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On the maximal value of Dirichlet kernels
with respect to representative product
systems
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Abstract. Dirichlet kernels play a prominent role in the study of
Fourier series. For Walsh and Vilenkin systems the maximal value of
the n-th Dirichlet kernel is exactly n. This situation is very different
if we generalize these systems on the complete product of arbitrary
groups, not necessarily commutative groups.
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Representative product systems are systems given by the finite products
of normalized coordinate functions considering the complete product of
arbitrary groups, not necessarily commutative groups. These systems are
ordered as the order introduced by Paley for the Walsh system.

In Section 1 we introduce basic concepts in the study of representative
product systems and Fourier analysis. We also give some examples of these
systems showing the properties of them. Representative product systems
were discussed in [1], [2], [6] and [7]. Section 2 contains the results for the
maximal value of the n-th Dirichlet kernel, denoted by D,,. We prove that

n S Dn § MA+17

if Mgy <n < Mpy1. Then we study the condition by which D,, = n holds,
like in the commutative cases, and also we find the first number n such that
D, = M 441 holds.

This paper is in final form and no version of it will be submitted for publication
elsewhere.
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Throughout this work denote by N, P, C the set of nonnegative, pos-
itive integers and complex numbers, respectively. In order to simplicity
we always use the multiplication to denote the group operation and use
the symbol e to denote the identity of the groups. We use the notation of
Hewitt and Ross [3].

1 Representative product systems

Let m := (myg, k € N) be a sequence of positive integers such that my > 2
and G, a finite group with order my, (k € N). Suppose that each group has
discrete topology and normalized Haar measure pui. Let G be the compact
group formed by the complete direct product of G with the product of the
topologies, operations and measures (u). Thus each x € G are sequences
x = (xg,21,...), where x € Gp, (kK € N). We call this sequence the
expansion of x. The compact totally disconnected group G is called a
bounded group if the sequence m is bounded.

If My := 1 and Mgy := mpMy, k € N, then every n € N can be
uniquely expressed as n = ZZO:O np M, 0 < np < myg, ni € N. This allows
us to say that the sequence (ng,ni,...) is the expansion of n with respect
to m. We often use the following notations: let |n| := max{k € N : n; # 0}
and

k—1 00
n(k) = anMk, n(k) = anMk
3=0 j=k

Denote by X} the dual object of the finite group Gy (k € N). Thus
each o € X} is a set of continuous irreducible unitary representations of
G, which are equivalent to some fixed representation U(?). Let d, be the
dimension of its representation space and let {(1, (2, ..., (4, } be a fixed but
arbitrary orthonormal basis in the representation space. The functions

u (@) = (UG, G) GG €{l,... do}, x € Gy)
are called the coordinate functions for U(®) and the basis {¢, (o, . . ., Ca, }-
In this manner for each o € X}, we obtain d2 number of coordinate func-
tions, in total myg number of functions for the whole dual object of Gi. The
L?-norm of these functions is 1//d,.

Let {¢7 : 0 < s < my} be a system of all normalized coordinate func-
tions of the group Gi. Now, we do not decide the order of the system ¢,
only suppose that @2 is always the character 1. Thus for every 0 < s < my
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there exists a o € X, i,j € {1,...,d,} such that

pi(r) = Vdoul? (x)  (z € Gy).

Let 1 be the product system of ¢, namely
Ua(a) = [[ it (ar)  (z€@),
k=0

where n is of the form n = Y77 npM;, and © = (xg,21,...). Thus we say
that 1) is the representative product system of . The Weyl-Peter’s theorem
(see [3]) gives that the system 1) is orthonormal and complete on L?(G).

The functions ¥, (n € N) are not necessary uniformly bounded, so
define

e n nlloo k € N).
k g%}kl!w [1llenll (keN)

U}, is the multiplication of the greatest product of L>®-norm and L'-norm
of the functions ¢; appeared in all group Gj,; for 0 < j < k. Namely

k—1
v, = [T max lgilhlle e (k€ MN).
i=0 ¢

It seems that the boundedness of the sequence ¥ plays an important role
in the norm convergence of Fourier series.

