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ABSTRACT. The main aim of this paper is to investigate the convergence and divergence
properties of one- and two-dimensional Norlund logarithmic means of Walsh-Kaczmarz-
Fourier series of functions in the uniform, and in the L Lebesgue norm. We gave a necessary
and sufficient conditions for the convergence regarding the modulus of continuity of the
functions.

1. INTRODUCTION

The n-th Riesz’s logarithmic means of a Fourier series is defined by

1 n—1 Sk(f) ' n
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The Riesz’s logarithmic means with respect to the trigonometric system was studied by a
lot of authors, e.g. Szdsz [20] and Yabuta [21], with respect to Walsh, Vilenkin system by
Simon [15] and Gat [4].

Let {qx : & > 0} be a sequence of nonnegative numbers. The n-th Norlund means of an
integrable function f is defined by

-1
Qn—ksk<f)a

1 n
Qn &
where @), = ZZ: qr- This Norlund means of Walsh-Fourier series was investigated by
Moricz and Siddigi [13]. The case, when g = ; is excluded, since the method of Méricz and
Siddiqi does not work in this case.

If g := %, then we get the Norlund logarithmic means:

n—1
E(f) = 1 Slf)
B n—=k’
k=1
where [, := Z;i % From now, we write simply logarithmic means ¢,(f). Recently, Gat

and Goginava [5, 7, 8] proved some convergence and divergence properties of this logarithmic
means of functions in the class of continuous functions, and in the Lebesgue space with re-
spect to the Walsh-Paley system. Moreover, they proved that the maximal norm convergence

function space of this logarithmic means is Llog™ L.
1
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The main aim of this article is to investigate the convergence and divergence properties of
one- and two-dimensional Norlund logarithmic means of Walsh-Kaczmarz-Fourier series of
functions in the uniform, and in the L Lebesgue norm. We gave a necessary and sufficient
conditions for the convergence regarding the modulus of continuity of the functions.

The a.e. convergence of a subsequence of logarithmic means of Walsh-Fourier series of inte-
grable functions was discussed by Gat and Goginava [9, 6]. More results on this logarithmic
means with respect to unbounded Vilenkin system can be found in the paper [2] written by
Blahota and Gat.

2. DEFINITIONS AND NOTATIONS

Let I :=10,1) denote the unit interval in R. The Rademacher functions are defined by

1, ifzel0,1/2),

ro(x) :=1re(2"z), n>1and z € I, where ro(z) := { 1, ifeell/2,1)
—1, I s L)y

and ro(z + 1) := ro(z). Each natural number n can be uniquely expressed as n = Y .2 n;2",

n; € {0,1} (i € N), where only a finite number of n;’s are different from zero. Let the order
of n > 1 be denoted by |n| := max{j € N : n; # 0}. That is, 2"l < n < 2ln+1,

The Walsh-Paley functions are defined by

[e.e]

w (@) = [ J(re(z))™.

k=0

The Walsh-Kaczmarz functions are defined by ko := 1 and for n > 1

n|—1

Fon () = 7| () H (Tn)—1—k(x))™.

k=0

Set w := (w, : n € N) and k := (k, : n € N). Each x € I = [0,1) can be expressed as
x =3 20227771, where ; € {0,1} (j € N). This expression is unique if z is not a dyadic
rational. In other words, if z is not of the form j/2", where j,n are nonnegative integers. If
x is a dyadic rational, then we choose the expansion which terminates in zeros. In this way
we have the unicity of this expression for all x.

For A € N define the transformation 74 : I — [ by

Ta1  Ta- x =\ T
Ta(z) = 2 4 A2+'-'—|—2A0_1+Z 2
j=A

21 22 2041
In other words, if the coordinates of x are xg,x1,...,24_1,24,..., then the coordinates of
Ta(x) are xo_1,Ta-2,...,%1,%0,TA,.... By the definition of 74 (see [17]), we have

K () = 1) (X)W, _gmi (T1n) () (n € N,z € [0,1)).

Suppose that f is a Lebesgue integrable function on I and 1-periodic. We define the Fourier
coefficients, the partial sums of the Fourier series, the Dirichlet kernels, the Fejér kernels and
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the Norlund logarithmic kernels by

fo(k) = / fOarde, 52 =3 fo(B)an.

