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ABSTRACT. In this article we discuss the Norlund means of cubical partial sums of Walsh-
Fourier series of a function in L? (1 < p < 00). We investigate the rate of the approximation
by this means, in particular, in Lip(«, p), where o > 0 and 1 < p < oo. In case p = oo by LP
we mean Cyy, the collection of the uniformly W-continuous functions. Our main theorems
state that the approximation behavior of the two-dimensional Walsh-Norlund means is so
good as the approximation behavior of the one-dimensional Walsh-Norlund means.

As special case we get the Norlund logarithmic means of cubical partial sums of Walsh-
Fourier series discussed recently by Gét and Goginava in 2004 [5] and the (C, §)-means of
Marcinkiewicz type with respect to double Walsh-Fourier series discussed by Goginava [10].

Earlier results on one-dimensional Norlund means of the Walsh-Fourier series was given
by Méricz and Siddiqi [14].

1. INTRODUCTION

Now, we give a brief introduction to the Walsh-Fourier analysis [15, 1].

Let denote by Zs the discrete cyclic group of order 2, the group operation is the modulo 2
addition and every subset is open. The normalized Haar measure on Zs is given in the way

that the measure of a singleton is 1/2. Let G := % Z,, GG is called the Walsh group. The
k=0
elements of G are sequences = = (g, 21, ..., Tk, ...) with 2 € {0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +), the normalized
Haar measure (denoted by p) and the topology are the product measure and topology.
Dyadic intervalls are defined by

In(x) =G, L(x)={yeG:y=(To, ', Tu1,Yn,Ynt1---)}
for z € G,n € P. They form a base for the neighborhoods of G. Let 0 = (0: i€ N) € G

denote the null element of G and I, := I,,(0) for n € N. Set ¢; := (0,...,0,1,0,...), where
the ith coordinate is 1 and the rest are 0 (i € N).

Let LP denote the usual Lebesgue spaces on G (with the corresponding norm ||.||,). For the
sake of brevity in notation, we agree to write L instead of Cy and set || f|| o := sup{|f(x)] :

r € G}.
Next, we define the modulus of continuity in LP,1 < p < oo, of a function f € L” by

wp(, f) = sup IFC+8) = FOllp, 0>0.
1
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The Lipschitz classes in LP for each a > 0 are defined by
Lip(a, p) == {f € L* : wy(6, f) = O(0“) as 6 — 0}.
The Rademacher functions are defined as
ri(z) == (=1)" (x € G,k € N).

Let the Walsh-Paley functions be the product functions of the Rademacher functions. Namely,
each natural number n can be uniquely expressed as

n=>Y n2, n;€{0,1} (i € N),

1=0

where only a finite number of n;’s different from zero. Let the order of n > 0 be denoted by
In| := max{j € N : n; # 0}. Walsh-Paley functions are wy =1 and for n > 1

00
[n]—1

wa(x) = [ (ru(@))™ = rpoy () (1) %8m0 e,

k=0

The Dirichlet kernels are defined by

n—1
Dyl = wn,
k=0
where n € P, D := 0. The 2"th Dirichlet kernels have a closed form (see e.g. [15])

2" x €,
0,  otherwise (n € N).

(1) Din = Dyn(z) = {

The nth Fejér mean and the Fejér kernel of the Fourier series of a function f [6] is defined
by

:%iS}”(f;x), K¥(x): ZD“’ (z € G),
=0

and K = 0.

On G? we consider the two-dimensional system as {wy1(z!) x w,2(2?) : (n!,n?) € N2}.
The two-dimenional Fourier coefficients, the rectangular partial sums of the Fourier series
and Dirichlet kernels are defined in the usual way. Define the n-th Marcinkiewicz kernel Y

by
KY(xt, 2 ZDk ) (z = (2, 2%) € G?).

