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Abstract. The aim of this paper is to prove the a.e. convergence of se-
quences of the Fejér means of the Walsh-Fourier series of bivariate integrable
functions. That is, let a = (a1, az2) : N — N? such that aj(n+1) = §sup,<,, a;(n)
(j =1,2,n € N) for some § > 0 and a;(+00) = az(+00) = +oco. Then for each in-
tegrable function f € L'(I?) we have the a.e. relation limy,— oo Cay(n),as(n)f = f-
It will be a straightforward and easy consequence of this result the cone restricted
a.e. convergence of the two-dimensional Walsh—Fejér means of integrable functions
which was proved earlier by the author and Weisz [3,8].

First, we give a brief introduction to the theory of Walsh—Fourier series.

Let P denote the set of positive integers, N :=P U {0}, and I := [0, 1).
For any set E let E? be the Cartesian product E x E. Thus, N? is the set
of integral lattice points in the first quadrant and I? is the unit square. Let
E'=F and fix j =1 or 2. Denote the j-dimensional Lebesgue measure of
any set £ C I’ by pu(E). Denote the LP(I7) norm of any function f by 11,
(1=p=o00).

Denote the dyadic expansion of n € N and x € I by n = Z;ﬁo nj2j and
x=320x;2777" (in the case of z = 2 k,m €N choose the expansion
which terminates in zeros). n;, x; are the i-th coordinates of n, x, respec-
tively. Set e; := 1/27+1 € I, the ith coordinate of e; is 1, the rest are zeros

Key words and phrases: Walsh system, two-dimensional Fejér means, subsequence, almost
everywhere convergence.
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(i € N). Define the dyadic addition + as

o0

zry=) |vj—y27 7"
=0

The sets I, (z) :={y €l: yo=x0,...,Yn—1 = Tn-1} for z € I, I, := I,(0)
for n € P and Ip(x) := I are the dyadic intervals of I. The set of dyadic in-
tervals on I is denoted by J := {I,(z) : x € I, n € N}. Denote by A, the o
algebra generated by the sets I),(z) (z € I) and let E,, be the conditional ex-
pectation operator with respect to A, (n € N). C denotes a constant which
may be different from line to line.

For ¢t = (tl,tQ) € 12, b= (bl, bg) € N? let Ib(t) = Ibl (tl) X Ib2 (tg) be the
two-dimensional dyadic rectangle, i.e. the two-dimensional dyadic interval
on I2. We also use the notation I,(t) := Iy(t1) x Iy(t2) for b € N, t = (t1,12).
For n = (ni,ng2) € N? denote by E, = nime the two-dimensional expec-
tation operator with respect to the o algebra A, = A,, ,, generated by
the two-dimensional rectangles I, (z1) X In,(22) (2 = (x1,22) € I?). For
n € N denote |n|:=max(j € N: nj #0), that is, 2"l <n < 2"F1. The
Rademacher functions on [ are defined as

ro(z) = (=1)* (x €I, neN).

The Walsh—Paley system (on I) is defined as the sequence of the Walsh—
Paley functions:

In]

wn(@) = T[ (@)™ = (-)Emo (we T, neN).
k=0

That is, w := (wyn, n € N). (For details see Fine [2] and [7].)
Consider the Dirichlet and the Fejér kernel functions:

n—1 n
1
Dn = E Wi, Kn == E Dk, Do,KO = 0.
k=0 " k=1

The Fourier coefficients, the n-th partial sum of the Fourier series, the n-th
(C,1) mean of f € L*(I) are

fn) = [ @@ duta) (e N),

n—1
Suf(y) =3 Flk)wily) = /, f(@ + ) D (x) dp(z),
k=0
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 591
ouf(y Zskf = [ J@+y)Ea@) dutz) (ne P, ye),

resp. The two-dimensional Walsh—Paley functions, Dirichlet and Fejér ker-
nels, resp. are defined as follows:

wn () = wy, (T1)wn, (¥2),  Dn(z) = Dy, (21) Dy, (22),
Kn(ZL’) = Knl (xl)anz (wQ)v
where n € N2, z € I?. Moreover, the two-dimensional Fourier coefficients,

the n € N%-th rectangular partial sum of the Fourier series, the n € P?-th
(C,1) mean of f € L'(I?) are

fo) = [ f@w@du@) (ne N,

ny— 17’L2 1

= X 3 flnkaletnan ) = [ £+ )Dala) duta),

=0 ko=

Pud )= 3 3 Ser ) = [ 1o+ ) K duta)