Dy = iak, Ky = %ZD?,
k=0

k=0
1 n—1 Da
Fo.— — k
" L, n—=k’
k=1
where o« = w or k. Recall that

o ok 2 ifxe0,1/27),
1) Dalo)i= Do) = Do) = { 0 D)

Set K = I or I?. Denote by L(K) the set of measurable functions f defined on K for
which

HfHLz/KIfI <0

and by C'(K) the space of continuous functions on K, with the supremum norm

[flle = sup |f ()]
zeK

Let f € C(I). The expression
w(0, fle = sup [|f(-@h) = f()lle

|h|<6

is called the modulus of continuity of f, and for f € L(I)
w(0, f)r = sup [|f(.&h) = f()llz
|h|<é

is called the integral modulus of continuity, where & denotes the dyadic addition (see [14]).

On the unit square I? = [0, 1) x [0, 1) we consider the two-dimensional systems as {a,(x) x
am(y) : n,m € N}. The two-dimensional Fourier coefficients, the rectangular partial sums
of Fourier series and the Dirichlet kernels are defined by

FoG.5) = /01 /01 F(t, 8),(t)a;(s)dtds,

- k-1 1-1
Sei(f) = feli. sy and DR =" ey = DDy,

J i=0 j=0

o

—_
—_

I
=)
I
=)

where @ = w or k. Let X = L(I?) or C(I?). The total modulus of continuity in case
X = C(I?), and the total integrated modulus of continuity in case X = L(I?) are defined by

w(8, fx = sup{[lF( @, @v) = F(,)x : u? +0? < 57,

The partial modulus of continuity in case X = C(I?), and the partial integrated modulus of
continuity in case X = L(I?) are defined by

wi(6, f)x = sup{[[f( ®u,.) = f()lx : |ul <6},
wa (0, fx = sup{[[f(,,- ©v) = f(,)llx = [o] <0}
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The mixed modulus of continuity in case X = C'(I), and the mixed integrated modulus of
continuity in case X = L([) are given by

wi12(01, 02, f)x = sup{[|f(. ®u,.®v) = f(.Du,.) = f(,.®v)+ f(,)lx : [u] <y, [v] <0}
3. ON THE ONE-DIMENSIONAL NORLUND LOGARITHMIC MEANS

During the proofs of Theorems and Lemmas ¢, C' will denote constants which may vary at
different occurrences. In order to prove our main theorems we need the following lemma of
Gét and Goginava in the paper [5]:

Lemma 1. Let py := 22+ ... 422420, then ||F¥ ||, > clogpa.

By the help of this lemma we prove the following lemma:
Lemma 2. Let py =224 + .- +22 420 then there exists an ng € N such that
1Fy, > clogpa
for A > ny.

Proof. During the proof of Lemma 2 we will use the following equation:
(2) 5ay; (1) = Dya(x) +ra(z) DY (Ta(x)), j=0,1,..,2% = 1.

Let [m| = A, then

2A

D%(
L FE (2) = Z = T +1I.
j:1 j= 2A+1
First, we discuss II by the help of the equation (2).

—24-1 241

Dia (@) " Dy (ra(x))
2445 A

I = ]21 #—j = lm—24Dya () +724(7) le mJTA—j

= lm_QADQA(JI)-i-TA( )lm 2AF 2A(TA( ))

Now, we investigate I. By the help of Abel’s transformation we could write

24 N
f=:§2
A—1
1 1 . 24
- Z(m—j_m—j—l)jKj(x)+m 1(a).
7=0

Now, we choose m = p4 (we note that |m| = 2A4) and we write
l l

IF5 e = I raa By o mall — 47 Daall
PA DA
2241
1 1 1 .
—l - — , JK*
[nd? (- =) i
1 22A ;
_H_ K22A||L
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By Lemma 1 we have

lpa_
H };Z 1T2AFI§1,)4—1
A

o ToallL 2> ||Fy, |l = clogpa_1.

