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1. Introduction

An automata network is a collection of automata connected together according to a directed
graph D. The vertices of D are considered as automata and the edges indicate the existence of
communication links. Thus D has no parallel edges. Each automaton can change its state at discrete
time steps as a local transition function of the states and a global input, and synchronous action of
the local state transitions defines a global transition on the entire network.

Automata networks are also investigated as ‘products of automata’, i.e. as compositions of au-
tomata obtained by cascading without feedback or with feedback of various restricted types, or, most
generally, with the feedback dependencies controlled by an arbitrary directed graph.

The Letichevsky criterion has a central role in the investigations of automata networks and
products of automata (see [2],[3],[4],[6]). Automata having semi-Letichevsky criterion and automata
without any Letichevsky criteria are also important in the classical result of Z. Esik and Gy. Horvath
(see [3],[4]). In this paper we investigate automata and their networks without any Letichevsky
criteria.

2. Preliminaries

We start with some standard concepts and notations. The elements of an alphabet X are called
letters (X is supposed to be finite and nonempty). A word over an alphabet X is a finite string
consisting of letters of X. The string consisting of zero letters is called the empty word, written by .
The length of a word w, in symbols |w|, means the number of letters in w when each letter is counted
as many times it occurs. By definition, |A| = 0. At the same time, for any set H, |H| denotes the
cardinality of H. If u and v are words over an alphabet X, then their catenation uv is also a word
over X. In this case we also say that u is a prefir of uv and v is a suffiz of uv. Catenation is an
associative operation and the empty word A is the identity with respect to catenation: wA = Aw = w
for any word w.

Let X* be the set of all words over X, moreover, let X+ = X*\ {A}. X* and X are the free
monoid and the free semigroup, respectively, generated by X under catenation.

By an automaton we mean a finite automaton without outputs. Given an automaton A = (A4, X, )
with set of states A, set of input letters X, and transition § : A x X — A, it is understood that §
is extended to §* : A x X* — A with §*(a,\) = a, 06*(a,zq) = §*(6(a,x),q). In the sequel, we will
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consider the transition of an automaton in this extended form and thus we will denote it by the same
Greek letter 0. Let A = (4, X, §) be an automaton. If for every triplet a € A, z,y € X the equality
0(a,x) = d(a,y) holds then we speak about an autonomous automaton. It is said that a state a € A
generates a state b € A if §(a,p) = b holds for some p € X*. A’ C A is called a set of generators in
Aif {6(a,p) |la€e A',pe X*} = A.

A is connected if it can be generated by one of its states. In other words, A is connected if it has
a state a such that for every state b there exists an input word p having d(a,p) = b. Then we also
say that A is connected for the state a.

A is said to be strongly connected if it can be generated by each of its states. In other words, A4
is strongly connected if for every pair a,b € A of states there is a word p € X* with §(a,p) = b.

For every state a € A define the state subautomaton B = (B, X,d") generated by a such that
B={b|b=4d(a,p),p € X*}, moreover, §(b,x) = §(b,x) for every pair b € B,z € X.

A is n-degree nilpotent if it has a state a € A, called dead state, such that for every pair b €
A,p e X* |p| >n, 6(b,p) = a. A is nilpotent if it is n-degree nilpotent for some n. If n is a minimal
nonnegative integer having the above property then we also say that A is strictly n-degree nilpotent.

Take an arbitrary automaton A = (A, X, §). A sequence aq, ..., a, of pairwise distinct states of A
is a cycle if there are input signs 1, ..., , such that 6(a;, ;) = @j41(moan) for every i € {1,...,n}.
Then the positive integer n is the length of the cycle.

We say that A = (A, X, 0) is a k-automaton for some k > 0, if there are a € A, x1,22 € X,p €
X*, |p| = k such that

(1) (S(CL,prl) 7& 5(617]9552);
(ii) o(a,px1) and d(a, prs) generate autonomous state subautomata of A,

(iii) for every qi,q2 € X*, 6(a, pr1q1) # 6(a, prage).