For x € G we define |z| by |z| := ijo x;27971 for x = (a1, 2?) € G* by |z|* := (21)* + (2)2.
Thus, for f € LP(G?) (1 < p < o0) the modulus of continuity w,(d, f) is well defined for
0 > 0. We define the mixed modulus of continuity as follows

wIIJ,2(617527 f) = sup{||f(.—|—x1, .—f-IQ)—f(.—f—JZl, ')_f(‘v .+I2)+f(., )“p : |l‘1| < 617 |ZE2| < 52}a

where 01,05 > 0.
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2. NORLUND MEANS

Let {qx : kK > 1} be a sequence of nonnegative numbers. The Norlund means ¢t and kernels
Ly for the Walsh-Fourier series are defined by

1 n—1
tvlau(fv l’) = Q_an—ksl?(fa l’), Lw = Q an ka )
L n

where Q,, := Y771 qx (n > 1).
We always assume that ¢; > 0 and

(2) lim @, = o0

n—oo

In this case, the summability method generated by {gx} is regular (see [14]) if and only if

. gn—1
3 lim = 0.
(3) Jm -

In particular case t¥ are the Fejér means (for all k set gy = 1) and t¥ are the (C, 3)-means
(qr := Ag = (ﬂzk) for k> 1and g # —1,-2,...).

In the paper [14] the rate of the approximation by N6rlund means for Walsh-Fourier series of
a function in L? (in particular, in Lip(c, p), where @ > 0 and 1 < p < o) was studied. In case
p = 00, by LP we mean Cyy, the collection of the uniform W-continuous functions. As special
cases Moricz and Siddiqi obtained the earlier results given by Yano [18], Jastrebova [11] and
Skvortsov [16] on the rate of the approximation by Cesaro means. The approximation
properties of the Cesaro means of negativ order was studied by Goginava in 2002 [9].

The case when ¢ = % is not discussed in the paper of Mdricz and Siddiqi, in this case ¢
are called the Norlund logarithmic means. The Norlund logarithmic means for the Walsh-
Fourier series was discussed by Gét, Goginava and Tkebuchava earlier [4, 8|, for unbounded

Vilenkin system by Blahota and Gét [2].
In 2004 Gat and Goginava [5] discussed the uniform and L-convergence of the Nérlund
logarithmic means of cubical partial sums of the two-dimensional Walsh-Fourier series.

Motivated by the work of Gat and Goginava we investigate the two-dimensional Norlund
means of cubical partial sums of the two-dimensional Walsh-Fourier series. Define the means
and kernels by the usual way

tw(fax Q? an kSkk fax 33)

n—1
1
LY(x 2?) = 0. an_kaw(xl)Df(xQ).
" k=1

The means t)Y could be called Walsh-Norlund means of Marcinkiewicz type. We mention that
the case that qr = 7 is not included in this paper. For Walsh system this case is discussed

by Gat and Goglnava in [5]. If we choose g := AY = (ﬂzk) (for k> 1 and g # —1,-2,...),
then we get the (C, 3)-means of Marcinkiewicz-type which was discussed by Goginava [10]
with respect to double Walsh-Fourier series.
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3. THE RATE OF THE APPROXIMATION

In the following lemma we give a decomposition of the Walsh-Norlund kernels of Marcinkie-
wicz type. This lemma is the two-dimensional analogue of the Lemma proved by Moéricz and
Siddiqi in [14, Lemma 3.

Lemma 1. Let |n| = A > 1 and {qx} be a sequence of nonnegative numbers then

Qnﬁyuf(xlalj) - Qn72A+1D2A( 1)D2A( 2>+D2A< ) ( )Qn 2ALn QA( )
+ Daa(z ) Az )Qn ol 2A( 1)+TA($ )TA(x )an2A£n_2A<$1,$2)

A-1
+ Z(Qn—2j+1 — Qnoi+141)Dy; (xl)Dm' (x2)
=0
A-1 201 -2
+ Z Dy, ($2)7"j(951> Z(Qn—zj—i - qn—zf—i—l)iK;U(xl)
=0 i=1
A-1
+ 3 Dy (@) (@) a1 (2 — DE_ (2
=0
A-1 2012
+ Z Dy, (xl)Tj(952> Z(Qn—za‘—z’ - Qn—2f—i—1>iKz'w(x2)
=0 i=1
A1
Y Do () (1) (2 — DY (o)
=0
A-1 27 —2
+ Tj(xl)rj(ﬁz) Z(qn—2j—i — (21K (2, 2°)
=0 i=1
A-1
+ ri ()1 (42 guogiv 1 (2 — 1)K (2, 22).
=0