IN2 21 k=1

(n € P2,y € I?), resp. For double trigonometric Fourier series Marcinkiewicz
and Zygmund [5] proved the a.e. convergence of Fejér means of integrable
functions, where the set of indices is inside a positive cone around the iden-
tical function, that is 87! < ny/ng < B holds with some fixed parameter
B > 1. We mention that Jessen, Marcinkiewicz and Zygmund [1] also proved
the a.e. convergence o, f — f without any restriction on the indices (other
than min {n1,ns} — o0), but for functions in Llog™ L. For double Walsh—
Fourier series, Méricz, Schipp and Wade [6] proved that o, f converges to f
a.e. in the Pringsheim sense (that is, no restriction on the indices other than
min {ny,ns} — oo for all functions f € Llog™ L). In [4] G4t proved that
the theorem of Modricz, Schipp and Wade can not be improved. Namely,
the following was proved. Let v : [0,4+00) — [0, +00) be a measurable func-
tion with property (+o0) = 0, then there exists a function f € Llog* Ly(L)
such that o, f does not converge to f a.e. as min {ni,ns} — +o00. For dou-
ble Walsh systems the result of Marcinkiewicz and Zygmund was proved
by Gét [3] and Weisz [8]. In this paper we prove the following a.e. conver-
gence theorem with respect to the Fejér means of the Walsh—Fourier series
of integrable functions.
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592 QY. GAT

THEOREM 1. Let a = (a1,a2): N — N2 be a sequence with property
aj(+00) = +oo (j=1,2). Suppose that there exists a § >0 such that
aj(n+1) 2 dsupy<y, aj(n) (j = 1,2, n € N). Then for each integrable func-

tion f € L*(I?) we have the a.e. relation
nhnc;lo Ua(n)f =

This theorem, which is the main result of this paper is an easy conse-
quence of the following lemma.

LEMMA 2. Leta = (aj,a2) : N — N? be a sequence with property a;(+oc)
=400 (j =1,2). Suppose that |log, a;| is monotone increasing (j = 1,2).
Then for each integrable function f € L'(1?) we have the a.e. relation

nh—{go Ua(n)f = f

A straightforward and easy consequence of Lemma 2 is the result of Gat
and Weisz [3,8] with respect to the “cone restricted” almost everywhere con-
vergence of two-dimensional Walsh—Fejér means of integrable functions.

COROLLARY 3. Let 8> 1 and f € L'(I?). Then we have the a.e. rela-
tion

nl,lnlgniw)o O-nlvn2f = f

1/B%n:/n. <8

PRrROOF. The proof of this corollary comes directly from Lemma 2. So,
let v := [logy B3]. For k,1 € N set N, 1 = {(n1,n2) € N>: 28 <y < 2k+L)
2k=7+ < py < 2877 HHLY | Let N, be the union of the disjoint sets N, 5. It
is easy to give a sequence a : N — N2 such that |log, a1 |, [logs az | are mono-
tone increasing (for n € N, we have |log,ni| =k, |logyne] =k — v +1)
and a(N) = N, ;. This by Lemma 2 gives that for each integrable function f

O-nhnzf - f

a.e. provided that n € N,; and ni,n2 — oco. Hence, we also have this a.e.
relation for n € U?lo Ny =: Ny and ny,ns — oo. Then, let n € N? be such
that 1/8 < n1/ns < 3. Denote by k the natural number for which 2¥ < ny
< 2K+l Then, 2877 < 2% /3 < ny < 2813 < 2607F1 Consequently, n € N,.
O

Let A= (A;,43): N— N? be a sequence of pairs of natural numbers
which are monotone increasing with respect to both indices, and they do
not increase too fast. More precisely, suppose that there exists a constant
C > 0 depending only on A such that

A(n) £ Aj(n+1) £ Aj(n) + C
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 593

forn e Nand j =1,2.