In addition, we say that A = (A4, X,0) is a (k, £)-automaton for some k > 0,¢ > 1 if there are
a€ A xi,x0 € X,p € X* |p| =k, such that

(i) o(a, pr1) # 0(a, px2),

(ii) 0(a,px1) and d(a, prs) generate autonomous state subautomata of A,

(iii) there are y1,y2 € X,q1,q2 € X", |q1| = |g2| = £ — 1 with é(a,pr1q1) # 6(a,pr2g2) and
§(a, pr1qiy1) = 6(a, prageys).

The following statement is obvious.

Proposition 1 [1] An automaton is nilpotent if and only if it has both of the following conditions:

(i) It has only one cycle;
(i) Its cycle is trivial (having only one element).

Each automaton can be considered as an algebra with unary operational symbols (corresponding
to each input letter), or, alternatively, as an algebra with two sorts —states and input letters— and
one binary operation —the transition function taking a state and a letter to a new state. Therefore,
notions such as subautomaton, homomorphism, isomorphism is defined in the natural way. Thus
A = (A, X' is a subautomaton of the automaton A = (A4, X,9) if A’ C A, X' C X and ¢ is
the restriction of ¢ to A’ x X’ (so that §'(a’,2') € A’ for any o’ € A’ and 2’ € X’). In particular,
if X’ = X then we speak about an state-subautornaton. A pair ¥ = (11,19) of surjective mappings
1 : A — Apy : X — X' is a homomorphism of A = (A, X,§) onto A’ = (A, X', &) if for every
a € A,z € X, one has ¥1(d(a,z)) = &' (¢1(a), Y2(x)). In particular, if X = X’ and v is the identity
then sometimes we will also refer to ¥; as a state-homomorphism (or, if no confusion can result, as
a homomorphism).



For every class K of automata, let us denote, in order, S(K) the class of all subautomata of
automata in K and H(K) the class of all homomorphic images of automata in . We say that an
automaton A homomorphically represents the automaton B if B € H(S({.A})).

Let A; = (4;,X;,0;) be automata where ¢ € {1,...,n}, n > 1. Take a finite nonvoid set
X and a feedback function ¢; : Ay x -+ x A, x X — X, for every i € {1,...,n}. The gen-
eral product (or Gluskov-type product) of the automata A; with respect to the feedback functions
w; (1 € {1,...,n}) is defined to be the automaton A = A; x --- x A, (X, (¢1,...,9,)) with
state set A = A; x --- x A, input set X, transition function 0 given by d((a1,...,a,),z) =
(01(ar, p1(ar,...,an,x)),...,0n(an, pnla1,...,an,x))) for all (a1,...,a,) € A and z € X. In par-
ticular, if 4; = ... = A, then we say that A is a (general) power. In the special case n = 1, then
A= A (X, 1), and we speak of a single factor product. 2

We shall use the feedback functions ¢;,7 = 1,...,n in an extended sense as mappings ¢} : A; X

x A, x X* — X}, where ¢f(ai,...,an,A) = A and ¢i(ai,...,an,pr) =
wi(at,...,an, p)pi(01(a1,¢i(a1,...,an,p)), ..., 0n(an, ¥i(ai,...,an,0)),x), a; € A,
i=1,...,n,p€ X* x € X. In the sequel, p7,i € {1,...,n} will also be denoted by ¢;.

We define the underlying graph D = (V, E) (V. ={1,...,n}, E CV x V) of A such that (i,j) € E
if and only if the feedback function ¢; really depends on its i'" state variable. Thus, an underlying
graph is a directed graph (or, in short, a digraph) which may contain loop edges.

Let D = (V, E) be a digraph with V' = {1,...,n} and, for every v € V, let A, = (Ay, Xy, 0,) be
an automaton. A general product A = Ay x -+ - X A, (X, (¢1,. .., pn)) is a D-network if each feedback
function ¢, (v € V) is really independent of its u*" (u € V) state variable whenever (u,v) ¢ E. If A
is a nonempty class of digraphs and D € A then it is also said that A is a A-network. (In the sequel,
by a class A of digraphs we always mean that A is a nonempty class.) Thus, if A is the class of all
digraphs having neither cycles nor loop edges then the A-network is just the loop-free network which
is further equivalent to the cascade product or, by another name, the ag-network. In particular, if A
is the class of all digraphs having neither cycles nor loop edges such that every vertex has at most
one incoming edge then we speak about cy — v1-network. (Of course, if all factors are the same then
we speak about appropriate types of powers.) If A is the class of all digraphs having no edges then
the A-network is called a parallel network or a quasi-direct network or, in short, a g-network.