It is evident that

[
I ?A_l Dozl < c.
PA
For the Walsh-Kaczmarz system it was proved [16] that

sup || KF||1 < oc.
n

This immediately gives that

2241

1220 1 1 1
| — ( — . )jK’»‘HLSc— ——<c
%4;; pa—3j pa—j—1 ’ by = (Pa—1J)

and
1 22A

” lpA PA-1

K;QAHL S C.
Summarizing our results, we get
|5 |l > clogpa—1 —c > Clogpa
for A big enough.
This completes the proof of this lemma. O
It is well known that the following are true [17, 18]:
Theorem A. Let either X = C(I) or X = L(I). Let f € X and

w(d, f)x =o (m) ’

then |SE(f) — fllx — 0 as n — .

Since,

. 12 |S(f) — fllx
15 (f) = fllx < E;kﬂT

and the fact that the logarithmic summability method is regular from Theorem A we conclude
that the followings are true.

Theorem 1. Let f € C(I) and

w(é, fle =0 (m> 7

then ||t5(f) — flle — 0 as n — oo.
Theorem 2. Let f € L(I) and

w(d, flL =0 <m) ’

then ||t5(f) — fllo — 0 as n — oo.
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In this paper we prove the sharpness of these results. Namely, we prove the following
theorems:

Theorem 3. There exists a function f € C(I) such that
o06.e =0 (75 )
log(1/9)
and tE(f,0) diverges.
Theorem 4. There exists a function g € L(I) such that

w(d,9)L =0 (W)

and t%(g) does not converge to g in L-norm.

To prove Theorem 3 we modify the counterexample function of Gat and Goginava defined
in [5] and show that this modified function is really a counterexample function for the Walsh-
Kaczmarz logarithmic means.

The construction: Choose a monotonically increasing sequence of positive integers {ny :
k > 1} such that

(3> ni S nk+17
k—1
227” 22nk

4 — < .
) I
Set

22nk+2$’ lf 0 S T < Q—an—2’

() 1= | 93y gty gt < g < g et
0, otherwise.

Define the functions ¢, periodicaly by

22"k+171

pule)i= Xt (- g )+ pmlo b)) = o)

j=0

The counterexample function f is defined by

where f, () := ¢n, (x) sgn 13 (x) and p,, is defined in Lemma 2. The method of the article
[5] immediately gives that

(5) w(1/22nk’fm)c =0 <;§:}:> (1=1,2,..,k—=1)

and
w(d, fle =0 <m> '
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Proof of Theorem 3: The only fact we have to prove is that t”nk (f,0) diverges. To do this
we follow the method of Gat and Goginava [5] and write

5,10 - 10 = I3, 70 =| [ 10, et
k— c 1
> w(OFy (Bdt| =Y — W (OFT (t)dt
_nk/fk 0 ‘ Z;ni/ofx)pnk() |
(6) - Z / i) Ey (t)dt' — [ —II—1III.
i=k+1 i
By Lemma 2 we write
1 1 22nk+1—1 (j+1)272nk71
r= o / o ()|, (£t = / (O, (1)
nk 0 ] 2—2nk
22np+1_1 ]+1 2 2np —1
_ e 2n 1
- Z ‘ Pry, ]2 . )/2 2np— (pnk
c 22nk+171 ) , (j+1)2_2nk_1
= = o (5272 / 1dt
Nk ]; ‘ Pry (‘7 ) jo—2ng—1
(7) > —H L =e>0

for k big enough.
It is known that

1
I3 = flle < o (7.£) togtan-+ )
nJc
Therefore, we have
1
I657) = flle < o (5.5 Togtn+1
noJc
(for more details see [5]) This and (3), (4), (5) imply that

ng 227”
11 < CZ <22nk’fnz) log(pnk + 1) =0 <22nk . n; )
N 22nk—1
= 0 = o(1
(22nk NEg_1 ) 0( )
Since, || D% < clogn, we immediately get that || Ff||, = O(logn). This and (3) yield

o0 FH
U[zO(Z Hpﬂ#”ﬁ:o( Tk >:0(1)ask—>oo.

n
i=k+1 kt+1

as k — oo.

Summarizing our results, we conclude that
Tt (£,0) = f(O)] > 0.