In order to prove Lemma 2 we need some lemmas. The first is the fol-
lowing Calderon-Zygmund type decomposition lemma. Let A;(400) = 400
(j=1,2) and

CA — 9sup, {A1(n+1)—A1(n)+A2(n+1)—A2(n)}.
LEMMA 4. Let f € L' (1), A >0 and A = (A1, As) : N — N? as above.
Then there exists a sequence of natural numbers (ky) and x, = (Tn1,Tn2)
€ I? (n € P?) such that for the disjoint two-dimensional dyadic rectangles

Jn = Lo,y (zn) there exist functions f, € L*(1?) (n € N) satisfying the a.e.
relation f = > 02 fn and besides,

Moreover, for the set F' = ;2 Jy, we have pu(F) < || fl]1 /A

PRrROOF. Consider the following sets of two-dimensional dyadic rectan-
gles. (Recall that IA(kn)(:r:n) = IAl(kn)(asz) X IA2(kn)(33n,2).)

Qi { Luw(@): 2200 [ )] duy) > w e 12,
I

40) ()

Q= { Taqy(z) 2A1(1)+A2(1)/l [ fW)l duly) > A,

A ()

EJ € Qo IA(l)((L') CcJ, xe IZ},

= { Lao): 250500 [ ) ) >

Lagny(z)
n—1
AT e | Qi Lyny(x)CJ, z € 12}.
=0

Then the elements of ,, are disjoint rectangles of measure 2~41(")—42(n)
(n € N). Moreover, if ¢ # j, then for all J € ©;, K € Q; we have JN K = (.

If Tamy(x) € Qy, then since there is no J € U™y € such that Tamy(2)
C J, then we have

2000 [ p(y) duy) < A
Ta(z)
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594 QY. GAT

fori=0,1,...,n— 1. Thus,

A < 241 @)+ As(n) / | F(y)] dpy) < 20 ()40 / | f()] dp(y)
Ly () a1 ()
< CA2A1(n—1)+A2(n—1)/I " | f(y)] dp(y) < Car.
A(n—1)(T

Since €2, has a finite number of elements, then we can set the notation
Q= {Tagy(@ni) i=1,...,0n}, F:= U UIA (Tni)-
n=0 i=1
For the measure of set F' we get
ln

00 oo
=3 > u(Lamy(@ng)) = % Z Z/\M(IA(n)(xnvi))

n=0 =1

1
<ly 2/ <5 [ 171di= 171/
n=0 =1 A(n) xnz >\ 12
1, if z € B, o _ )
Let 1p(x) := 0. if ©¢B be the characteristic function of the set B C I
, if x

(x € I?). Then,

lTI,

f = Z f]'IA(n)(fEn,i) + f1[2\F

n=0 =1

0 ln
Z ( Ta(ny(zn,i) f H Lany (@n,i)

n=0 i=1

£y Z <2A1<n)+A2<n>

n=0 i=1

f dM) L pi (@) T [ l\F
Lacn)(zn

oo Ay
::Z Z Jni+ fo1+ fo2 = Z me-i-fo

n=0 i=1
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 595

Now, for f,,; we have supp frni C Ia(n) (2n,;) and

/ fn,i dM
Lacny(Tn,0)

- (10 =200 [ ) du(y)) dute) = 0.
Tacn)(Tn,q) Tacn)(Tn,q)

Moreover,
941 (n)+ 4z (n) / ol d
IA(n) Tn,i ’
< 2A1(n)+A2(n) / |f| dp + 2A1(n)+A2(n)
B Tam) (n,)

941(n)+Az2(n) f du’ dp < 204\,
Tany(®n,q)

X /
Tagny(zn,:)