If A consists of digraphs having only loop edges then we speak about ¢’-network (or quasi-direct
network of single factor products). In other words, for every D = (V,E) € A, E = {(v,v) |v € V}.

Take automata A; = (A;, X;,0;),i = 1,...,n. The direct product B = Ay x --- X A,, of automata
A, ..., A, is defined to be the automaton B = (B, Y, dg), where B = A; x---xA,,Y = X1 x---xX,
and 0p((a1,...,an), (®1,...,2,)) = (01(a1,21), ..., On(an,Tn)), (a1,...,an) € B, (z1,...,2,) € Y. If
X1 = ... = X, then restricting to the input set in which all letters in the input n-tuple are equal
we have the subautomaton B’ = A1 A--- AA,, the diagonal product of Ai,...,A,, whose input
alphabet we may naturally identify with X. If A = ... = A, then B is called the n'" direct power
A" = (A", X" 5() of A and B’ is called the n*" diagonal power A2™ of A. (It is easy to see that
the direct product and the diagonal product can also be considered as special general product.) Of
course, every diagonal product of single factor products is a ¢‘-network and vice versa.

We shall use the following simple fact.

Proposition 2 FEvery general product of nilpotent automata is a nilpotent automaton. Moreover, if
a general product of nilpotent automata is strictly k-degree nilpotent for some nonnegative integer
then one of its factors is strictly £-degree nilpotent for some £ > k.

Proof: Let M = Ay x -+ X Au(X,¢1,...,¢n) be a general product of nilpotent automata
Ay = (A4, Xt,0), t = 1,...,n. For every t € {1,...,n}, let d¢ € A; be the dead state of A;.
Let s be a large enough positive integer such that each of A; is s-degree nilpotent. Obviously, then

2 Note that a single factor product is different from its factor in general.



for every word p € X*,|p| > s and state (a1,...,a,) € A1 X -+ X Ap, 01(a1,¢1(a1,...,an,D)),---,
On(@n, on(at,...,an,p)) = (d1,...,d,). Thus M is nilpotent.

Let k be the nonnegative integer for which M is strictly k-degree nilpotent. Obviously, then there
are (a1, ...,an) € Ay XX Ay, 21,...,2, € X such that (a1, ...,a,), (01(a1,¢1(a1,...,an,1)),...,
On (@, on(at, ... an,21))), ..., (01(a1,01(a1, ..., an, @1 Tk))y ooy On(An, @nlar, ... an, 1 xk)))
are pairwise distinct states. Because all factors are nilpotent, this implies that there exists an
i € {1,...,n} such that 6;(a;, vi(a1,...,an, 1 Tk)),...,0i(ai, @i(a1,...,an, 1 Tk))
are pairwise distinct states. Therefore, there are a; € A;,p € X/, |p| > k— 1 such that J;(a;,p) is not
the dead state of A;. Thus A; is strictly ¢-degree nilpotent for some ¢ > k. O

Proposition 3 [1] Let A = (4,X,9) and B = (B, X,d") be arbitrary automata having the same
input set. Suppose that A has two (distinct) states a,b € A such that §(a,p) # 0(b,p),p € X*. Then
B can be represented homomorphically by a diagonal product of its connected state subautomata and
the automaton A.

Proposition 4 Given a pair of nonnegative integers k,¢ with k < ¢, let A = (A,Y,0) be a strictly
£-degree nilpotent automaton and B = (B, X,d") be a strictly k-degree nilpotent automaton. Then B
can be represented homomorphically by a diagonal product of its connected state subautomata and a
single factor product of A.

Proof: If k = 0 then our statement is trivial. Therefore, we may assume k > 0.

