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The complete product of finite groups

We deal with Fourier analysis on a generalization of Walsh-Paley and
Vilenkin systems.
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The complete product of finite groups

We deal with Fourier analysis on a generalization of Walsh-Paley and
Vilenkin systems.
The group (G = :;()Gk)

Denote by G the complete product of arbitrary finite groups of order my
(mg > 2, k € N), with discrete topology and assign each singleton the
measure mlk G has the product topology and measure. (Haar measure)
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Orthonormal systems on finite groups

The dual object () of the finite group Gi (k € N)
is the set of all continuous irreducible unitary representations of the
group Gi which are not equivalents.
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Orthonormal systems on finite groups

The dual object () of the finite group Gi (k € N)

is the set of all continuous irreducible unitary representations of the
group Gi which are not equivalents.

The Coordinate functions

Forany o € X, let {&1,...,&q, } be a fixed basis of the representation
space of a representation U(?) in the class ¢ having the dimension d,.
The Coordinate functions:

U (x) = (U6.6), ijefl,...dr} o€ Ty
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Orthonormal systems on finite groups

The system ¢

We order the all normalized coordinate functions of the finite group Gk
(¥%(x) = 1) to obtain exactly my number of functions.

PE() = VAUl (x)  (x€ G s=0,....m—1),

where o € Xy, i,j € {1,...,d;}.
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Orthonormal systems on finite groups

The system ¢

We order the all normalized coordinate functions of the finite group Gk
(¥%(x) = 1) to obtain exactly my number of functions.

PE() = VAUl (x)  (x€ G s=0,....m—1),

where o € Xy, i,j € {1,...,d;}.

The system o is an orthonormal and complete system on L?(Gy).
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Example 1: Cyclic groups of order m, Z,

The generalized Rademacher functions

©5(x) = exp(2msx/m)  (s€{0,...m—1}, x € I, 22 = —1)
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Example 1: Cyclic groups of order m, Z,

The generalized Rademacher functions

©5(x) = exp(2msx/m)  (s€{0,...m—1}, x € I, 22 = —1)

@ All of the members of system ¢ are characters.
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Example 1: Cyclic groups of order m, Z,

The generalized Rademacher functions

©5(x) = exp(2msx/m)  (s€{0,...m—1}, x € I, 22 = —1)

@ All of the members of system ¢ are characters.
@ [p°(x)|=1forallxeZpandse {0,...m—1}.
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Example 1: Cyclic groups of order m, Z,

The generalized Rademacher functions
©5(x) = exp(2msx/m)  (s€{0,...m—1}, x € I, 22 = —1)
@ All of the members of system ¢ are characters.

@ [p°(x)|=1forallxeZpandse{0,...m—1}.
® [le®llh =1, [[¢°flc =1.
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Example 2: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (132)
O 1 1 1 1
U R TR 1
P#|lvZ —v2 g g - -9
V2 V2 - -
N T
I O e
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Example 2: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (132) || [|¢°[ls
o0 1 1 1 1 1 1
o 1 -1 —1 -1 1 1 1
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Example 2: The permutation group of 3 elements, 83

e (12) (13) (28) (128) (132) || l¥°ll1 | ll¥®lloo
o0 1 1 1 1 1 1 1
ZLE R T [ [ 1 1 1 1

R. Toledo (College of Nyiregyhaza)

Representative product systems

Maratea, Sept 29th 2009

6/21



Example 2: The permutation group of 3 elements, 83

e (12) (13) (28) (128) (132) || l¥°ll1 | ll¥®lloo
o0 1 1 1 1 1 1 1
ZLE R T [ [ 1 1 1 1

@ The system has 2 characters and a representation of dimension 2.
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Example 2: The permutation group of 3 elements, 83

e (12) (13) (28) (128) (132) || l¥°ll1 | ll¥®lloo
o0 1 1 1 1 1 1 1
ZLE R T [ [ 1 1 1 1

@ The system has 2 characters and a representation of dimension 2.
® |©%(x)| =0forsome x € Zpand 0 < s < 6.
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Example 2: The permutation group of 3 elements, 83

e (12) (13) (28) (128) (132) || l¥°ll1 | ll¥®lloo
o0 1 1 1 1 1 1 1
ZLE R T [ [ 1 1 1 1

@ The system has 2 characters and a representation of dimension 2.
@ |p°(x)| =0 for some x € Zp and 0 < s < 6.
® ||¢°||« > 1forsome 0 < s < 6 and