Since the rectangles 14, (7y,) are disjoint, we also have [ fol[; = [|f][;. The
only relation left to prove is the inequality || fo||, = CaA. Recall that

g l;(zAl n)+Az(n /

fd,u> L pi (@) T Fline =2 foq + fo2

Tatn) (Tn,i
First,
[e'e) I
| = Z,; 'Z;CA)JIAW(%J) = Call o UiLIAw)(xn.i) = Cak
n=0 1=

Now consider fyo. If z € F, then foa(x) = f(z)12\p(z) = 0.
Finally, suppose that = ¢ F'. This gives

241 () +42() | f()| dp(y) < A
Ta)(z)

for all i = 0,1,.... This implies
SQA1()2A2()|f02 )| —SQA1(>2A2(>|f1[2\F| <52A1<>2A2<>|f )| <A

Since the functions A; and As are monotone increasing, the partial sum op-
erators Saa;m g4, form a martingale with respect to the o-algebras A 4y,
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596 QY. GAT

= {IA(n) (x): x € 12} (n € N?). Therefore by the martingale convergence
theorem

| fo2(z)| = Hm Syaron gase | fo2()| = limsup Sopar e gaaem | fo2(x)] S A ace.
That is, |fo,1] = Ca), |fo2| = X and consequently || fol|,, < CaX. (Recall that
supp fo1 C F and supp foo C I?\ F.) O

Define the following two-dimensional “shifted partial sum” or “shifted ex-
pectation operator” for monotone increasing Ay, Ay : N — N and i = (i1, 72)
e N2

By f (x) := 200+ 40 f(y) du(y)
Tan)(z+eacny—i)

— 9Ai(n)+As(n) / f(y) du(y)

Tay(ny(@iteay my—iy ) XL ag(n) (T2He€ay(n)—iy)

= S2A1(71,)’2A2(n)f(:1:1 +eq, (n)—iy> L2 + eAz(n)—iz)'

Its maximal operator is
By f = sup{|EA(n)7if(x)‘ :neN, Aj(n) 214, j= 1,2}.

If i > Aj(n) for j =1 or j =2, then let E4(,);f(z) =0. Besides, also for
integers k1 < 0 or ko < 0 set Ey,;f(x) =0 for every i € N? and x € 2. Also
suppose A;(+00) = 400 (j =1,2).

The following weak type inequality will play a fundamental role in the
proof of the main theorem.

LEMMA 5. Let f € L'(I%), A > 0. Then we have

plo e Is Buf(e) > 2y < 200D,

for every i1,i0 € N.

PROOF. In this lemma the sequences A, As are monotone increasing,
but from other point of view they are arbitrary. That is, they can grow
“very fast”. Nevertheless, we can suppose that A : N — N? satisfies the con-
dition of Lemma 4, that is the sequences A;(n + 1) — A;(n) are nonnegative
and bounded (j = 1,2). This is really not a restriction since we can insert
members within the elements of the sequence FE 4, ;f. For instance this can
be demonstrated in the following way:

(Al(n), Ag(n)) , (Al(n), Ag(n) + 1) yeeey (Al(n),AQ(n + 1)) ,
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 597

(Al(n) +1, AQ(TL + 1)) , (Al(n) + 2, AQ(TL + 1)) ey (Al(n + 1),A2(n + 1)) .

If we denote by A this modified sequence, then for A we certainly have 0 <

Aj(n+1)—A;(n)£1(neN,j=1,2). Besides, E% f 2 B} ;f. This means
that if we prove the inequality

204011 +1)(i2 + 1)
A

M{E27if>)‘} = 114

then we also have it for A. As a result of this assumption we can suppose
that 0 < Aj(n+1) — Aj(n) Slog, Ca (n €N, j =1,2). Apply Lemma 4:

(G

F=U Jn=U L) (n) = U (Ta,e,)(@n1) ¥ Lay o) (Tn,2)) -
n=1 n=1

n=1

Enlarge the rectangle J, in the following way:

12 11
Jni = U (Taven) (Zn1 + eago)-1) X Laye,) (Tn2 + €ay06.)-1))-
l2:0 l1:0

Also set Fj := Uy~ Jn,i- The shift invariancy of measure p gives

u(Fy) = (ir +1)(ig + Du(F) = (i + 1) (i + DILfIl /A
In the sequel, we prove that E7 ;f, = 0 on the set I?\ Jpn;. That is, let
z € I?\ Jni. If u < ky, then

Ea(u)ifn(2) = Saaim gas fr(21 + €4, (w)—i1> 22 + €45 (u)—i, )
= /I2 fn(ylv yZ)DQAl(u) (Zl + €A, (u)—iy + 3/1)

X Doasu) (2’2 + €Ay (u)—in T 3/2) du(y)

Sn(W1,y2) Daasco (21 + €4, (w)—iy + Tn1)

/1A1<kn>(xn,1)X1A2<kn> (Tn,2)

X Doy (272 T €Ay (u)—ip T $n,2) du(y) =0,
since

/ fn(y1,y2) du(y) = 0.
Tay (k) (@0, 1) X Ty (k) (Tn 2)
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598 QY. GAT

On the other hand, if u > ky, then y; € I4 4 )(7n;) and Dya;e (zj +
€A, (u)—i; T yj) # 0 implies

25 € L,y (95 + €a,0—4,) © L, 000 (95 + €4,

= IAj(kn)(wn’j + eAj(u)—ij) C IAj(kn)(x”J + eAj(kn)—lj) (1 =12).

i
l]‘:0

The relation C in the last line above is implied by the fact that for A;(u) —
ij = Aj(kn) we have Ly o) (@nj + ea;w—i;) = La;(00) @ng) = La, ) (0 +

eAj(k”)) and for A;(u) —i; < Aj(ky) by u > ky, we get Aj(kn) —1; < Aj(u) —
i; < Aj(ky) and thus there exists an [; € {1,...,7;} such that

L4 (k) (x”vj T ey, (u)—ij) = La,(k,) (-Tn,j + eAj(kn)—l,-)-
That is, in every case Dya; ) (zj +ea;w-i; + yj) # 0 would give the relation

]

Zj € U IAJ(kn)(fEn,J + eAj<kn)—zj) (1=1,2).
1,=0

Thus, z = (21, 22) would be an element of .J, ;. This contradiction implies
that E4(n)ifn(z) =0 for all n € N and z € I?\ J,;. This gives Eifn=0
on the set z € 12\ Jy,.;.

Next we prove that the operator Ejl,i is of type (oo0,00). More pre-
cisely, we prove || E% ;9] o < llgllo for each g € L>(1?). This is quite sim-
ple to verify. This property of E7 ; by the inequality [[fo,, = CaA gives
w{ E i fo> CaA} = 0. Consequently, by the sublinearity of operator Ey;
we have

S5 CAA}

n=1

é ,U,(Fl) +H{I € IZ\FZ : Ezﬂ(i fn>(l‘) > CA)\}
n=1
(i1 +1)(i2 + 1)

1 o¢]
+—/ E*z< n)d
v Mt ER f P 2 ) du

Acta Mathematica Hungarica 184, 2012
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 599

(i1+1)(E2+ 1) 1 & /
(i1 +1)(ia + 1) 1 & /
< S § *

SIULR L =

PROOF OF LEMMA 2. Let Aj(n):=|logya;(n)] (neN, j=1,2).
That is, 24" < a;(n) < 24 M+, Since the sequences |log, A;| are mono-
tone increasing for both j = 1,2, then the conditions of Lemma 5 are satis-
fied.