Because A is strictly {¢-degree nilpotent (and ¢ > k > 0), there are
state ag,a € A and input word y;---yx €  Y* yi,...,yr € Y such that
0(a,y1 -+ -yr) = aog, and simultaneously, for every i < k, d(a,y1---y;) # ao. First we observe that
0(a,y1),9(a,y1y2),0(a,y1 - - - yr) are distinct states. Indeed, by the above properties, d(a,y1 - - yx) ¢

{6(a,y1-- - yi) | i = 1,...,k — 1} On the other hand,
if there are 4,j{1,....,k — 1},i < j o with  d(a,y1---ui) = d(a,y1---y5)
then for every m > 0, d(a,y1- vi(Yis1 - Y)™ Wit1---ys) = ao such that

Slay,yr -+ yi(Yisr - y;)™ i1+~ yk—1) # ao. This implies that A is not k-degree nilpotent (and

thus it is not strictly k-degree nilpotent), a contradiction.

Recall that §(a,y1), 6(a, y1y2),d(a, y1 - - - yx) are distinct states and 6(a, y1 - - - yx) = ao. Therefore,
we can define the single factor product ¢ = A(X, ¢) such that for every z € X, ¢(a,z) = y; and
o(d(a,y1 - ¥i),x) = Yi+1,t = 1,...,k — 1. Then for every p € X*,

S dlayyr--y) it |p| < |k,
(a, p(a,p)) = {ao otherwise.

Let B' = {b1,...,by} be a set of generators in B. In other words, suppose that {¢'(b,p) | b€ B',p €
X*} = B. Denote by By the state-subautomaton of B generated by the state b € B and consider
a diagonal product M = By, A --- AB, AC?" where C*" denotes the 2n'" diagonal power of C. Put

H = {(bl,'",bn701,1,61,2,---,Cn,l,Cn,Q) | Ci,1 = C2 = ... =Cj—1,1 = Cj—1,2 = Cj+1,1 = Cj+1,2 =
<. =Cp,1 = Cp2 = 0Q0,Cj1 = A0, Cj2 = CL7j = 1,...,n}.

Clearly, then for every (b1, -+,bn,¢1,1,¢1,2,---,Cn,1,Cn,2) € H, and p € X* with |p| < k, there ex-
ists exactly one i € {1,...,n} such that 0(cin,p(ci1,p)) #

6(ci2, p(ci2,p))-

On the other hand, there exists a state by € B such that for every b € B and p € X* with |p| > k,
0'(b,p) = by. Then for every pair (b1, --,bp,¢1,1,¢1,2,---,Cn,1,Cn2) € H and p € X* with |p| > k&,
(5'(b1,p), s 75/(bmp)7 5(01,17 90(0171717))7 5(01727 90(0172717))7 ]
0(cn1, p(cn1,p)),0(cn2, ¢(cnz2,p))) = (M1,...,msy,), where my = --- = my, = by and mpy; =
-+ =mg, = ag. Therefore, it is clear that the following mapping



: {(0"(b1,p), .-, 0"(bns ), 6(c1,1, ¢(e1,1,p)), 6(c1,2, p(c1,2, D)), - - -, 6(Cn,1, P(cn,1, D)),
5(677«,27 QO(CTL,va))) | (b17 Tty b”La C1,1,€C1,25---,Cn,1, C”L,z) € Hap S X*} — B
is well-defined and it is a state-homomorphism of a state-subautomaton of M onto

B:

'@[J((&/(blvp)ﬂ s 75/(bn7p)a 6(01717 (,0(01,1,}7)), 6(01727 90(01,27]7))7 R 5(071,17 (P(Cn,l,p))7
5(671,27410(011,271)))) =
0'(bi,p) if there exists i € {1,...,n} with §(c;1,9(ci1,p)) # d(ci2, p(ci2,D))
and 4 is minimal having this property,
bo if §(c1,1,¢(e1,1,p) = 0(cr2, 9(c1,2,0));s - -+, 0(Cn1, P(Cn,1,p)) =
5(011,2; ‘P(Cn,Z;p))'