For an integrable complex function f defined in G we define the Fourier
coefficients and partial sums by

n—1
fm | fondn (REN),  Suf =Y fun (meP).
Gm k=0

According to the theorem of Banach-Steinhauss, S,f — f as n — oo
in LP norm for all f € LP(QG) if and only if there exists a C}, > 0 such that

1Snfllp < Collfllps— (f € LP(G)).

Thus, we say that the operator S,, is of type (p,p). Since system 1) forms
an orthonormal base in the Hilbert space L?(G), it is obvious that S, is of

type (2,2).
The Dirichlet kernels are defined as follows:

n—1
Dn(z,y) = > i) (y)  (neP).
k=0
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It is easy to see that

0= [ F)Dulen)duts). (L1)

This shows the importance of the Dirichlet kernels in the study of the
convergence of Fourier series. The following lemmas were proved in [2].

Lemma 1.1 Ifn € N and z,y € G, then

0o ne—1
y) =Y D (,y) (Z i (1) sok(yk)> Y (2)P00m) (1),
k=0 s=0

where (ng, n1, ...) is the expansion of n and x = (zg, 1, ...), ¥ = (Yo, Y1, ---)-
Lemma 1.2 (Paley lemma) Ifn € N and z,y € G, then

M,  forxz e I,(y),
0 for x & I,(y)
The Paley lemma is used to prove that the Sy, f partial sequence of

Fourier sums converge to f in LP-norm and a.e., if f € LP(G),p > 1.
Indeed, the

DMn(xvy) = {

1
Swm, f (@ / f(y) D, (2, y)dp(y) = (@) /[n(x) fdp
operator is the conditional expectation operator with respect to the o-
algebra generated by the sets I,,(z), « € G. Thus, according to the mar-
tingale convergence theorem, for each f € LP(G), p > 1, Sy, f converge to
f in LP-norm, and a.e.

The representative product systems are the generalization of the well-
known Walsh-Paley and Vilenkin systems. Indeed, we obtain the Walsh-
Paley system if my; = 2 and Gy := Zs, the cyclic group of order 2 for all
k € N. The characters of Z5 are the Rademacher functions:

o (r) = (—1)*" (s €{0,1}, = € Z9).

Moreover, we obtain the Vilenkin systems if the sequence m is an arbitrary
sequence of integers greater than 1 and Gy, := Z,,,, the cyclic group of order
my, for all k € N. The characters of Z,,, are the generalized Rademacher
functions:

k

o1 (x) = exp(2misz/my) (s€{0,...mp —1}, x € Zpp,, 12 = —1).
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Now, we consider the complete product of S3 where S3 is the symmetric
group on 3 elements. Thus my = 6 for all £ € N. S3 has two characters
and a 2-dimensional representation. The values of the system ¢ obtained
from the 2-dimensional representation depend on the chosen basis. Table
1 contains the values of a possible system .

e (12) (13) (23) (123) (132) || ll¢%[lx | l[#°lleo
W |1 1 1 1 1 1 1 1
50 S A [ R | 1 1 1 1

Table 1: The system ¢ for S

Notice that the functions ¢; can take the value 0, and the product
system of ¢ is not uniformly bounded. This facts encumber the study

of this systems. On the other hand, maxo<s<s [|¢°|[1]|¢°]|cc = %, thus
U, = (%)k—>ooifk—>oo.

Let my = 8 for all £ € N and Q5 be the the quaternion group of order
8, i.e.
Qs :={[a,b] : a* = e, b* = a?, bab~! = ).

Let G = Q5 for all kK € N. Qs has four characters and a 2-dimensional
representation (8 = 12 4 12 4 12 4 12 4 22). Table 2 contains the values of
a possible system .

Notice that |p®| can only take the values 0 or the square root of the
corresponding dimension because the representation is monomial. Hence,
U, =1 for k € N, but the group G is not abelian.