Proof. During the proof of Lemma 1 we use the following equations:
(4> ;UA+j(w) :DQA(ZE)+’I"A(I’)D;U(ZE), 92071772A_1

Let |n| = A, then we could write

241

QnLl (2", 2? Z oD (z ) + Z Guow DY (21 DY (2?) =: I + I1.

k=24

By the help of (4), we decompose 1.
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n—24-1
IT = Z Qn—ZA—jD;UAJrj(xl) 12UA+]< 2)
i=0
n—24-1 n—24-1
= Dya(z')Dya(x Z Gn—24_j + Dya(x Z Gn—24—; D} (x
7=0
n—24-1
+ Doa(x Z Qp—24_;D )+7'A( ) (QUQ)anQAEZ—QA(xl

= QnaoapDya(x )DQA( %)+ Daa(a)ra(a?)Quoga Ly a(a?)
+ Doa(2®)1a(2)Qroga LY s (@) +ra(x")ra(2?)Qp_ga LY Ha(xt, 2?).
We use (4) for the discussion of I

241

I = ) quiDP")Dy@?)
k=1

A-127-1
= D> GuwiDy (") DY (2?)
=0 =0

1

J
A— 27 -1

z?)

,2°)

= Z(Qn 241 — Quonit141) Doy () Doy (%) + Z Dy (x%)r;(x) Z Gn2i—i D}’ (1)
i=0

7=0
A-1 271 A-1 271

+ Z Dy, (Il)rj($2) Z qn—2j—iDzl'U(x2) + ri(a Z Gn—2i—iD
j=0 i=0 j=0

= [1+[2+[3+[4.
We use Abel’s transformation to study I, I3, I4.

A-1 27 —2

L= Z D2J’(372)Tj ('Tl) Z(anzz;i - C]n72j7171)2'K;U(*T1) + Qn72j+1+1(2j - 1)K§Uj_

=0 i=0
(I3 goes analogously.)

27 -2

A-1
Iy = er(fﬂl)rj(ﬁ) Z(Qn—zﬂ'—z‘ — Gni—i-1)JIK (21, 2%) 4 ggivi 1 (27 — 155
=0

1=0

For sequence ¢, | we would like to reach the same result as for sequence ¢ T,

') Dy («?)

1($1)

1(:[173:2)

to do this

we have to decompose the expression I in another way into two parts. But, we do not write

our result to the statement of Lemma 1.
Let n € N be fixed and set |n| = A. We write for I that

A-227-1 2A4A-1_1

I = ZZQH—ZJ'—Z'D;UJ+¢<$) 2J+z Z Gn—24-1—iDoa- 1+z('r) 12UA*1+1‘($2>

j=0 i=0
= I'+ I
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I' is studied in Lemma 1 too. To decompose I* we will use the following formula in [14]
(5) Dy .. — DY = —woin DY, (0 <0< 2).

Now, we write for I? that

24-11
o= Y geani (D (@) = Doa(a) Dy (o)
2A 11
+ Dya(x Z Gn-2a-1_;Dya1 (2 %)
24-11
= 3 Guaa (D (5h) = Doa () (Diacs . (2%) — Dya(a?)
2A 1
+ Daa(z Z Gn—24-1—i(Dya-14,( ") = Daa(ah))
2A—1 1
+ Doa(a’) Z Gn-24-1-;(Dga-1 (@ ) = Dya(a?))
i=0

Substituting the formula (5) into 12, using an Abel’s transformation we get the decomposition

o= (Qn-2a-141 —Qn—2A+1)D2A(fB1)D2A($2)
24-1-1
— Daa(a”)waa1(z') D (Gnosrsi — Gnosair) UK (21)
=1
24-11

— DQA(xl)wQA_1($2) Z (qn—2A+z—qn—2A+l+1)lKlw($2)
=1

+ DQA(SL‘2)UJ2A_ ( l)qn 9A— 12471 2A 1(1’1)

4+ Doa(aMwoa_1(22)qp_0a- 127 KY 1 (27)
24-1-1
+ waay (2t 4+ 2?) Z (Gn—2441 — qn—2A+l+1)UCZU(fB1, %)

=1

+ w1 (7t + 2%)q_pa 1 20T KY s (2, 27).