3. Automata and Letichevsky’s criterion

We say that an automaton A = (A, X, 0) satisfies Letichevsky’s criterion if there are a state a € A,
input letters z,y € X, input words p, ¢ € X* such that d(a,x) # 6(a,y) and §(a, zp) = §(a,yq) = a.
It is said that A satisfies the semi-Letichevsky criterion if it does not satisfy Letichevsky’s criterion
but there are a state a € A, input letters z,y € X, an input word p € X* such that d(a,z) #
0(a,y),d(a,zp) = a and for every ¢ € X*, §(a,yq) # a. If A do not satisfy either Letichevsky’s
criterion or the semi-Letichevsky criterion then we say that A does not satisfy any Letichevsky
criteria or is without any Letichevsky criteria.

Proposition 5 Given an automaton A = (A, X,0), a state ag € A, three input words u,v,w € X*
with v # A, and two input letters x1,x2 € X under which 6(ag,uv) = §(ag,u) and 6(ag, vvwzy) #
0(ag, uvwzxs). Then A satisfies either Letichevsky’s criterion or the semi-Letichevsky criterion.

Proof: If w # A then we can consider d(ag,u) and A instead of ap and u. Therefore we may suppose
u = X and thus we can take ag instead of 6(ag, u).

By v # A, there are y € X,z € X* with v = yz. On the other hand, d(ag, uvwz;) # 6(ap, uvwes)
implies @1 # 3. Therefore, there exists ¢ € {1,2} having x; # y. Thus we have either Letichevsky’s
criterion (for ag € A,y,29 € X, 2 € X* and some q € X*, or ag € A,y,x1 € X, z € X* and some
q € X*) or the semi-Letichevsky criterion (for ag,y, x2, 2z or ag, y, 1, 2). O

The next statement can be found in [1] without proof.

Proposition 6 A = (A, X,0) is an automaton without any Letichevsky criteria if and only if for
every state ag € A, input letters x,y € X and an input word p € X* having §(ag, xp) = ag, it holds
that 6(ag, ) = 6(ag,y)- a

Proof: First we suppose that A = (4, X, ) is an automaton without any Letichevsky criteria and
consider ag € A,p € X*, x € X with §(ag,xp) = ag. Then d(ag, z) # d(ao,y) implies that A satisfies
either Letichevskys criterion or the semi-Letichevsky criterion, a contradiction. Therefore, for every
y € X, d(ao,y) = d(ap,x) as we stated.

Conversely, assume that for every state ag € A, input letters z,y € X and an input word p € X*
having 0(ag, zp) = ao, it holds that §(ag,x) = d(ap,y). Then there are no ag € A,z,y € X,p € X*
with 6(ag, ) # d(ao,y) and §(ao, rp) = ao. Thus A is an automaton without any Letichevsky criteria.
O

Now we give an alternative proof of the next statement proved in [1].

Proposition 7 Let A= (A, X,0) be an automaton without any Letichevsky criteria. There exists a
nonnegative integer na with n4 < max(|A| — 2,0) such that for every p € X* with |p| > na, each
0(a,p) (a € A) generates an autonomous state-subautomaton of A.



Proof: Take out of consideration the trivial cases. Thus we may assume |A| > 2. Let a € A be an
arbitrary state. Of course, if for every p € X*, x1, 29 € X we have §(a,x1) = 0(a,z2) then this prop-
erty also holds when [p| > n. Otherwise there are x1,...,Zmt+2 € X having §(a, 21 -+ Ty Tmy1) #
0(a, o1+ TmTm2)- If a,0(a,z1),0(a,x122),...,0(a,x1 " Tm),0(a,T1 " T Tm+1),
0(a,x1 -+ TmTm2) are not distinct states then there are a state a € A, three input words u, v, w €
X* with v # A, and two input letters @,;,4+1,Zme2 € X under which 6(a,uv) = d(a,u) and
0(a, vowemy1) # 0(a,uvwry,y2). Applying Proposition 5, this means that A satisfies either
Letichevsky’s criterion or the semi-Letichevsky criterion, a contradiction. Hence, m < |A| — 3. Thus
na < |A|l - 2. O

4. ¢’-Networks of Automata without any Letichevky Criteria

Proposition 8 Let M = Ay x A,(X,¢1,...,9n) be a general product of automata without any
Letichevsky criteria. There exists a factor As,t € {1,...,n} of M, a general single factor product
C = A X, ) of Ay such that M can be represented homomorphically by a diagonal product of its
connected state subautomata and C.