Finally, we write the values of a possible system ¢ for the alternating
group Uy. These values appear in Table 3, where o = exp(271/3). We use
this system in the results of Section 2.
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e a a® a® b ab a®d  a®b || ¢°llr | 1#°]ls
W1 1 1 1 1 1 1 1 1 1
et 1 1 1 -1 -1 -1 -1 1 1
1 -1 1 -1 1 -1 1 -1 1 1
o1 -1 1 -1 -1 1 -1 1 1 1
A lVZ VR V2 V2 0 0 0 0 2 V2
Ol V2 V2 =2 V2 0 0 0 0 § V2
¢l 0 0 0 0 V2 V2 V2 V|| 2 V2
|0 0 0 0 V2 V2 V2 V| 2 V2

Table 2: The system ¢ for Qo

2 The maximal value of Dirichlet kernels

Define by
Dyi= swp |Da(z,y)l  (neP)
z,yeG
the maximal value of the Dirichlet kernel D,. Using the inequality of
Cauchy-Bunyakovszkij we have

n—1 2 n—1 n—1
> k@) <Y @)D 1)
k=0 k=0 k=0
n—1 n—1
Smax2{erﬂc)r?,z\wk(y)F} v,y €G).
k=0 k=0
Moreover,
n—1
Du 2 sup | Du (e, )] = iggkz:o ().
Consequently,
n—1
D,, = sup D, (z,x) = sup Z |y ()2 (neP) (2.1)

zeG zeG k=0
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e (12)(34) (13)(24) (14)(23) (123) (142) (134) (234) (124) (132) (234) (143)

WOl 1 1 1 1 1 1 1 1 1 1
el 1 1 1 o @ «@ «@ a? a? a? o?
2|1 1 1 1 a? a? a? o? « o « «
¢IV3 V3 =3 -3 0o 0 0 0 0 0 0 0

Table 3: The system ¢ for Uy

from which we have that D,, is monotone increasing sequence.

For the commutative case D,, = n for all n € P, but the general case is
a bit more different.

Theorem 2.1 Ifn € P and A := max{k € N : n; # 0}, then

n<D,< MA+1-

Proof. Let G, k € N, be an arbitrary finite group appeared in the product
to obtain G. The unitary property of the representations implies (see [6])

j
S lei(r)? <me (5 < mg, 7 € Gy). (2.2)
s=0
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Moreover, let n € N, x, y € G. Thus, we have

na—1
Dy (x,y) = Dy (2, y) < > wix(xA)sDix(yA)>

s=0
+ @ (@A) P (Ya) D o (2, 9).-

By Paley lemma and (2.1) we obtain

na—1
Da(,) = Ma ( > |90‘Z(xA)|2> 193 @A) 2Dy (22). (23)
s=0

Observe, n = Z;?:O ng My, and nq) = Z]?:_ol niMj. By induction on A we
prove Dy (z,x) < M4 for all x € G. Indeed, by (2.2)

no—1

Dn(1)(x>x) = Z ‘808(5U0)|2 <mg = M
s=0

and supposing D,, . (z,x) < My, by (2.2) and (2.3) we have

n(a)
na—1
_ S 2 nA 2
Dn(A.H)(:va) - Dn(.’L‘,ZL') § MA (Z |QDA(xA)| > + |<)0A (:L‘A)‘ MA
s=0

na
= Ma (Z |@Z($A)!2> < Mama = Mas,
s=0

from which the inequality Dy, < M|, 4 follows.
On the other hand, by the orthonormality of the system 1 we have

n—1 n—1
[P du=Y" [ 1o du=n
G =0 k=0"C

and by the u(G) = 1 property

n—1 n—1
| Sl < sup - il = D, (2.4)

G r—o zeG k=0
from which we obtain the property D,, > n. This completes the proof of
the lemma. O

Figure 1 illustrates the statements of Theorem 2.1 with respect to the
system ¢ on Sz appeared in Table 1.
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Figure 1: D,, (n < 6%) on the complete product of S3

Notice that D, = n for some values of n. Let n € P with expansion
(ng,n1,...). Denote the indexes A and B by

