 2, . . . , n − 1) and τ1((a)n−1b) = n,

and

τ2(t1
′) = x1,1 · · · x1,m, τ2(t2) = x2,1 · · · x2,m, τ2(t3) = x3,1 · · · x3,m,

where a denotes the state vector (a1, . . . , am) and b denotes the state vector (b1, . . . , bm).

The procedure of the isomorphic simulation is as follows.
Applying the input string x1,1 · · · x1,m, each of the 1st, . . . , (nm − 1)th factors of the

product receives the state of the next factor, while the nmth one receives the state of the
first one using the appropriate values of its feedback function. In the first step of this proce-
dure, each of the mth,2mth,…,nmth factors are in the state a0 while each of the (m + 1)th,

(2m + 1)th, . . . , ((n − 1)m + 1)th, and the first factors are in one of the states a1 or b1. By
the effect of a1 the input letter x1 and by the effect of b1 the input letter y1 is presented by the
feedback functions of the mth, 2mth, . . . , nmth factors. Similarly, for every i = 1, . . . , m−1,

the i th and the (i + 1)th, the (i + m)th and the (i + m + 1)th, . . ., the (i + (n − 1)m)th and
the (i + (n − 1)m + 1)th factors are in either their ai and ai+1 or their bi and bi+1 states. If
ai+1 �= bi+1, then by the effect of ai+1 the input letter xi+1 and by the effect of bi+1 the input
letter yi+1 is presented by the feedback functions of the i th, (i + m)th, . . . , (i + (n − 1)m)th
factors. If ai+1 = bi+1 and ai �= bi then using (4) and (5), xi = yi . Therefore, it does not
lead to a contradiction if in this case the appropriate feedback function presents xi (= yi ).

In the next steps this procedure is repeated m-times such that each next step results in a shift
to the left in the indices of the factors.

During this procedure, the α2-power goes, in order, from its state b(a)n−1 into the
state (a)n−1b, and for every i = 2, . . . , n from its state (a)i−1b(a)n−i into the state
(a)i−2b(a)n−i+1 according to T ′′

n , which goes from its state 1 into the state n and for
every i = 2, . . . , n, from its state i into the state i − 1 by the effect of its input letter t ′1.

Applying the input strings x2,1 · · · x2,m, the mth factor receives the state of the (m + 1)th
factor, the 2mth factor receives the state of the first factor, and in order, the 3mth, . . . , nmth
factors receive the state of the (2m +1)th, . . . , ((n −1)m +1)th factors. All the other factors
receive the states of the next factors. The steps of the state transitions work in the same way
as in the previous explanation.

During this procedure, the α2 − ν2-power goes, in order, from its state b(a)n−1 into the
state ab(a)n−2, from its state ab(a)n−2 into the state b(a)n−1 and for every i = 3, . . . , n
from its state (a)i−1b(a)n−i into itself according to T ′′

n, which goes from its state 1 into the
state 2, from its state 2 into the state 1 and for every i = 3, . . . , n, it remains in its state by
the effect of its input letter t2.

Finally, applying the input strings x3,1 · · · x3,m, the mth factor receives the state of
the (m + 1)th factor, the 2mth factor goes into the states a1, a2, . . . , an, and in order,
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the 3mth, . . . , nmth factors receive the state of the (2m + 1)th, . . . , ((n − 1)m + 1)th
factors. All the other factors receive the states of the next factors. Apart from the mth factor,
the steps of the state transitions work in the same way as in the previous two explanations.
By these state transitions, the mth factor takes into consideration only the values of the
input components of the feedback function. Thus x3,1 results the x1, x3,2 results the x2,

and so on, x3,m results the xm value of the feedback. Under the first step of the simula-
tion, the 2mth factor of the α2 − ν2 power is in the state a0. Therefore, by the effect of
the value of the feedback x1, it goes into the state a1. For every further i = 2, . . . , m, the
2mth factor is in the state ai−1 under the i th step of the simulation. For this state the feed-
back function ϕ2m presents the input letter xi taking this factor from the state ai−1 into the
state ai .

During this procedure, the α2 − ν2-power goes, in order, from its state ab(a)n−2 into the
state b(a)n−1 and from all the other states into itself according to T ′′

n, which goes from its
state 2 into the state 1, and for every i = 1, 3, . . . , n, it remains in its state by the effect of
its input letter t2.

