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Problem: (Y. Berkovich and Z. Janko 2009) Describe the
automorphism groups of minimal nonabelian finite p-groups.

Theorem

(L. Rédei 1947) A finite p-group G is a minimal nonabelian group if
and only if either it is isomorphic to the quaternion group of order

8, or (A) has the presentation (a, b|aP” = bP" =1, ab = 3t TP" "),
where m > 2, n>1, |G| = p™*", or (B) has the presentation

(a,b|aP" = bP" =cP =1, [a,b] =c, [a,c] =1, [b,c] = 1), where
‘G’ — pm+n+1.
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Let the group H be finite, presented by

(g1, .-, &r|lwilgr, -y &) ooy ws(g1, -+, &))-

Then there is a bijective correspondence between automorphisms
of the group H and ordered r-tuples (g'¢, ..., g',) of elements
generating the group H for which all the relations

, &) =1 hold.

wi(g'y -
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Theorem

Let G = (a,b|aP" =1, bP" =1, ab = a"*P" ") with m > n,
n>1, |G| = p™*". Let the automorphism o be induced by the
substitution a — a* with t primitive root modulo p™ (1 < t < p™)
and b — b, the automorphism [3 by the substitution a — a,

b — b'*P; the automorphism ~y by the substitution a — ab, b+ b;
the automorphism & by the substitution a — a, b — aP" "b.

V.
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Then the automorphism group Aut(G) is presented with
generators «, (3, v and §, and with generating relations

o] = o(p™), 18] = p" Y, I =p" 18] =P, (1)
aPa=p, (2) alya=a%t, (3) alba=6:, (4)
1
plyB =~ (5)  BTleB=0P, (6)
7y — i g (1)

where t* =1 — W( mod p™) (s is an integer between 1 and
©(p™)); ¥ is the multiplicative inverse of t modulo p™, an integer
between 1 and p™; 1 < u < p" —1, 1++pm—" is the multiplicative
inverse of 1 + up™~" modulo p”, an integer between 1 and p”,
t'=14up™"( mod p™), (1+p) = sz,n( mod p") with i
an integer between 1 and (p™), j an integer between 1 and p"~!.
Furthermore, the factor-group Aut(G)/Inn(G) of outer
automorphisms is isomorphic to a solvable subgroup of order

(p — 1)p™*+3n=% of the group Aut(Cym-1 x Cpn), and the group
Aut(G) has a normal p-Sylow subgroup.
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aa:=f)[f1% F. 23, F1xf2xf1 4xf 271
27g = f/[f.1%,F.23 F.3%, F 17 uf 24 F 15F. 272 F.3%F . 15F.375xf 171,
F3xf2xf 3 af 2 xf172 F32xf2xF3 25 f2 1 xf17Y;

54

aut:=AutomorphismGroup(aap)

Group( [ GroupHomomorphismBylmages(

Group( [ (1,2,4,8,5,7,9,6,3), (2,5,6)(3,7,4) ] ),

Group( [ (1,2,4,8,5,7,9,6,3), (2,5,6)(3,7,4) | ),

Pcgs( [ (2,5,6)(3,7,4), .....)

54

CompositionMapping( GroupGeneralMappingBylmages(
Group( [ (2, 3, 4)( 5, 8,17)( 6, 9,18)(
7,10,19)(11,12,13)(14,15,16), ( 2, 8,12, 7,16,18)( 3, 9,13,
5,14,19)( 4,10,11, 6,15,17)(20,21),

(11,20,21)( 2,16,12)( 4,11,15)( 6,10,17)( 7,18, 8), ( 2,12,16)(
3,13,14)( 4,11,15)( 5,19, 9)( 6,17,10)( 7,18, 8) ] ), ...
<action isomorphism> )
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Theorem

Let G = (a,b|aP" =1, bP" =1, ab = a"P" ") withn > m > 1,
|G| = p™*". Let the automorphism o be induced by the
substitution a — a* with t primitive root modulo p™ (1 < t < p™)
and b — b, the automorphism [3 by the substitution a — a,
b — b'*P; the automorphism ~ by the substitution a — abP
b +— b; the automorphism & by the substitution a — a, b — ab.

n—m+1

7
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Then the automorphism group Aut(G) is presented with
generators «, (3, v and §, and with generating relations

ol = o(p™), 18 = p" 1, Wl =p™ 1 16 =P, (1)
a Ba=p, (2) a lya =~ (3) a~lda = o1, (4)
BB =5, (5) pA=8"P, (6)
Sl = aiﬁj,yl+upnfm+161+upn+m+l, )

where % is the multiplicative inverse of t modulo p™, an integer
between 1 and p™; — is the multiplicative inverse of 1+ p

1+p
m—1

modulo p™~1, an integer between 1 and p" ;1 <u < p™ —1,
HU;W is the multiplicative inverse of 1 + up"~™*1 modulo p”,
an integer between 1 and p”, t' = 1 + up"~™+1( mod p™),
(1+pY = ggpr=mrr( mod p?), 1 < i< p™and1<i<p™t,
Furthermore, the factor-group Aut(G)/Inn(G) of outer
automorphisms is isomorphic to a subgroup of order

(p — 1)p>™+ 5 of the solvable group Aut(Cpm-1 X Cpn), and the
group Aut(G) has a normal p-Sylow subgroup.

Janos Kurdics kurdics@nyf.hu kurdics.uni.hu Automorphisms of a non-metacyclic. . .



aa:=f/[f1°, F2° F2 luflxf2xf17%; 81
g = f/[f1% F.23 £33, F.4° F 17 uF 27 uf 15F .2, F.171F 3xF 15372,
F2 lawf3xf2%f3 L F2 L ufasf2xfa™?
fAxf 3xf 47 xf 374 fF . 272xf 172 f . 4%f 3xf 4 8xf 37 Txf 27 1xf.174,
FA3%f 3xf A 35 f 370k f 2735 F 170, F.4%%F 3uf 47 xf 374 fF.272xF 172,
FLA2%F 3xF 4725 F 37w F 27 F 17 FLA%F 30 470 F.37 1 273170,

fA K 3uf A7 37 0F .27 2f 172 £.A%F 3uf 4 2f 37 nf 27 1uf 177,
486
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Group( [ GroupHomomorphismBylmages( Group( [ ( 1, 2,
6,18,37,39,24, 9, 3)( 4,12,30, 20, 7,10,26,32,13)(
5,15,11,28,25,19,22, 8,16)

(14,34,27,44,31,33,45,
21,35)(17,41,40,48,23,29,47,38,42)(36,46,53,62,54,55,63,52,50)
(43,49,60,66,57,58,65,59,51)(56,70,73,78,64,68,79,72,71) ...... )
486

CompositionMapping( GroupGeneralMappingBylmages(

Group( [ (2, 5,12, 3, 4,11)( 7, 9)(
8,16,13,10,15,14)(17,18)(20,23,24,21,22,25) (26,27), ( 2, 8,20)(
3,21,10)( 4,15,22)( 5,23,16)(11,25,14)(12,13,24), ( 1,24,10,
7,22,16, 9,20,14)( 2,23,18,12,25,17, 4,21, 6)( 3,27,13, 5,19,15,
11,26, 8), .... ),

<action isomorphism> )
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