That is, the proof is complete. [
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Now, we prove Theorem 4 and show that the counterexample function g given in the article
[5] is really a counterexample function for the logarithmic means of Walsh-Kaczmarz-Fourier
series, too.

First, we give the construction. Choose a monotonically increasing sequence of positive
integers {my, : k > 1} such that

(8) 2777/[4;,1 S mg,
k—1
22ml 22mk
(9) < .
= M my,
Set
> D 2m;+1
T) = Zgj (r) where gj(x):= M
=1 i
In the article [5] it is proved that
(10) w(,g)s = O [ ——
T \log(1/9)
and
(11) w(d, g)p =026 /m;) for 1=1,2,...k—1,6>0.

Proof of Theorem 4: During the proof of this theorem we will follow the method of Gat and
Goginava in the article [5]. Simple calculation gives

0o 00 k—1 k—1
It (@) —glle > q%(ihﬁ —Elmm—tm(ZMJ—ZM
i=k L i=k i=1 i=1 L
(12) = [—II—1III

We have the following

1 m .
tpn, (9i) = —Sgemis1 (F )= (i=kk+1,...).

m; P m;
By (8) and Lemma 2 we get
I i L g (Fy ) o~ 1, o H Fo e >ce>0
= _— . p— C

for k big enough and
= 1
Z—gi: o(l) as k — oo.
—m; — my

The estimation

1
Hﬂ@)—must(—g) los(n 4 1)
noJr
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goes analogously to the estimation ||t5(g) — g||c (for more details see [5]). This, (8), (9) and
(11) yield

k
1 < ZH 5o (g) = gillL=0 (Z (22mk,gi> m)
L

k=1 5om, 2my,
My 2 my, 2°Mk-1
= 0O (22mk E oy > =0 <22mk Mp—1 ) = 0(1) as k — o0.

=1

Summarizing our results, we conclude that
Jm [, (9) = gllz > 0.
This completes the proof of this theorem. [J

4. ON THE LOGARITHMIC MEANS OF CUBICAL PARTIAL SUMS

We define the logarithmic means and kernels (of Marcinkiewicz type) of cubical partial
sums by

n—k’ ﬁ“:T n—k

=1

n—1 —1
SOL DOC
TO(f) = llz me(f) Kk
" k=1

We define the Marcinkiewicz kernels /C,, by
1 n
==->"Dp
n k,k>
k=0

where o = w or k. For the Walsh system this logarithmic means was investigated by Gat
and Goginava in the article [8]. Now, we discuss the behavior of this logarithmic means of
quadratical partial sums with respect to the double Walsh-Kaczmarz system. We show that
the behavior of T is very close to the behavior of 7)Y in our special sense.

3
Ed

The following Lemma proved by Goginava [10] will play an important role in the proof of
our main theorems.
Lemma 3. If f € X, then
155 () = flix <

1 1
< c{w1 (E’j) logm + wo <ﬁ’f) logn + w2 (
X X

where X = C(I?) or L(I?).

S|=

1
,—,f> logmlogn},
n X

It is evident that the condition

v <o (i)

provides the convergence of ||Sy, (f) — fllx — 0 (as n — o0) for f € X := C(I?) or L(I?).

nlS x
i1 -l < 7 3 D

and the fact that the logarithmic summablhty method is regular, then by Lemma 3 we
conclude that the following is true.
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Theorem 5. Let either X := C(I?) or X := L(I?). Let f € X and

o o{(ce))

Then || TE(f) — fllx — 0 as n — oo.

In this section we investigate the sharpness of this result. Namely, we prove the following
theorems:

Theorem 6. There exists a function f € C(I?) such that
1 2
A0S =0 (<1og<1/6>> )

Theorem 7. There erists a function g € L(I?) such that

w(d,9)r =0 ((mf)

and T} (g) does not converge to g in L-norm.

and Tr(f,0,0) diverges.

To prove our theorems we need the following lemma [8]:
Lemma 4. Let py := 2% + ... 422+ 20 then
175 I > clog pa

for every positive integer A.

By the help of this lemma we prove the following lemma for Walsh-Kaczmarz system.
Lemma 5. Let py =224 + .- +22 429 then there exists an ng € N such that
175, 1l > clog” pa

for A > ny.