Proof: First we suppose that there exists a factor A; = (A¢, X¢,0:),t € {1,...,n} of M, a pair of
states a,b € A; having d:(a,p) # d:(b,p),p € X*. Let C = A(X, ) be defined by an arbitrarily
fixed mapping ¢ : A; x Xy — X. Obviously, then C preserves the property that for every p €
X*, 6(a,p(a,p)) # 6(b, (b, p)). Thus we can apply Proposition 3.

Now we assume that for every factor A; = (A, X1, 6:),¢t € {1,...,n} of M, and distinct states
a,b € Ay, there exists a p € X* having d(a,p) = §(b, p). By Proposition 6, this implies that both of
a and b can not be element of cycles in A;. But then every factor A; = (A¢, X3, 6:),t € {1,...,n} of
M has only one cycle and its cycle is trivial (having only one element). Applying Proposition 1, we
obtain that all factors of M are nilpotent automata, moreover, there are nonnegative integers k, £
with k& < £ such that M is k-degree nilpotent and one of its factor is ¢-degree nilpotent. Therefore,
applying Proposition 4, the proof is complete. O

Given a nonnegative integer k&, a positive integer ¢, define the automata
Ax = (Ax ., X, 0x.5) Ax k0 = (Ax 1,0, X,0x k0) and Ax ke = (Ax ke, X,0x k) in the following
manner:

Axr={pe€ X" ||p| <k},

_[pr ifu=pe X", |p <k,
5X,k(uam)_ {p 1fu,:p€X*7|p| :k’

Axpe={pe X" ||pl<k}U{pe X*||p| =k} x {1,2,..., 0} U {x},
pT ifu=pe X* |p| <k,

(p,1) if u=peX*[pl=k,

(p,i+1) ifu=(pi)e X |p|=k1<i<l—1,
* ifu=(p,£)eX* |p|=k.

Ox ke(u, x) =

Moreover, let Ax 0.0 = (Ax,0,0,X,0x,00) be an automaton with a singleton state set {A} (where
dx00N ) =A\zeX).

Lemma 9 Let A be a k-automaton for some k > 0 . There exist single factor products C; =
A(Xe, 1), t =1,...,n such that Ax k41 can be represented homomorphically by the diagonal product
C1A--- AC,.

Proof: Consider A= (A,Y,0), a € A,y1,y2 € Y,p € Y* |p| = k such that
(i) 0(a, py1) # 0(a, py2),



(i1)d(a, py1) and d(a, py2) generate autonomous state subautomata of A,
(iii) for every q1,q2 € Y™, 6(a, py1q1) # 0(a, py22).

For every x € X define C; 1 = A(X, ¢z,1) in the following manner:

!/

z' if d =4(a,q), such that ¢ and ¢z’ are prefices of p,
(Pw(d,Z): Y1 ifd:(S(CL,p),Z:{E,
yo ifd=0d(a,p),z# x.

Moreover, let Cy 0 = A(X, ¢z.2), 2 € X such that

(d, 2) = z'if d = d(a,q), such that ¢ and ¢z’ are prefices of p,
Pol® 2= gy ifd = d(a,p).

Let X = {21,..., 2} and consider M = (Cp; 1ACy, 2A -+ ACy,, 1AC,,, 2)PIH1. Let C = (C, X, d¢)
denote the state subautomaton of M generated by (c1,1,1,¢1,1,2,- -,
Clim,15Clim,2s > Clp|+1,1,1 - - - » Clp|+1,m,2),  Where  (¢i1,1,Ci1,2 -+, Cim,1,Cim,2) = (0(a,r),
...,0(a,r)) for which r is a prefix of p having |r| =i — 1.

