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T he Walsh functions

— The original Walsh system J. L. Walsh (1923)

was generated recursively, it is the Hadamard transform of the Haar system.

— The Walsh-Paley system R. E. A. C. Paley (1932)
is the finite products of Rademacher functions.

— The Walsh-Kaczmarz system A. A. Sneider (1948)

is also the finite products of Rademacher functions, but in different order

Theorem. The Walsh system is an orthonormal and complete system
on L2([0,1[), taking on only the values +1 and —1.



The Walsh-Paley system

The Rademacher functions: H. A. Rademacher (1922)

r(z) = sgn(sin(2"17x)) x € [0,1].

The binary expansion of n: (ng,n1,...)
Given n € N it is possible to write n uniquely as

0
n = anZk, where np, = 0 or np = 1.
k=0

T he Walsh-Paley system:

oo

wn(z) == ][ ri(@) (z € [0, 1]).

k=0

The Walsh-Paley system, n=18

L4 7 =
0.57 —‘

-0.54




T he characters of the Diadic group

k=0
is the complete product of cyclic groups of order 2, with discrete topology and assign

each singleton the measure % G has the product topology and measure. (Haar

The Diadic group (G = Zg)

measure)

T he system of characters:
For each n € N with binary expansion (ng,n1,...) let

du(e) = ][ o™ (@) (2= (z0,71,...) € @), where p(z) = (-1)* (z € Z2)
k=0

Theorem. T he system of characters is an orthonormal and complete
system on L2(G).



The representation of the Diadic group on [0, 1]

The dyadic rationals: (Q)

Q::{£:O§p<2”, n,peN}c[o,1[.

2n
The Fine's map: N. J. Fine (1949)
For any z € [0, 1] there exists a sequence of numbers O and 1 such that
= X
k
x ::ZQkH—l ((azo,xl,...) EG),
k=0

but only the dyadic rationals have two expressions of this form. In this case we have
the one which terminates in 0's. Define Fine's map

p(x) = (xo,21,...) € G.

The dyadic group is metrizable by the norm

) =y Z‘Zjl c0,1]  ((zo,z1,...) € Q).
k=0
A new operation on the interval [0, 1]:

r Oy = |p(z)p(y)] (z,y € [0, 1]).

The interval [0, 1] is not a group under the new operation.



Fine's map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem. Let p denote the Fine’'s map. If f is integrable on G then
fopis Lebesgue integrable and

[ fdu= [ (fon)

Conversely, if g is Lebesgue integrable and f is defined by f(x) := g(|x|)
(x € G) then f is integrable on G and

/01 g(x)dx = /Gfd,u.

— The Haar measure corresponds to the Lebesgue measure.
— T he system of characters of G corresponds to the Walsh-Paley sys-

tem.



The Vilenkin groups

A Vilenkin group (G = X Zm) N. Ja. Vilenkin (1947)
k=0
is the complete product of cyclic groups of order m; (my > 2, k € N), with discrete
topology and assign each singleton the measure m% GG has the product topology and

measure. (Haar measure)

Bounded Vilenkin group:

if the sequence m = (mo, m1,...) iS @ bounded sequence.

The generalized Rademacher functions:

er(x) = exp(2misz/my) (s € {0,...my — 1}, = € Zp, 1© = -=1)

The generalized Rademacher functions are the characters of cyclic
groups.



The Vilenkin systems

The m-adic expansion of n: (ng,n1,...)
Denote Mo := 1 and My41 := mipMy, (kK € N). Given n € N it is possible to write n
uniquely as

n = anMk, (0 < nyp < my).
k=0

A Vilenkin system is the product system of :

vu(x) = ] ep(an) (z = (z0,21,...) € G).
k=0
Theorem. T he functions of the Vilenkin system are the characters of

the Vilenkin group, thus it is an orthonormal and complete system on
L2(@).



The complete product of finite groups

Denote by (G = % Gk)

k=0
the complete product of arbitrary finite groups of order m; (m; > 2, k € N), with

discrete topology and assign each singleton the measure mi G has the product

k

topology and measure. (Haar measure)

The group G is bounded
if the sequence m = (mo, m1,...) iS @ bounded sequence.

w7 =7, Pn =7 — Harmonic Analysis



Orthonormal systems on finite groups

The dual object () of the finite group G (k € N)
is the set of all continuous irreducible unitary representations of the group G which

are not equivalents.

The Coordinate functions:
For any o € X, let {&1,...,&4 ) be a fixed basis of the representation space of a

representation U(?) in the class o having the dimension d,. The Coordinate functions:

ul? (@) == (U8, &), 0,5 €{1,...,ds}, 0 € Ty

The system ¢.:
We order the all normalized coordinate functions of the finite group G (¢9(z) = 1)
to obtain exactly m; number of functions.

er(x) = \/d u(a)(:z:) (x€G,s=0,...,m,—1), where o € Xy, 1,7 € {1,...,d,}.

Theorem. The system ;. is an orthonormal and complete system on
L2(Gy).



