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The Walsh system J. L. Walsh (1923)

The Walsh-Paley system R. E. A. C. Paley (1932)

as the finite products of Rademacher functions

oo

Diadic group (G := X ZQ> N. J. Fine (1949)
k=0

the Walsh-Paley system is a system of characters of this group.

The Vilenkin group N. Ja. Vilenkin (1947)
Let ka be the cyclic group of order m; with discrete topology and

assign each singleton the measure mik
©.@)

G = X Zm,
k=0

with the product topology and measure



The characters of ka are the generalized Rademacher functions:

pr.(x) = exp(2misx/my) (s € {0,...mp — 1}, = € Zpy,, 2 = —1)

Denote Mg :=1 and My := myMy, (k € N).
The expansion of n with respect to m is (ng,n1,...), where

o0
n — Z np M., (O <ng < mk)
k=0

The product system of ¢ is called the Vilenkin system:

dn(z) = [ ¢p" () (z € G).

k=0

) is an orthonormal and complete system in L1(Q).



The complete product of finite groups
G. Gat and R. Toledo, Anal. Math., 1996.

(. . a finite group with order my, (k € N) with discrete topology and
normalized Haar measure

m := (my, k € N): a sequence of positive integers (m; > 2)
©.@)
G = X G
k=0
with the product topology and measure

w7 =7, Yp =7 — Harmonic Analysis



The dual object (X;) of the finite group Gj: the set of all continu-
ous irreducible unitary representations of the group G which are not
equivalents

For any o € X, let {{1,...,&4, } be a fixed basis of the representation
space of a representation U(9) in the class o having the dimension d,.

Coordinate functions:

ui} (@) = (Us78.65), 6.5 € {1,do},0 € X

We order the all normalized coordinate functions of the finite group G,
to obtain : (gp (x) =1)

pr.(x) = dgu (a:) (x € Gi), where o€ X, i,5 € {1,...,ds}.

We obtain exactly my number of functions.



Denote Mg :=1 and My41 := mi My, (k€ N)

The expansion of n with respect to m is
(ng,n1,...), Where

o0
n = Z nMp., (O <ng < mk)
k=0

The representative product systems:
Let ¢ be the product system of go‘lz, namely

dn(x) = [ ¢ (xp) (z € G).
k=0

Weyl-Peter's theorem:
) is an orthonormal and complete system in L2(QG).



Characteristics of the system ¢ for noncommutative cases:

— It is not uniformly bounded.

— It takes the value 0.

[nll1 < ll¢pnll2 = 1 < [¢hneo

The sequence W:

1 1
Wi(p) ;= max ||[¢n]lpllnllg (p>1, —+-=1, keN)
n<Mj. p q
Wy = Wi(1) := max [|[¥n||1]|¥nllc (k€ N)

n<Mk



Example 1

8

o ﬁ ﬁ SIS

Bl o

G S Sl Yo G

~N Q)] Q\ O

B m o SN S Bl

o) _ _ _

\Qﬁ Q) Q) ©

Q| m = S Slg S

) _ | _

% AT Y S g g
™M —~ N O] |©
OOl 4 g S Sl e
Y= _ _ |
O N\’
4+ — oY
S a = f ﬂ o o
T~ |
O
o O| —H ﬁ ﬁ O O m
5 i
Q o — N ™ < o)
= > % % % % S
- <tlon
S —
o |
L =2
_|



W1 (p) for the complete product of 83

1.3
1.257

1.2

1.11

1.057
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Example 2

The complete product of Q,
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Fourier coefficients:

foi= | fhdn  (keN)
The n-th partial sums of Fourier series:

n—1
Snf = > [tk (neP)

k=0
T he Dirichlet kernels:

n—1
Dn(z,y) == ) Yrp(@)¥r(y) (n€P)

k=0
The Fejér means of Fourier series

1 n—1
onf == Sif (ne€P)
=1
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The intervals: In(x) :={y € G:y, ==y, for 0 <k <n}

Io(z) := G, Iy := In(e).

Lemma. (Paley lemma) If n € N and z,y € G, then

My, for x e In(y),

Dy (,y) = {O for x & In,(y)

Corollary. Foreach f € LP(G), p > 1 andn € N the Sy, f sums converge
to f in LP-norm and a.e.
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R. Toledo, Proc. of Alexits Memorial Conference, 1999.
Theorem. For an arbitrary group G there exists a function f & Ll(G)
such that the sequence of partial sums Sy, f of the Fourier series of f
does not converge to the function f in L1-norm.

G. Gat and R. Toledo, Anal. Math., 1996.
Theorem. If G is a bounded group with unbounded sequence WV, then
there is a 1 < p < 2 for which the operator Sy is not of type (p,p).

The problem is open for the general case.
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Theorem. Let p be a fix number in the interval (1,2) and %—l—% = 1.
If G is a group with unbounded sequence

Wi (p) = max [9nlpllnllq (ke N),

then the operator Sy, is not of type (p,p). Moreover, the operator Sy is
not of type (r,r) for all r in the interval [1,p] or in the interval [q, ool.

Corollary. If G is a bounded group with unbounded sequence V, then
the operator Sy is not of type (p,p) for all p # 2.

Corollary. If G is the complete product of &3, then the operator Sy is
not of type (p,p) for all p %= 2.
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G. Gat and R. Toledo, Anal. Math., 1996.
Theorem. If G is a bounded group and f € LP(G), 1 < p < oo, then
onf — f in LP-norm.
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