Define the mapping 1 : C — Ax j such that

¢((01,1’1, €1,1,2,---,C1,m,1,C1,m,2, -+ - C|p|+171’1 ceey C\p\+1,m72)) = )\, moreover for every
(0/1,1,1a 0/1,1,2a ) cll,m,h cll,m,27 s 7chH—l71,l ) cip|+1,m72) €C,

’@[J((CILLD CI1,1,27 o c’Lm’l, C/1,m,2a A cile’l,l . 7ch\+1,m,2)) =y 1,

whenever cip|+1ﬂ'1,1 + CTPHLH,?’ cipl,iml * CTPW%Q’ . ,cfp‘_s_z,iﬁl + ch‘—s—Z,ij,Q’ and

Cyt1 = Cs .2 holds for all the other indices s € {1,...,[p|+1},t € {1,...,m}.
By an elementary computation we obtain that v is a state homomorphism of C onto Ax 1. O

By an analogous treatment we can prove the following statement.

Lemma 10 Consider integers k > 0,£ > 1 and let for every i € {1,...,k+ 1}, A; be either i — 1-
automata or (i—1,4;)-automata with £; > k+£—i+1. There are single factor products Cy, t =1,...,n
of automata in {A; | i =1,...,k} such that Ax ki1, can be represented homomorphically by the
diagonal product C1A--- AC,,.

In [1] there is a characterization of ¢‘-products of automata without any Letichevsky criteria.
Now we give an alternative characterization.

Theorem 11 Let K be a class of automata without any Letichevsky criteria. The following state-
ments are equivalent:

(i) Every general product of factors from K can also be represented homomorphically by a q*-network
of the components from K;

(i) For every (k,?)-automaton in K (with k > 0,0 > 1) and for every k' =0,...,k — 1 there exists
either a k'-automaton or a (k',0')-automaton with k' + ¢ >k + ¢ in K.

Proof: First we assume that we have the condition (ii) of our statement and let M = Ay x -+ X
An(X,01,...,0n) be a product of automata A; = (A, X¢,0:),t6 = 1,...,n (such that each of
A, t =1,...,nis without any Letichevsky criteria). It is enough to prove that M can be represented
homomorphically by a diagonal product of automata such that each of its factors is a single factor
product of an appropriate automaton in K. By Proposition 8, we can restrict ourselves to prove our
statement to the connected state subautomata of M.

Consider an arbitrary connected state subautomaton C = (C, X, §¢) of M and denote (a1, ..., a,)
the state of M which generates C. Let m be the maximum of n4,,...,n4,, where ng,,t=1,...,n
denotes the minimal nonnegative integer such that for every pair a € A, p € Xy, the state subau-
tomaton of A4; generated by d;(a,p) is an autonomous automaton. (Recall that Proposition 7 shows
the existence of ng,,t =1,...,n.)



For every p € X*,|p| = n and t € {1,...,n} define the single factor product B, = A:(X, ¥} )
in the following manner.

Let <p§7p be arbitrarily fixed if p = A. Otherwise, for every € X and prefix p'y of p with y € X,
let ¢} ,(6(at, p'),z) = y. Obviously, then for every t € {1,...,n},p,r € X*, |p| = n,

51 (ayr) = Ot(ar,q)  if r < m and p’ is a prefix of p with |p| = |r|,
BT S(ag, pr') if [r| > m and 7 € X* is an arbitrary word with [pr’| = 7.

Let k& be the maximal nonnegative integer for which there exists a k-automaton in

(AL, ... An).

Moreover, let {(k1,¢1),...,(ks,€s)} = {(=1,0)} if there exist no (k,{)-automaton in
{A1,..., A} for some k >0, > 1.

Otherwise let kq,...,ks be all nonnegative integers for which there are (k;, ¢;)-automata (i =
1,...,8)in {Ay,..., A, } and for every k;,i = 1,..., s let ¢; be the maximal positive integer having

this property.