Obviously, then, the considered α2 − ν2-product isomorphically simulates T ′′
n , as we

stated. To the completeness of the proof it remains to give the formal definition of the feedback
functions. Fix an arbitrary input letter z ∈ {x1,1, . . . , x3,m} and let for every (d1, . . . , dmn ∈
Anm, xi, j ∈ {x1,1, . . . , x3,m},

ϕk(d1, . . . , dmn, xi, j )

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xu if k = 	m + t, 	 = 0, . . . , n − 1, t = 1, . . . , m − 1, j = 1, . . . , m − t,

dk+1 = au, u = t + j,

or k = 	m + t, 	 = 0, . . . , n − 1, t = 1, . . . , m − 1, j = m − t + 1, . . . , m,

dk+1 = au, u = j − m + t,

or k = 	m, 	 = 1, . . . , n, i = 1, dk+1 = au, u = j,

or k = mn, i = 1, d1 = au, u = j,

or k = m, i = 2, dm+1 = au, u = j,

or k = 2m, i = 2, d1 = au, u = j,

or k = m, i = 3, b j /∈ {d1, dm+1}, u = j,

or k = 2m, i = 3, u = j,

or k = 	m, 	 = 3, . . . , m, i ∈ {2, 3}, dk−m+1 = au, u = j,

yu if k = 	m + t, 	 = 0, . . . , n − 1, t = 1, . . . , m − 1, j = 1, . . . , m − t,

dk+1 = bu, u = t + j,

or k = 	m + t, 	 = 0, . . . , n − 1, t = 1, . . . , m − 1, j = m − t + 1, . . . , m,

dk+1 = bu, u = j − m + t,

or k = 	m, 	 = 1, . . . , n, i = 1, dk+1 = bu, u = j,

or k = mn, i = 1, d1 = bu, u = j,

or k = m, i = 2, dm+1 = bu, u = j,

or k = 2m, i = 2, d1 = bu, u = j,

or k = m, i = 3, b j ∈ {d1, dm+1}, u = j,

or k = 	m, 	 = 3, . . . , m, i ∈ {2, 3}, dk−m+1 = bu, u = j,

z otherwise.
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The property (4c) assures the unambiguity of the above defined feedback functions. The
proof is complete. 	


By Lemmas 8 and 9 we obtain the following.

Theorem 10 Given a class K of automata, let A = (A, X, δ) be an automaton in K having
a state a0 ∈ A, two input letters x, y ∈ X and two input words p, q ∈ X∗ under which

(1d) δ(a0, x) �= δ(a0, y) and δ(a0, xp) = δ(a0, yq) = a0,

(2d) if p′z1 with p′ ∈ X∗, z1 ∈ X is a prefix of xp and q ′z2 with q ′ ∈ X∗, z2 ∈ X is a
prefix of yq for which δ(a0, p′) �= δ(a0, q ′), δ(a0, p′z1) = δ(a0, q ′z2), then z1 = z2.

Then, K is complete with respect to isomorphic simulation under the α2 − ν2-product.

Because property (5b) in Lemma 7 is a consequence of (1b) and (2b), we have the following
equivalent form of our theorem.

Theorem 11 Given a class K of automata, let A = (A, X, δ) be an automaton in K having
a state a0 ∈ A, two input letters x, y ∈ X and two input words p, q ∈ X∗ under which

(1e) δ(a0, x) �= δ(a0, y) and δ(a0, xp) = δ(a0, yq) = a0;
(2e) there exists at most one pair p′z1 and q ′z2 of words, where p′ ∈ X∗, z1 ∈ X is a prefix

of xp and q ′z2 with q ′ ∈ X∗, z2 ∈ X is a prefix of yq for which (i) δ(a0, p′) �= δ(a0, q ′)
and (ii) δ(a0, p′z1) = δ(a0, q ′z2). Furthermore, if (i) and (ii) hold, then z1

′ = z2
′.

Then, K is complete with respect to isomorphic simulation under the α2 − ν2-product.

Conjecture 12 The reverse of Theorem 10 is also true not only with respect to the isomor-
phic simulation but with respect to the homomorphic simulation as well. In other words, if K
is a class of automata which is complete with respect to the homomorphic simulation under
the α2 − ν2-product then there exists an automaton A ∈ K satisfying conditions (1d)–(2d).

5 Conclusions and future work

In this paper we proved two equivalent sufficient conditions for the completeness of automata
classes with respect to the isomorphic simulation under the α2 − ν2-product. Moreover, it is
conjectured that both of these conditions are necessary.

A challenge for further research is to prove our conjecture. Another possible line of inves-
tigation is to give, based on our results, a characterization of complete classes of automata
with respect to the homomorphic realization under the α2 − ν2-product.
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