4
max_||p° e = 5.
max (|l = 5
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Example 3: The quaternion group of order 8:
Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e

o0 | 1 1 1 1 1 1 1 1

ol | 1 1 1 1 —1 —1 —1 —1
w2 | 1 —1 1 —1 1 —1 1 —1
o3| 1 —1 1 —1 —1 1 —1 1

ot V2 V2 V2 V2 0 0

Al V2 V2 V2 V2 0 0 0 0

2N ) 0 0 0 V2 V2 V2 V2
I’y 0 0 0 0 -2 V2 V2 V2u
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Example 3: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a & a b ab &b &b || ||¥%
0| 1 1 1 1 1 1 1 1 1
o | 1 1 1 1 o T T . 1
|1 1 -1 1 —1 1 1
e R T 1 -1 1 -1 1
ot V2 V2 V2 V2 0 0 %
Pl VvZ V2 V2 Va0 0 0 0 ¥2
Wl o o 0 0 V2 V& V2 VA || L2
|0 o 0 0 V2 V& V2 V2| 2
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Example 3: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a & a b ab &b @b || [l¥°l1 | ll¢®llo
e | 1 1 1 1 1 1 1 1 1
o' | 1 1 1 e 1 1
1 1 -1 1 1 1 1 1
Bl 1 - 1 -1 1 1
ot V2 V2 V2 V2 0 0 % V2
Slvz —va V2 vZ2i 0 0 o 0 vz V2
Wl o o 0 0 V2 V& V2 VA || L2 V2
|0 o 0 0 V2 V& V2 V2| 2 V2
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Example 3: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

a & a b ab @b &b || l¢°lh | ll¥°llo

o

n

w

—V2u 0 0 0

V2 V2 V2 0 0 0 0
0 0 V2 V21 V2 V2
0 0 -2 V2 V2 V2

o

[=2]

‘G‘GGGJ;G‘GS‘G
oo§§AAAAm
o
|
N
N T
S

0
0

]

@ The system has 4 characters and a representation of dimension 2.

R. Toledo (College of Nyiregyhaza) Representative product systems Maratea, Sept 29th 2009 7/21



Example 3: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

a & a b ab @b &b || l¢°lh | ll¥°llo

o

n

w

—V2u 0 0 0

V2 V2 V2 0 0 0 0
0 0 V2 V21 V2 V2
0 0 -2 V2 V2 V2

o

[=2]

‘G‘GGGJ;G‘GS‘G
oo§§AAAAm
o
|
N
N T
S

0
0

]

@ The system has 4 characters and a representation of dimension 2.
@ Monomial: |¢%(x)| = 0 or |¢*(x)| = Vd, forall x € Z,, and
0<s<8.
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Example 3: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

a & a b ab @b &b || l¢°lh | ll¥°llo

o

n

w

V2 V2 0 0 0

V2 V2 V2 0 0 0 0
0 0 V2 V21 V2 V2
0 0 -2 V2 V2 V2

o

[=2]

‘G‘GGGJ;G‘GS‘G

oo§§AAAAm
o

N T

S

0
0

]

@ The system has 4 characters and a representation of dimension 2.

@ Monomial: [p3(x)| = 0 or |¢%(x)| = V/d, for all x € Z, and
0<s<8.

® ||©°|lcc > 1 forsome 0 < s < 8 but

max ||, 5o = 1.
max o]
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Representative product systems

The m-adic expansion of n: (ng, ny,...)

Denote My := 1 and My, 1 := mMj, (k € N). Given n € N it is possible
to write n uniquely as

n= Z My, (0 < ng < mk).
k=0
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Representative product systems

The m-adic expansion of n: (ng, ny,...)

Denote My := 1 and My, 1 := mMj, (k € N). Given n € N it is possible
to write n uniquely as

n= Z My, (0 < ng < mk).
k=0

A representative product systems G. Gat and R. Toledo
is the product system of :

Un(x) =[] er(x)  (x€ Q).
k=0
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).

Characteristics of the system ¢ for noncommutative cases:
@ It is not uniformly bounded.
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).

Characteristics of the system ¢ for noncommutative cases:
@ It is not uniformly bounded.
@ It takes the value 0.
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Convergence in LP-norm of Fourier series

The n-th partial sums of Fourier series

n—1
Spf = E sz/)k (n € N)7 where f :—/ f@kdu'
G
k=0
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Convergence in LP-norm of Fourier series

The n-th partial sums of Fourier series

n—1
Spf = E sz/)k (n € N)7 where f :—/ f@kdu'
G
k=0

Theorem (P. Simon, F. Schipp and W. S. Young)

Let G be a Vilenkin group and 1 < p < oo. Then for all function

f € LP(G) the sequence of partial sums Syf of the Fourier series of f
converges to the function f in LP-norm.
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Convergence in LP-norm of Fourier series

The sequence ¥

k—1
Vi = H0 max|¢fll1[ofl (k€ N).
1=
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Convergence in LP-norm of Fourier series