A:=max{k € N:ny #0}, and B:=min{keN:n,#0,k <A}

Thus B = A if the expansion of n has only one nonzero coordinate. By
Lemma 1.1 it is not hard to see that D,, = n when n satisfies the following
two properties

ng—1

(i) > leh(zp)|> =np for all 25 € G,
s=0

n;—1
(ii) B = A or all of ¢} are characters such that Z % () |> = ny; for all
s=0
B <i<Aandz; €.
Indeed, if the above properties are true we have

ni—l

A A
Dy(z,) =Y M; (Z |¢f($i)2> [ (@) =D Min; =n
i=B s=0 i=B

for all x € G. However, property (ii) is too strong. To show this fact we
consider the complete product of finite groups where G is the dyadic group
and (71 is the alternating group Uy with the system appeared in Table 3 but
in different order, i.e. {©% 0% ©® o1, % V3t 8 V7 2, V0 VY. The
rest of finite groups in the product will be arbitrary. Thus D5 = 5, but
property (ii) is not true because 5 = (1,2,0,0,...) and ¢} = ¢° is not a
character.
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In order to obtain necessary and sufficient conditions we generalize the
property (ii). Denote by dz(s) the dimension of the representation corre-

sponded to the normalized coordinate function . We say that the posi-
(n4)

i

tive integer n satisfies the property (ii*) if B = A or there exist r; < d
nonnegative integers such that

(dz('ni) — Dngy = riM; (2.5)
and
nizl 0 if d) =1
nl - f m’L 2 - I g . Zni 26
; i o) = (el @) = 1) ifd™ > 1 (26)

7

for all B < i < A and x; € G;. It is clear, if ¢} are characters for all
k < i < A, then property (ii) follows from property (ii*).

Lemma 2.2 Let n € P. D, = n if and only if n satisfies properties (i)
and (ii*).

Proof. By (2.4) D,, = n is possible if and only if

n—1
S lon(@)P =n
k=0

for all x € G. Thus by (2.3) the sum

na—1

Dy (z,2) = Ma (Z Iwix(m)l2> + 1974 (@A) [*Dny (2, 2)
5=0

does not depend on the value of x4 and z. Since there is an x4 € G4 such
that ¢} (x4) # 0, the value of Dy 4 (z,z) does not depend on the value of
z, that is

Dn(A) (z,2) = n(A) (2.7)

for all x € G. Since n = Mgna + n(a) we also obtain

na—1
My ( > |80f4($A)|2> + | (@a) Prgay = Mana +nqa) (2.8)
s=0
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for all z4 € G4. If B = A (in this case n4) = 0) or @4* is a character,
then (2.8) is reduced to

na—1

D h(@a)? =na (2.9)
s=0

for all x4 € G4. Otherwise, denoting by e = (e, ea,...) the identity of G
we have

na—1
ST el <na and @7 (ea)? = dy. (2.10)
s=0

Indeed, the values of |¢% (e4)|? are integers, so if S-745 " |05 (e4)? > na+1
then Dy (e,e) > Ms(na + 1) > n, but Dy(e,e) = n. On the other hand, if
0" A (eq)]? d™4) then 0" (e4)|? = 0. Thus we substitute x4 by e4 in
A A A
2.8) to obtain ”‘:“_1 0% (e4)|? > n, which is not possible.
s=0 A

Denote
na—1

rai=na— Y |ehlea)l’.
s=0
Thus 74 is a nonnegative integer. After a simple computation in (2.8) for
T4 = eyq, we have
(d54) = 1)ngay) = raMa (2.11)

) = 1, and also for r4 > 0

from which we have that r4 = 0 if and only if d ,: A
we have that r4 < dg”‘) —1 and dg”‘) > 2. In the last case we calculate

the value of n(4) in (2.11) and we replace it in (2.8) to obtain

na—1
TA n 9 B 5 )
L0 (I (@A) = 1) = na - 2‘6 PACH] (2.12)

for all x4 € G4.

Summarizing the above results we obtain that D, = n is possible if and
only if B = A and (2.9) is true or B < A, (2.7) is true and

(@™ — D)ngay = raMa
and
na-l 0 if ) =1
S 2
naA — X = r n . n
A SZ_;) % (z4)] di‘"ﬁ_l (‘SOAA(xA)P . 1) if di‘ A) > 1
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for all z4 € G4. By (2.7) we use a similar method to the applied in the
proof of Theorem 2.1, so repeating the above method for k from A down
to B we prove Lemma 2.2. O

Under some conditions of the group G the properties (i) and (ii) will be

enough. Indeed, by 2.11 we obtain that df;“) # 2, because if B < A then
0 < n(4) <raMa. For this reason we can state the following theorem.