In the book of Schipp, Wade and Simon [7] one can find the first line of

the following estimation for the one-dimensional Fejér kernel functions for
24 < g < 241,

II/\

A A
> 274NN " (Doe(w) + Daor(z + €5))
i=0

k=1

A k
— 27"471 Z Z2’(D2k(a:) +D2k<$+ez))
k=0 =0

A k
yi 12 (25 = 1) Doe(2) + 27471 3 D025 Do + )
k=0 i=0
A A-k
Z 21—k—iD2A7,€(1‘ + €A—k—i)7
i=0

Ak
<27 AN N D (3 epy) =
k

k=0 =0 =0 i=

since for i =0 we have Dow(z + ex—;) = Dor(x). Therefore, for the Fejér
means 0g(,) [ we have

| Cay (n),01(n) f |

/\

Ax(n) A

II/\

Ai(n)
t

n)—kl Ag(n)—kg
7k17k271’17i2
> > 2 B4, (n) k1 Ao () —ka).(i2,i2) | ]|
0 71=0 12=0

2

S4 ) Y rhRehmRER LS,

k1,k2€N 11,12€N
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600 QY. GAT

where the sequence A — k is (A1(n) — ki1, Aa(n) — ko) . We recall the defini-
tion of E4 ;. More precisely, the fact that for Aj(n) —k; <0 or As(n) — ko
S 0or Ay(n) — ki < iy or As(n) — kg < iz we have E4_y;f(z) = 0 for each
z € I2. Also recall that Cy = 25 {A (1) —Ai(m)+ A2 (nt1)=Ax(m)} (4, (0) =
A2(0) = 0 may be supposed.) That is, for every fixed k € N? the equality
Ca_ = Cy is fulfilled and by Lemma 5

p{ B4l fl > A} = 20460 + 1) (2 + D)||I£1]],/
=2C4(i1 + 1) (i + D fll1/X
Set
UAf_SuP‘UAl ) Asm) S |-

We get that the operator o7 is of weak type (1,1) in the following way:

ploaf >N =p{t & % 2 hobricig > )

k1,k2€N 11,12€N

o CA\
Su( U U {2’“’““1”Ezk,i\f\>—.. 2})

ki, k2€N i1,inEN (k1kaiyia)

o O\
oo N o {Q_kl_kr“_hEZ—kﬂﬂ > 2}

K1,ks€N d1,inEN (k1kat1iz)

k’lk‘QZlZQ 21 + 1)(’i2 + 1)
< C CA Z Z )\2k1+k2+21+12 ||f||1 é C : CAHle/)\
kl,erN 11,i2€N

That is, we proved that the maximal operator o% is of weak type (1,1).
Since for each Walsh polynomial P we have everywhere the relation
limy,—00 O, (n),as(n) P = P, then by a standard density argument (see this
principle for instance in [7]) the proof of Lemma 2 is complete. O

Finally, we prove Theorem 1. The proof comes from Lemma 2 with some
easy calculations.

PROOF OF THEOREM 1. Let L be a positive integer to be determined
later. For I,m =0,1,...,L — 1 let some disjoint subsets of N be defined as:

o
Bim = {n €N: (ai(n),a2(n)) € | [28EAL gsLlrly o [2tL+m,2tL+m+1)}.
s,t=0
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WALSH-FEJER MEANS OF INTEGRABLE FUNCTIONS 601
It is clear that these sets are pairwise disjoint and their union is N. Denote
the elements of By, by nf™ < nk™ < .... We prove that LlogQ aj(n;’m)J
< |_log2 aj(nZTl)J for every k € N, I,m € {0,1,...L —1} and j = 1,2. On
the contrary, suppose that Llogz aj(”iéﬁ” < |_log2 aj (nim)J for some
k, I, m and j. Then the definition of Bj,, gives that |_log2 aj(”féTl)J
< |logy aj(nf,c’m” — L. Thus,

1 !
Q—Laj(nk’m)-

A

%aj(né’Tl) < gl log a; (ny) ] < gl los a;(ny™)]—L
Since, ”;ﬁ > k™, then we have aj(nf,f’fl) > da;(ni™) and consequently,
also have 6 < 2'=F. This is obviously not possible for an L large enough.

That is, we proved that |_log2 aj (nﬁgm) J is monotone increasing with respect
to k € N. Lemma 2 gives the a.e. convergence

k—o0

for each integrable function f and I,m =0,1,...,L —1. Merging the L?
pieces of subsequences of o) f, the proof of Theorem 1 is complete. [J

Acknowledgement. The author thanks Professor Vilmos Totik for
suggesting the problem.
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