The sequence ¥

k—1
Vi = H0 max|¢fll1[ofl (k€ N).
1=

Theorem (R. Toledo)

If G is a bounded group with unbounded sequence V, then for all
p # 2,1 < p < oo there exists a function f € LP(G) such that the
sequence of partial sums Syf of the Fourier series of f does not
converge to the function f in LP-norm.
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Dirichlet kernels

The Dirichlet kernels

n—1
Dn(x,y) =Y ex(X)¥i(y)  (n€P)
k=0
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Dirichlet kernels

The Dirichlet kernels

n—1
Dn(x,y) =Y ex(X)¥i(y)  (n€P)
k=0

Snf(x) = /G (y)Dn(x. y)dp(y)
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Dirichlet kernels

The Dirichlet kernels
n—1
Dn(x,y) =Y ex(X)¥i(y)  (n€P)
k=0
$:£0) = [ #(/)Dn(x.)du(y)

The maximal value of Dirichlet kernels

Dn:= sup |Dn(x,y)| (neP)
x,yeG
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The maximal value of Dirichlet kernels

If G is commutative then D, = n, but for an arbitrary group G

Theorem (R. Toledo)

Ifne P and A:=max{k € N: ng # 0}, then

n<Dp< Mayq.
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The maximal value of Dirichlet kernels

If G is commutative then D, = n, but for an arbitrary group G

Theorem (R. Toledo)

Ifne P and A:=max{k € N: ng # 0}, then

n<Dp< Mapyq.

12004

1000+

8007

6007

4001

2007

0 200 400 600 800 1000 1200
n

D, (n < 6%) on the complete product of 83
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)
S

|
S

Denote the indexes A and B by
A:=max{keN:nc#0}, and B:=min{keN:ng+#0,k <A}

It is not difficult to see that D, = nif n satisfies the following two

properties
nB—1

(i) > le(xg)° = ng for all xg € G,
s=0

(i) B= Aorall of go,’.”’ are characters forall B< i < Aand x; € G;.
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The properties (i) and (ii) are not necessary for D, = n.
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The properties (i) and (ii) are not necessary for D, = n. For instance,

take the alternating group U4 and « = exp(2m:/3).

(12)(34) (13)(24) (14)(23) (123) (142) (134) (234) (124) (132) (234) (143)

e

3

3

| iea] emlen| eolen

32@7 N | eren
ST T T T

|lew

¢ ﬁzf_fz o il ,@@ﬁ%

| [eolew
N e lew| lew | lew
afW fTO 7 fi_ ¢¢¢¢

5 SPgo S ,3,2,3,2,3,2@

= ,
% S fT ITL ,a,z,a,zﬁ,aﬁ
afoT ITL ,3,2,3,2,3,2@
o S gy I

e N ot et ol
L Lzo#z f,f,f,
- o o ﬁ, ﬂ_ ﬂ_ o o o o

P~ N ® ¥ 10 © N © O

wvwwwwwwwwww

Take a new order: {0, 8 ©®, !, 2 3, 0% K8 7 9 10 K},

15/21
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The properties (i) and (ii) are not necessary for D, = n. For instance,
take the alternating group U4 and o = exp(272/3).

e (12)(34) (13)(24) (14)(23) (123) (142) (134) (234) (124) (132) (234) (143)
@0 | 1 1 1 1 1 1 1 1 1 1 1
Lp1 1 1 1 1 «@ « @ «a a? a? o? a?
502 1 1 1 1 o? o? a? o? [+ « [ [
¢ V8 Va0 0o -8 - o 8 8 3 3
L |VE V3 -3 V3 0 0 0 0 0 0 0 0
AR
SDS 0 0 V3 -Vv3 T2 T2 2 2. T2 Tz 2 2
3 3 3 3 3 3 3 3
e | 0 0 0 o V3 Vi V3 V3 Vi oVE OV -3
9 3 3 3 3 3 3 3 3
oo 0 0 0 V3 VR OVE VR VR VR VBV
10 3 3 3 3 3 3 3 3
o100 0 0 Vi -V Vi ovioVE -3 VR -3
11 3 3 3 3 3 3 3 3
el o 0 0 0 \/5 *\/é *\/E \/é *\/é \/E *\/é \/5

Take a new order: {°,¢8, ©°, !, 02, %, V8,07, 9,10 '}
Let G= 2o x Ug X Zo X Lo X ..., thus D5 = 5, but property (ii) is not
true because 5 = (1,2,0,0,...) and ¢? = ¢° is not a character.