Theorem 2.3 Let G the complete product of finite groups where the di-
mensions of the representations appeared in the finite groups do not exceed
the value 2. Then D, = n if and only if n satisfies properties (i) and (ii).

In some cases the values of the systems ¢ only permit (2.8) if the prop-
erties (ii) is valid. Suppose that the square of the modulus of systems ¢
can only take integer values, for instance when the finite groups are all
monomials (see Table 2). In this case we obtain a similar statement.

Theorem 2.4 Let G the complete product of finite groups where the square
of the modulus of all of systems ¢ can only take integer values. Then
D,, = n if and only if n satisfies properties (i) and (ii).

Proof. If the square of the modulus of systems ¢ can only take integer
values, then we obtain

na—1

D i@ < na

s=0

for all z4 € G4 in a similar way to prove (2.10) in the proof of Lemma 2.2.
Thus the orthonormality of the systems ¢ only allow the equality (2.9) for
all z4 € G4 and by (2.8) we obtain

[l (a)Pniay = nay.

for all z4 € Ga. Then B = A, so n(a) = 0 or B < A and |@}*(z4)| = 1
for all z4 € G 4, so @ZA is a character. This prove that the property (ii) is
necessary and this complete the proof of the theorem. O

In another cases the order of the systems ¢ is determinant. Suppose we
order the systems ¢ such that the positive values of the identity are at the
beginning of the systems. Thus it is easy to see that D,, = D,(e, e), so we
have our statement from the fact that the values of |¢% (e4)|? are integers.
Furthermore, if the characters are at the beginning of all of the systems ¢,
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like the examples in Table 1, 2 and 3, the equation (2.9) is only possible if
and only if all of the functions ¢ are characters for all # € N. Thus we
obtain the following statement.

Theorem 2.5 Suppose we order all of the systems ¢ such that the positive
values of the identity are at the beginning of the systems. Then D, = n if
and only if n satisfies properties (i) and (ii).

Furthermore, suppose also that the characters are at the beginning of all of
the systems . Then Dy = n if and only if all of the functions ;" are
characters for all i € N.

On the other hand, it is interesting to study the upper estimation in the
inequality of Theorem 2.1, so we found all of positive integers n for which
D,, = M 441 holds. In this regard suppose there is a finite group Gy, such
that

mg—1

0t (x) = 0, for some xy, € Gy (2.13)

It is meaning that the value 0 appears at least one time at the last row of
the table containing the values of the system . In fact property (2.13)
only depend on the last member of the system ¢7, 0 < s < my, but Gy, can
not be a commutative group (characters can not take the value 0). Several
finite groups Gy can have property (2.13), so denote by N the smallest
index of them, that is G is the first group having property (2.13).

Notice that we can not always found the index N. For instance we can
not obtain it in the commutative cases when we only have characters or the
order all systems ¢ does not allow property (2.13) for any group Gy, k € N.
Although for all £ € N we can find the first number r € {1,2,...,my; — 1}
such that there exists an x; € Gy, for which

> len(@p)? =mg and  @f(wx) £ 0
s=0

and denote this number by k*.
We only obtain an equality in the upper estimation of Theorem 2.1 in
case of the existence of the index .

Theorem 2.6 Let A € N and My < n < May1. If the index N exists
then D, = M1 if and only if

A
> kM <n < Mag
k=N

If the index N does not exist then D, < Ma41.
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Proof. Let A € N and My <n < Ma41. Then by (2.3) D,, = M4y, if and
only if there exists an z € GG such that

na—1
Ma (Z I@Z(m)IQ) + 0% (@) [? Dy (2, ) = May1 = maMa.
s=0

Let kK = A and write the above equation in the following form.
nE—1
s=0

The both sides in (2.14) only can be 0 if Zgial @5 (wk)|? = my, so i (z),) =
0 for all s > ny. Otherwise from the

nk—l

ot (@e))> <mi— > lei(e)]® and Dy, (,2) < My
s=0

inequalities we obtain that (2.14) is only possible if there exists an z € G
such that

ng
> lep(@p)? =mg and Dy, (z,) = My, (2.15)
s=0

Thus by the definition of k* if n; > k* then (2.14) holds, if n; < k*
then (2.14) does not hold and if ny = k* then (2.14) holds if and only if
Dy (z,2) = M. In the last case we have to repeat the above idea for
k = A — 1 obtaining the same conclusion for n;_1 and so on.