Example 1

The permutation group of 3 elements: o3

e (12) (13) (23) (123) (132) | ¢l | l1¢lles

goo 1 1 1 1 1 1 1 1

gpl 1 -1 —1 —1 1 1 1 1
4

max 5 5 - —
S:O“.Sllso 11]¢°]| 0o 3



Example 2

The quaternion group of order 8: Q5

e, b2 =a?, bab~ 1= a3}.

CL4

Qs 1= {]a,b] :
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Representative product systems

The m-adic expansion of n: (ng,n1,...)

Denote Mp := 1 and My41 := miMy, (k € N). Given n € N it is possible to write n
uniquely as

)
n = anMk;, (O < ng < mk)
k=0

A representative product systems is the product system of o:
G. Gat and R. Toledo (1996)

(@) = [[ep(a)  (@ed.

k=0
Theorem. A representative product system is an orthonormal and com-

plete system on L?(G).

Characteristics of the system ¢ for noncommutative cases:
— It is not uniformly bounded.
— It takes the value O.
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The representation of G on [0, 1]

It is similar to the dyadic group, but we need the ordination of the
elements of all groups Gi, (kK € N) in some way such that the first is
always their identity.

Gpoax PUON w01, my — 1Y, e

|
=

The m-adic rationals: (Q)

Q::{Mizogp<Mn, n,pEN}C[O,l[.

The Fine's map:
For any x € [0, 1] there exists a sequence such that

pi=) —— (0<Tm<m-1),

but only the m-adic rationals have two expressions of this form. In this case we have
the one which terminates in 0's. Define Fine's map

p(x) = (xo,21,...) € G.
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The dyadic group is metrizable by the norm

oo

o= - e0,1]  ((zo,71,...) €G).

k=0 k+1

A new operation on the interval [0, 1]:

rOy = |p(z)p(y)] (z,y € [0, 1]).

The interval [0, 1] is not a group under the new operation.



Fine's map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem. Let p denote the Fine’'s map. If f is integrable on G then
fop is Lebesgue integrable and

| fdn= /Ol(fopxx) da.

Conversely, if g is Lebesgue integrable and f is defined by f(x) := g(|x|)
(r € G) then f is integrable on G and

/Ol g(z)dx = /Gfd,u.

— The Haar measure corresponds to the Lebesgue measure.
— The new systems vy, o p are orthonomal and complete systems on

[0, 1[, but they are not necessary uniformly bounded.
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Examples for the complete product of o3
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Basic concepts of Fourier analysis

Fourier coefficients:

fk:/Gf%du (k € N)
The n-th partial sums of Fourier series:

n—1
Snf = Z Frt (n€P)

k=0

T he Dirichlet kernels:

n—1
Du(z,y) =3 G(@)P(y)  (neP)
k=0

The Fejér means of Fourier series:

n—1
anf=%25kf (n € P)
k=1
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The sequence WV

Letp21,%—|—%:1,k€N.

k—1
) ‘= max = || max|l¢;lplle;
(0) = max [vnlplvnllo = TT maxieflble
WV, =W, (1) ;= max
k k(1) n<MkII¢nII1II¢nIIoo
W4 (p) for the complete product of S3
1.37
1.257
1.2
1.157
1.17
1.057
e —
2 4q 5 =] 10
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Convergence of Fourier series in LP-norm

The problem
Which are the values of p (1 < p < oo) such that for all function f € LP(G) the

sequence of partial sums S, f of the Fourier series of f converges to the function f

in LP-norm?

For p = 2 the statement is true. (L?(G) is a Hilbert space)

R. Toledo (1999)
Theorem (For p = 1). For an arbitrary group G there exists a function
f € LY(@) such that the sequence of partial sums Snf of the Fourier
series of f does not converge to the function f in LY-norm.

P. Simon, F. Schipp and W. S. Young (1976)
Theorem (For Vilenkin). Let G be a Vilenkin group and 1 < p < oo.
Then for all function f € LP(G) the sequence of partial sums S, f of
the Fourier series of f converges to the function f in LP-norm.
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Theorem. Let p be a fix number in the interval (1,2) and %—l—% =1.
If G is a group with unbounded sequence

Wi(p) = n@% |%n|pllnllq (ke N),

then there exists a function f € LP(G) such that the sequence of partial
sums Spf of the Fourier series of f does not converge to the function
f in LP-norm.

Corollary. If G is a bounded group with unbounded sequence W, then
for all p %= 2 there exists a function f € LP(G) such that the sequence
of partial sums S, f of the Fourier series of f does not converge to the
function f in LP-norm.

Corollary. If G is the complete product of &3, then for all p #% 2 there
exists a function f € LP(G) such that the sequence of partial sums
Snf of the Fourier series of f does not converge to the function f in
LP-norm.
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Convergence of Fejér means in LP-norm

G. Gat and R. Toledo (1996)
Theorem. If G is a bounded group and f € LP(G), 1 < p < oo, then
onf — f in LP-norm.
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