This completes the proof of Lemma 1. U

By the help of this lemma we have our main theorem which states that the approximation
behavior of the two-dimensional Walsh-Norlund means of Marcinkiewicz type is so good as
the approximation behavior of the one-dimensional Walsh-Norlund means. The last one was
investigated by Méricz and Siddiqi [14]. Recently, Fridli, Manchanda and Siddiqi generalized
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the result of Méricz and Siddiqi for homogeneous Banach spaces and dyadic Hardy spaces
[3].

Theorem 1. Let f € LP, 1 < p < o0, and let |n| = A>1 and let {qx : k > 1} be a sequence
of nonnegative numbers.

If {qx} is nondecreasing, in sign T, then
A-1

162(f) = fll, < Qizqnﬂwp@l,f)w(wp@A,f>>.
Ly g}

If {qi.} is nonincreasing, in sign |, such that

(6) & S ¢ =o0q)
n k=1

then
A-1

162(f) = fll, < Qizqn_ﬂwpm—l,f)+0<wp<2-A,f>>.
" =0

To prove our theorem we need the following lemmas given by Schipp, Méricz [13], Yano
[17], and Glukhov [7].

Lemma 2. (Schipp and Mdricz) If the condition (6) is satisfied, then there exists a constant
C such that
L7 <C (n=1).
Lemma 3. (Yano) Let n > 1, then
K] < 2.
Lemma 4. (Glukhov) Let o, ..., a, be real numbers. Then
. " 1/2
c
— < 2

n
k=1
where ¢ is an absolute constant.

As corollary of the Lemma of Glukhov, we get that

(7) KWl <€ (n=>1)
where C' is an absolute constant and the fact that condition (6) implies
(8) L3 <C (n>1),

where C' is an absolute constant.

Proof of Theorem 1: Clearly, condition (6) implies the regularity of the summability method.
We make the proof for 1 < p < oo, for p = oo the proof goes in a similar way (where
L>* =Cy ).

For sequence g T we use the decomposition Lemma 1, for sequence g | we use the
decomposition Lemma 1 and the decomposition of I* and I? in the proof of Lemma 1.

Let n € N be fixed and set |n| = A. By Lemma 1 and Minkowski inequality we may write
that
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Qnllty (f) = fllp
/G2<f( +2) — f(.))Daa (xl)DQA (I2)d,u(x)

IN

Qn—2A+1
p

£ Quean | [ C+2) = FO)Das a0

p

= Quan | [ (G 0) = PO ra) L)

+ Quan | [+ ) = FOIaGraG) el 2 ()
G2 »
A-1
b @uwin = Quan) | [ 7+ 0) = FO)Do () Doy ) dla)
=0 G P
+ ._ i|Qn—2j—i_Qn—2j—i—1|i /GQ(f(-+x)—f(.))Dzj(xQ)Tj(xl)Kf”(xl)du(x)
1112712
+ S s =gl || () = FO)Da @y K @)
b Y oz = | [ 70+ 0) = FOIDo ) ()
o
£ Ytz =) | [ ()= FOIDo ) (RS () d(e)
b s~ sl [ (40 = O R )
o |
£ Ytz =) | [ () = FOI @) (@) d(o)
= - An,i'

By the above written for sequence g |, in the expression A, s, ..., A, 11 the sum goes upto
A — 2 and we have 7 extra expression A, s, ..., A, 15 from the expression I?, but we will
discuss them at the second part of this proof.



APPROXIMATION BY NORLUND MEANS OF QUADRATICAL ... 9

Now, we discuss A,, 1. By (1) we find that

‘ /G?(f( + !L‘) - f<'))D2A(x1>D2A(I‘2)dM(Q;)

< [ Do) Doaa ( [+ - (y)\pdu(?/))l/pdﬂ(ﬂf)

2
IA

<
p

(9) < cwp(Q_ 1)
Thus, we immediately have

An,l S CQn—2A+1wp(2_Aa f)
and

An,5 <c (Qn—?j-i-l - Qn—2j+1+1)wp<2_jv f)

§=0

If g 7, we get that (Qn_9i41 — Quosit141) < 27¢,_o; and
A-1

An,S S CZ 2an—2jwp(2_j7 f)
=0
If gy, |, we get that (Q,—2i11 — Qn-sit141) < 2/¢,_o5+1 and
A—2 A—-1
An,5 S CZ 2j(]n—2j+1wp(2_j7 f) S CZ QZQn—Qlwp(Z_H-lu f)
=0 =1