R. Toledo (College of Nyiregyhaza)

Representative product systems

Maratea, Sept 29th 2009

15/21



Dn:n

Property (ii*) B = A or there exist r; < d,.(”") nonnegative integers such
that
(™ = )ngy = M

I
and
n— 0 if ") = 1

m= Y lefO)F=1_ . m it g
! §| 1( /)| d(nifL1 (’@7()(/)’2— 1) if di > 1

1

forall B<i<Aandx; € G.
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Dn:n

Property (ii*) B = A or there exist r; < d,.(”") nonnegative integers such
that
(™ = )ngy = M

I
and
n— 0 if ") = 1

m= Y lefO)F=1_ . m it g
! §| 1( /)| d(nifL1 (’807(Xi)|2— 1) if di > 1

1

forall B<i<Aandx; € G.

Letn e P. D, = nif and only if n satisfies properties (i) and (ii*).
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Let G the complete product of finite groups where the dimensions of
the representations appeared in the finite groups do not exceed the
value 2. Then D, = n if and only if n satisfies properties (i) and (ii).
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Let G the complete product of finite groups where the dimensions of
the representations appeared in the finite groups do not exceed the
value 2. Then D, = n if and only if n satisfies properties (i) and (ii).

Let G the complete product of finite groups where the square of the
modulus of all of systems ¢ can only take integer values. Then D, = n
if and only if n satisfies properties (i) and (ii).
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Let G the complete product of finite groups where the dimensions of
the representations appeared in the finite groups do not exceed the
value 2. Then D, = n if and only if n satisfies properties (i) and (ii).

Let G the complete product of finite groups where the square of the
modulus of all of systems ¢ can only take integer values. Then D, = n
if and only if n satisfies properties (i) and (ii).

Suppose we order all of the systems  such that the positive values of
the identity are at the beginning of the systems. Then D, = n if and
only if n satisfies properties (i) and (ii).
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The finite group Gk has property (N) if there is an x, € Gk such that
o (xk) = 0.
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The finite group Gk has property (N) if there is an x, € Gk such that
o (xk) = 0.

Several finite groups G can have property (N), so denote by N the
smallest index of them, so Gy is the first group having property (N).
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The finite group Gk has property (N) if there is an x, € Gk such that
o (xk) = 0.

Several finite groups G can have property (N), so denote by N the
smallest index of them, so Gy is the first group having property (N).

In the commutative case the index N does not exist.
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The finite group Gk has property (N) if there is an x, € Gk such that
o (xk) = 0.

Several finite groups G can have property (N), so denote by N the
smallest index of them, so Gy is the first group having property (N).

In the commutative case the index N does not exist.

For all k € N we can find the smaller number r € {1,2,..., m, — 1}
such that there exists an xx € G for which

.
D ()P =my and g (xk) #0
s=0

and denote this number by k*.
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Let Ac Nand My < n < Mga,4. If the index N exists then D, = My ¢ if

and only if
A

Z K*My < n < M,
k=N

If the index N does not exist then D, < Ma 4.
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Let Ac Nand My < n< Mga, 4. If the index N exists then D, = My ¢ if

and only if

If the index N does not exist then D, < Ma 1.

A
Z K*Myx < n < Ma
k=N

800 1000 1200

D, (n < 6*) on the complete product of 83 with new order

R. Toledo (College of Nyiregyhaza)
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D, = O(n)

The quotients 2 are not always bounded. For instance denote by d
the dimension corresponding to ¢} and suppose that ¢} (ex) = v/dk.

Thus D 14d
+ .
7” = K ifn=2M,

so it can tend to infinity if dx — oo.
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D, = O(n)

The quotients 2 are not always bounded. For instance denote by d
the dimension corresponding to ¢} and suppose that ¢} (ex) = v/dk.

Thus D, 1+d
+ .
7” = K ifn=2M,

so it can tend to infinity if dx — oo.

Lemma

.|

Let G the complete product of finite groups Gi. The quotients 7" are
bounded for all n € P if and only if the quotients

~1
> a0 lof (k)P
r

are bounded for allk € N, 0 < r < my and xx € Gg.

v
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Applications

Let G a bounded group and xy~' € G\ {e}. Denote by j the index for
which y € Ii(x) \ li+1(x). Then there exists a ¢ > 0 such that

|41 (X)) (V)]
|xy=1]

|Dn(x,y)| < cmin {n
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Applications

Lemma

Let G a bounded group and xy~' € G\ {e}. Denote by j the index for
which y € Ii(x) \ li+1(x). Then there exists a ¢ > 0 such that

‘wn(Jﬂ wn (+1) ( )’
Ixy 1|

|Dn(x,y)| < cmin {n

Theorem (Dini’s Test

—
~—

Let G the complete product of Qo with the product of the system
appeared in the Table. Let x € G, f € L'(G) and suppose the function

fy) — (%)

T (y # x)

aly) ==

is integrable. Then Spf(x) — f(x) as n — oc.
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