If A < N or the index N does not exist then k* = my —1forall 0 < k < A,
so we can not find an index k such that n; > k* and then (2.14) holds.
Thus D, < Mg41.

If N < A we have to stop the process for k = N, because Dy, (z,2) = My,
does not hold for £ < N. Thus ng = k* for all N < k < A. If we choose
ny = N* + 1 we obtain that

A
1+ Z k‘*Mk
k=N
is the smaller number for which (2.14) holds. This completes the proof of
the theorem. O

The study of the quotients % is important in order to estimate the
Dirichlet kernels. This quotients are 1 in the commutative cases, but they
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can be unbounded if the dimensions of the representations appeared in
the finite groups are also unbounded. To show this property we order the
normalized coordinate functions ¢ of the finite groups such that let ¢ =1
and the representation corresponding to go,lc has the greatest dimension of
all representations of the group Gy and denoting this dimension by di we
also suppose that go,lc(ek) = +/d},. Thus, it is easy to calculate that

1
Do _1Hde 0 _ong
n 2

from which we have that under this order the quotients D are not bounded
for all n € P if the dimensions dj are not bounded. gigure 2 illustrates
that the order of the systems ¢ play an important role. The new order here
is {0, !, 0t %, 0% p3}. of Table 1. Compare it with Figure 1.

1200

10004

8007

600

2004

0 200 400 600 800 1000 1200
n

Figure 2: D,, (n < 6%) on the complete product of Sz using another order
of the system .

The following lemma states that the boundedness of the quotients %
is given by the boundedness of this quotients on the finite groups.

Lemma 2.7 Let G the complete product of finite groups Gy. The quotients
D

= are bounded for all n € P if and only if the quotients

n

~1
> mo k(@)

; (2.16)

are bounded for all k € N, 0 <r < my and x) € Gy,.



16 On the maximal value of Dirichlet kernels. . .

Proof. Let n = rMj,. By (2.3) we have

-1
b, M (SIS letnP) b i)
— = sup = —_— .
n reGy r My, z€Gy,

D
Thus if the quotients —* are bounded then the quotients (2.16) are bounded

n
forall k € N, 0 < r <my and z; € Gy.
To prove the inverse statement let n = Zf:o ng M. By Lemma 1.1 and
(2.3) there exist an = € G such that

na—1 na-1—1
=203 (S e )t aani |3 ehseanl
s=0 s=0
nA_Q—].
et @) Pl @as)PMact | ) e al@aa) |+
s=0

Let ¢ a positive number for which (2.16) is less than ¢ for all £ € N,
0 <r<mg and x € Gi. Thus

_ na 2 na-1—1| s 2
D _ Dy St | () (205 lena(wa)?)
n = naMy na nAMA_1

_ a1
[ (@) (was1)]? (2’5202 \90272(96,4—2)\2)

NAMA-—1MA-2

+...

2

nA 2 A s
From (2.16) we obtain that hp“‘nﬂ < 2¢. Indeed, LasolPalea)lt
A na+1

A 2 A 2
follows lea" (@) < ¢. Thus log” (xa)l < nfljlc < 2¢. On the other hand

na+1 na
ng—1, s 2 ng 2
>oro ()l <1 and lp)" (k)] <L
my my 2
Thus
D, 1 1
— <c+2c+2c=+2c-+---<bc
n 2 4

D
from which we have that the quotients — are bounded for all n € P. This
n

completes the proof of the lemma. O

Finally, notice that if the group G is bounded or the dimensions of
the representations appeared in the finite groups are uniformly bounded
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then the conditions of Lemma 2.7 hold. Otherwise we can try to order the
systems ¢ putting the representations with big dimensions at the end of
the systems ¢.
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