To discuss A, 2, Ans, Ang, Anz, Ans, Ang we write the following for any € € G,y € G* and
AeP

/ (g +2) — F@)ra(e )dp(z)| = / F(y+ 2)ralz)du(z)
Ta(e)xIa Ta(e)x1a

= [t s [y aada)
Tat1(e)xIa Tata(

€+6A)><IA

-/ Fy+3) — F(y+ 5+ e)du(a)
Tar1(e)x1a

(10) s/f ) = fl s el

where el := (e4,0) (and €% := (0,e4) we will use it later too).

To discuss A, ¢, we write for any |j| < k that

B o= || [ 0+ 2) = FOIDaa e K (o)

p

= > gjz()- Jfrw) = F() Do (2®)ri(a") K5 (2" dp()

=
i€{0,1,... k—1}
£=0, 1>k »
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The function K3’(z') is constant on the sets Ix(¢) (¢ € G, [j| < k). Thus, (10) and Lemma
3 imply

B = || Y 2K / ) = O inte)

i X[k
i€{0,1,...k—1}
e1=0, I>k ’
1 p 1/p
< e[| fuu o - semneae| awo)
81:0 G2 Ik(E)XIk
i€{0,1,. k—1}
e1=0, [>k
1 P 1/p
< SO [ 1o - swa s dldute) | duty
£;=0 G2 T (e)x Iy
i€{0,1,..,k—1}
8[10, le
1 1/p
< SR (flstws o) = st ot eblauts)) - duto
£,=0 Tk (e)x I G?
i€{0,1,..,k—1}
é‘l:O, le
1
< ¢ Z ZkIK;”(s)]wp(Q_k,f)/ du(z)
£;=0 T y1(e) %I,
i€{0,1,....k—1}
e1=0, >k
< w275 NHIKS |
S pr(Qika f)
That is,
(1) B \ | FC0) = FOIDs (e rala K ()| < a2, )
G p
for any |j| < k. This implies that
A—127-2 '
An,6 = Z Z ’Qn—zj—z‘ - qn—zj—z‘—ﬂiBg
j=0 i=0
A—127-2
< CZ Z |Gn—2i—i — Gn—21—i1]iwy (277, f)
j=0 i=0
(A, 7 goes similarly to A, ).
Moreover,
A-1 A A-1
Apg < Czqn72j+l+12]B%j71 < CZ n—2i+1412'wp(277, f)
=0 j=0

(A, 9 goes similarly to A, 5).
If g. T, we get that
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2i_9 20 -2
Z ‘Qn72jfi - Qn72j7i71|i < Z An—2i—i — (2J - Q)Qn72j+1+1
i=0 =1
27 -2
(12) < Z Q21— < 2/ qp o
i=1
and
A-1
An,G < CZ QJQn—Wwp(Qi]? f)
§=0
Moreover,
A-1
An,S S CZ Qn—2i 2]("};0(2_]7 f)
§=0

While, in the case when ¢ |

2792 202
Z Gn—25—i = Gnoi—i1lt < (2! —2)gn o411 — Z An—2i—;
i=0 i=1
(13) S 2jqn,2j+1
and
A2
A,g < CZQan_Qijp(Q*J, f)-
j=0
Moreover,
A-2
Apg < chn_2j+1 2w,(277, f).
j=0

Now, we introduce the notation 33-4 to discuss Ay, 2, Ap 3.
First, let g |

J

/GQ(f(. +a) = f()Daa(a®)ra(’) LY (2")du(x)

P
The method above (see (11)), the condition (6) and Lemma 2 imply

371?721“ < CWP(Q_A7 f)HLZfQAHl < CWP(Z_Aa f)
(we note that |n — 24| < A —1) and
An,3 S CQn—QAwp(Q_Aa f)
Now, let g T . We use Abel’s transformation for Q,,_oa LY 4.

n—24-2

Qn-oaLly o4 = Z (Gn-24—j = Gn-oa—j1)J K} + q1(n — 24 — DK 54y

j=1

11
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and the definition of B and (11) imply

n—24-2
pr(2_A7 f) Z |Qn72Afj - Qn72Afjfl|j +qi(n — 24 — 1)

j=1

An,S

IA

n—24-2

< pr(2_A7 f) Z Gn—24—j + q1(n — 24 1)
=1
< w27 ) (Qnoza + aa(n =20 = 1)).