Proof. Let m = pa.

224 KAl K2 m—1 Kl K2
D2V DR (1 Dz ) D5 (x
lmfgl(xl’xQ):Z j( ) ]‘( )+ Z j( ) j.( >:I—f—]]
, m — . m—=]
]:1 ]:22A+1
We will use the notation Df'(z',2?) = Df(a%), riy(z!,2?) = ra(z’) and Ff(a?,2?) :=

Fr(z") for i =1, 2.
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To discuss II, we use the equation (2), which immediately yield

22A_1 k1 K,2
o D 22A D22A :
m= ) 2z
= m- 224 — 4
_1—1 _1—1

paA-1 D%%Dg% prPA-1 Dw,Q 0 Tou

= E ——— 47 2AD22A g -

=1 Pa-1—J =1 Pa-17J

pAa-1—1 Dw 1

pa-1—1
O Top 1 D (TQAXTQA)
“+r TQA E

+T%AD§2A Z

-1 Pa- 1—J o 1 pA—1—]
lpAle%QADSM + TSAD;QAZPAAF;X%l ©Toa + T%AD;AlpA 1FpA11 O Ta4
i arialps L FY 0 (Toa X Toa) = I + ITo + I T3 + 1.
By the equation
w1 1 e 1
1Fpis, o Tealle = 1B Ml < 57— ;i Z Zﬁ_jgclogpf;,l,
PA-1 j=1

we have that

1 1
l7—1hllz < clogpas  and  |l;—IhlL < clogpa-i.
paA PA

The equation (1) implies that

1
||Z_III||L S C.
PA
Now, we discuss I. Abel’s transformation gives that
2241
1 1 224
I = — K+ ——Koon =2 11 + 5.
Z(pA—j PA—j—l)j J+pA—1 2 L

j=1
For the Walsh-Kaczmarz-Marcinkiewicz kernels [11] hold that
sup ||Kr|z < oo.

This implies that

224_1 . 224_ 1
1 IS e c 1
|—[1| LS —— < -— <c,
| lp. = b ; (Pa=3)pa—J7—=1) " by = pa—J
1 1 224
l—I2lle = 7— H’CQzAHL <ec
pA PA

By Lemma 4 we get that

HZ_ILLHL > CH pa—224 © (TQA X T2A)HL > CH A 1HL > ClOgQPA—l-
pA

That is,
[Fille = ||——U4||L—010gpA 1 —c>Clog’py.

pA

for A large enough.

11



12 KAROLY NAGY

To prove Theorem 6, we modify the function of Gat and Goginava given in the paper [8].

First, we construct the modified function f € C'(1?). We choose a monotonically increasing
sequence of positive integers {ny : k > 1} such that the conditions (3) (that is, n7 < nji1)
and

k-1 2nl 22nk
<

(13) —
=1 !
satisfied.
Set
fri (@) = on, () on, (y) sgn 7y (2, y),

where p,, is defined in Lemma 5 and ¢, is defined in the proof of Theorem 4. Set

By the method of article [8] it is easy to see that

one=0((trs))
and

14 ! oy (= Y i B
( ) w1 22_nk’fnl C_WQ 22_nk7fn1 C_ 22_nk ) t=1,2,..., 8 — 1.

Proof of Theorem 6: The only fact we have to prove is that this function f is a counterex-
ample function for Walsh-Kaczmarz system. To do this we show that T;nk (f,0,0) diverges.

Now, we write the expression |T;nk (f,0,0)— f(0,0)| into the analogous form of the inequality
(6)-

By Lemma 5 we get

1 1
c K C K
_ _2/ / o (O pu (NFL, (8, )ldtds > 5| Fp |l > e >0
ng Jo Jo L

for k big enough (for more details see the one-dimensional case, the inequality (7)).