By Lemma 9 the automaton Ax x4+1 can be represented homomorphically by a diagonal product of
single factor products in K. Using the condition (ii) and Lemma 10, for every (k;, ¢;),i = 1,..., s with
(ki, ;) # (0,0), the automaton Ax k,+1,¢, can also be represented homomorphically by a diagonal
product of single factor products in K. Moreover, it is trivial that Ax o has this property (even if
{(klaél)a ) (ksﬂgs)} = {(_17 0)})

Obviously, by (ii), it is enough to prove that the connected state subautomaton B of M can be
represented homomorphically by a diagonal product

P=Axpt1AAx 41,0 A ... AAx g 41,0, ABLA - - - ABj,

where {B; |t =1,...,j} ={Bip|pe X* |p|=m),t=1,...,n}.

Let B = (B, X, 05) be the state subautomaton of P generated by the state (\, A, ..., A\, d1,...,d;),
where for every i = 1,...,j, d; = by if B; = By 4 for some ¢ € X*,|¢| = m.

Clearly, for every p € X*,05(A\, A, ..., A\ dy,...,d;) = (r,r1,...,7s,b1,...,b;), wherer € X* |r] <
E+1,7r = Xif (k1,41) = (—1,0) (with s = 1), and otherwise r; € {p; € X* | 0 < |p;| < ki }U{(pi, hs) |
pi € X*|pil =ki+1,1<h; <{},i=1,...,ssuchthat allof r,r;,i =1,..., s are prefixes of ¢ € X*
for some g € {r,p1,...,ps}. Let o((r,71,...,7rs) denote this q.

Note that g =7 if |r| <k + 1 and ¢ =p; for some i =1,...,sif |¢| < k; + 1.

Consider a pair w, z € X* with |w| = |z| = m and assume that o((r,r1,...,rs) is a prefix both of
them for some (r,71,...,7s,b1,...,b;) € B. Observe that By = By, and By = B; . imply by = by,.
Therefore the following mapping v : B — C' is unambigously determined:

(r,r, ..., s, 01,00, b5) = (bgy, ..., by, ), where By, = B; 4,1 =1,...,n,such that o(r,r1,...,7s)
is a prefix of w.

By an elementary computation one can show that ¢ is a homomorphism of B’ onto B.

Now we assume that (ii) does not hold. This implies that there are a (k, ¢)-automaton in X (with
k > 0,0 >1) and a nonnegative integer k£’ with ¥’ < k such that

there exist neither a k’-automaton nor a (', ¢')-automaton with k¥’ + ¢/ > k + ¢ in K.

Then there are two possible cases:

(a) for any nonnegative integer k", there is no k”-automaton in K;

(b) for every k”-automaton in K, k" < k'.

Therefore, for every single factor product A = (A, X, §) with a factor in K, state a € A, input
letters x1,x9, word p € X* with |p| = ¥/,

- either 6(a, px1) = d(a, pr2)

- or for every qi, g2 € X* with |q1]| = |g2| = ¢, 6(a, pr1q) = §(a, pr2q). In other words, d(a, pr1q) =
0(a,px2q) in both cases. But then we can give an automaton which can not be represented homo-
morphically by a diagonal product of single factor products in K in the following manner.

B=({b1,. . brs1,bp42.1, 06122, bkpot1.1, buter,2, %}, {T1, 22, 08),



bior  ifb=bl<j<k

brryo1 if b=bp 1,0 =1,

brig2,2 if b=bypy1, T = 29,

bjyiqp fb=0bj1,k+2<j<k+{,
bj+2,2 iszbj72,k/+2§j§k+é,
* ifbe {bk_;,_g,l, bk_;.g’g}.

53((), 33) =

We remark that Theorem 11 and the following result show that the concept of ap-v1-network of
automata without any Letichevsky criteria is more general than the concept of ¢‘-network of this
like automata.

Theorem 12 [5] Let K be a class of automata without any Letichevsky criteria. Then every general
product of factors from K can be represented homomorphicaly by an «g-vy-network of the same
components.

Finally, we recall a connection between single factor products and ap-v;1-network of automata
without any Letichevsky criteria.

Lemma 13 [1] If A is an automaton without any Letichevsky criteria then every single factor product
of A can be represented homomorphically by an ag-vi-network of A.
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