(We note that @, > (n — 1)¢; for increasing sequence g,. A, 2 goes similarly.)
At last, we discuss A,, 4, Ay, 10, Ap,11- First, we investigate A,, 4 and the others goes similarly,
but we will write some words about it.

First, let g, |. We note that £¥(z',2%) is constant on the sets I4(¢) x Ia(p) (¢,p € G).
This and the generalized Minkowski inequality give

From | [+ a) = FOralerale?) £ e ) du(a)
G2 D
_ Z Z / ) = FO)rale ra(e?) 5 )
iG{O,-i:A 1}ge{0 ,,,,, A—1} . »
< Z Z \ﬁ%pr\ (7 +2) = FOrate!eate? )
zE{O ..... A 1}]6{0 ,,,,, A 1} ol Y 8
<y Z 1£2(e,p)] %
zE{O,.i..,A 1}j€{0 ,,,,, A 1}
p 1/p
LU ) = saeste i) dnt))

for |j| < A. In the way of (10) we easily get that

(14) S/} " Auf(z,y)du(),

xTat1(p)

/I U 0) = F)ra(erate )

x1a(p)

where

Auf(z,y)=Ifx+y)— fle+y+ed) — fle+y+ey) + f@+y+ey+ed)l
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(14), condition (6) and Lemma 4 (see equation (8)) imply that

P 1/p
LY (e, Axf(x,y)du(x) | d
Z Z £ p>|</G 2 (/IAH(J;(XIA?JRI(S( >> u(y))

iE{O ..... A 1};6{0 ..... A—l}

&
S
IN

A
107
lM
o
P
™
>
x

x / e ([ saseyanm)” we

< Z Z [ e ol dnte) o220
Taga €)><1A+1(p)
i€{0 ----- A 1}]6{0 ..... A 1}
< Ly heta 2727 )
S aﬂ€2(2_A72_A7f)
That is,
(15) Fit <l Lyfawf o274, 274 F) S el (274,274, f)

for |j] < A, and
Aps < QuogaFA 10 < Q- pawf 5(27 A7 ) < cQpgaw, (274, ).

Now, we discuss A,, 4 for sequence ¢; T . By Abel’s transformation we write

n—24-2
Qn-2aLy)_oa = Z (Gn—24—j — Gn-2a—j1)JK; + q1(n — 24— 1) 241"
j=1

Set

- ‘
P = for |j] < A.

U0 = FOprale )i (@' 2o

The method of the discussion of F;* (see (15)) and Lemma 4 (see equation (7)) imply that

<y 27 HIKY I < cwp(274, F)
for |j| < A and
Ana=cwp (27 ) (Quga + q1(n — 24 = 1)).
(For more details see A, 2, A, 3, while g T.)
We discuss A, 10, An 11

A—127-2

Apo = Z Z |Gn—2i—i — qn—zj—z‘—ﬂiﬁg

j=0 i=0
A—127-2

< CZ Z |Gn—2—i = Gn-i—i—1]iwp(277, f).

=0 i=0
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If g T, by (12) we get that

A—1
An,l() < Z QanfQij(2_j7 f)
§=0
If g |, by (13) we get that
A—2
An,lO < Z QJanQJ"pr(Q_]v f)
§=0
At last,
A—1 ' A—1
An,ll < an—2j+1+123ng_1 < CZQH—21+1+12jwp(27]a f)
§=0 §=0
If g, T, then
A—1
An,ll S CZ Qn—212]wp(2ija f)?
j=0
while, if ¢ |
A—2
An,ll S & Z Qn—2j+12]wp(2_j) f)
j=0

Summarising our results on A,,; (i = 1,...,11) we could complete the proof of this theorem
for sequence g, T.

The second part of the proof of Theorem 1: Let the sequence g be nonincreasing (qx |).
We define A, ; (i = 12, ...,18) analogously as we do for A, 1, ..., A, 11 (see the decomposition
of I?).

By (9)

Aniz < c(Qnga—1yy — Qnosain)w,p(277, f).

To StUdy An,137 An,147 An,157 An,lﬁ we define B&-Ail by

Bt = (P + ) — FO)Dan(e) (e a2 (@)K dn(a)
for [j| < A—1. The method of the discussion BZ* (see (11)) and Lemma 3 imply that
B < cw, (277N ),

Apis, Anis < cqn,QA,12A—1wp(2—(A—1)7 )
and
24-11 3
Apis, Ans < ¢ Z |Gr—2a 41 — qn—2A+l+1|lBlA_1
o
s ¢ Z ’qﬂ—2A+l _Qn—2A+l+1’lwp(27(A*1),f)
=1

< e(Qpoga1 — Qn—2A+1>Wp(2_Aa f)-
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To discuss A, 17, An1s we define ]%-A_l by
FAV= |(f( 4 2) = FO)raci(@’ + 2”)waany (2! + 2?)KY (2, xZ)d,u(:c)Hp
for [j| < A—1. The method of the discussion F;* (see (15)) and Lemma 4 imply that

]5;‘—1 < cwifyg(Q—(A—U,Q_(A_l),f) < pr(Q—(A—l)’ f).
By this
s < Gnogams 2V T < gy pa 287Ny (27470, )

and

24A-1_1

HA—1
Anir < ¢ E |@n—2441 — Qu_oai1|LF)
=1
2A-1_1

< ¢ 3 Jguaan — qusr il 1)
=1

< C(an2A*1 - Qn72A+1)wp(2_Aa f)

These facts complete the proof of Theorem 1. [J

We will discuss the following cases:

a.) the nondecreasing {q;}, in sign g T, satisfies the condition

ngn—1

(16) 0.

— 0(1).

In particular (16) is true if
qr =< k° or (log k)P for some 3 > 0.

b.) the nonincreasing {q}, in sign ¢, |, satisfies
bi.) qx < k=? for some 0 < 3 < 1, or
bii.) g, < (logk)~? for some 0 < 3.
(We note that the condition (6) is satisfied in these cases.)

For more details see [14].

15

The one-dimensional analogue of the following theorem was proved by Méricz and Siddiqi in
[14]. We mention that as special case (set g := 1 for all k) we get the so-called Marcinkiewicz
means of Walsh-Fourier series. More generally, when ¢ := Ag = (ﬁ Zk) for k > 1 (8 #
—1,—-2,...) we have the (C, 3) mean of Marcinkiewicz type discussed by Goginava [10] with

respect to the double Walsh-Fourier series.

At last, we note that the following theorem states that the approximation behavior of the
Norlund means of quadratical partial sums of double Walsh-Fourier series is so good as the
approximation behavior of the one-dimensional Norlund means of Walsh-Fourier series for

Lipschitz functions showed by Méricz and Siddiqi [14].

Theorem 2. Let f € Lip(a,p) for some a >0 and 1 < p < o0.
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Let {qi : k > 1} be a sequence of nonnegative numbers such that in case qi, 1 the condition
(16) is satisfied, while in case g | the condition bi) or bii.) is satisfied, then

O(n~), if0<a<l,
1t (f) = fllp = { O(n~tlogn), if a =1,
O(n™1), if > 1.

Proof. Let f € Lip(«, p) for some o > 0 and 1 < p < o0.

First, let g, T, which satisfies the condition (16). Theorem 1 and the method of Méricz
and Siddiqi in [14] immediately give our statement.

Second, let ¢ |, which satisfies the condition bi. That is ¢, < k=% for some 0 < 3 < 1,
then @Q,, < n'=?. From Theorem 1 it follows that

In|—1

1t (f) = fllp < a. Z G227 4 O(27 ey,
For 0 <[ < |n| — 1 we have 2"=1 < n — 2" and ¢,,_u < 27P"=D Thus,
[n|—1
J20) ~ Fly €~ 3 20 4 o
=0
In]—1
<

€ Y 2= g2l
n =0

O(M), if0<a<l,
= (W) if o = 1,
if a > 1.

/\
Sl—s
~

Let the condition bii. be satisfied. That is ¢, < (log k)" for some 0 < 3, then Q, =<
n(logn)~P. The proof goes analogously as we wrote above.

4
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