By Lemma 3 of Goginava and the method of the paper [8] we have that

||T:<f>—f||CSclog2n{wl (l,f) o (l,f) +\/w1 (l,f) w, (l,f) }
n c n C n c n c

This and (14) give that

222ni

K K n
T3, Furs 0,0 < T (fu) = Furlle <

22nk

This implies that

2 k=1 5o, 2 92y
n 2 n; 2°"k-1
IT=0|=F =0t =o(1 k — oo.
(22% ' n2 ) (227% ”271 ) o(l) as
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Since,

I#5l =0 ( 3 ”D””L) = Olog*n)

and (3) hold, then we write

15, 2
I =0 E =0 | = =o0(1) as k — oo.
n2

i=k+1 v M1

This completes the proof of this theorem. []
Now, we use the function g € L(I?) constructed by Gat and Goginava [8].

We choose a monotonically increasing sequence of positive integers {my, : k& > 1} such that
the condition (8) (that is, 2mg_; < my) and

k-1 22ml 22m;C

=1
are satisfied. Set

D22m 1 (x)DQQmJ-+1 (y)

)= gi(z,y),  where  gj(z,y) =L

m;

In the article [8] it is proved that

)

Thus, the only thing we have to prove is that the function ¢ is really a counterexample
function for the Walsh-Kaczmarz system, too.

Proof of Theorem 7: To prove this theorem we use the analogue of the inequality (12) First,
we investigate /. We have that

1

K

K I Pm .
Tpmk (g_]) = ﬁ522m +1 22m +1 (fpmk) = ka for ] Z k
J J
Lemma 5 and condition (8) yield
x4 ] < \FE e
I = > —5Symy gy (Fp )| = > — =2 |7, lL=e>0
j=k 7 L J=k J
for k£ big enough.
Second, we discuss /7. Using (8 ) we write
I< =o(1 k :
< Zk (mk> o(l) ask — oo

At last, we discuss I71. From (11) it is easy to get that
wi(0,g))r = wa(6, g1)p = O™ /m7) for 1 = 1,2,....,k — 1,5 > 0.
By Lemma 3 and
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we write that

22m1 Jog? g
S (@) — <o Z—==2"
H Z,l(gl) ngL— < Zle >
and
P 10) - gl
1Ty, (1) —aille < -~ Z -

=1

my —1

92mi Jog? p, Tk 1 <22ml log? p )

= 0| —™ E S o Y (. 0
i ( — i) l

mim; P (P,
This and (15) immediately give that

k—1 logzp A 22ml
mnr < > |7y (g) —all.=0 S 2 m?
=1 :

=1

mz 22mk—1
a <22m’“ mi_,
Summarizing our results on I, 11, 111 we conclude that

):0(1) as k — oo.

Jim (|75 (9) = gl > 0.
This completes the proof of this theorem. [J
5. ON THE TWO-DIMENSOIONAL NORLUND LOGARITHMIC MEANS

We define the two-dimensional logarithmic means and kernels of rectangular partial sums
by

t . (f) = : ;
’ Il £= = (n = k)(n =)
n—1 m—1
1 Dl(ell 1 2
Fa _ 5 Fa Fa
Ll Z (n—Fk)(n—1)
k=1 i1=1

( = w or k). For the Walsh system this means was discussed by Gat and Goginava in
the article [7]. Now, we investigate the behavior of two-dimensional logarithmic means of
rectangular partial sums with respect to the double Walsh-Kaczmarz system.

The two-dimensional logarithmic method can be given by the help of a positive rectangular
matrices which satiesfies regularity conditions (for more details see [7]).

Moreover,

—1m-—1
||5 —flix
tK/
J65,0(7) — Fllx < lg; LS
where X = C'(I?) or L(I?). These and Lemma 3 i mmedlately give the following theorem:
(7).

Theorem 8. Let either X := C(I?) or X := L Let f € X and

M&ﬁxzo<(ﬁiﬁa)7,

then [ty .(f) — fllx — 0 as n,m — oo.
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In this section we investigate the sharpness of this result. Namely, we state the following
theorems:

Theorem 9. There exists a function f € C(I?) such that

w(d, fle =0 ((@)j

To prove Theorem 9 we use Lemma 2 and modify the counterexample function given in
the article [7]. This is a mixed function of the functions in the previous sections.

and ty, . (f,0,0) diverges.

We choose a monotonically increasing sequence of positive integers {ny : k > 1} such that
the conditions (3) and (13) satisfied. Set

for (T fnk
z fra ) 0),

where f,, is defined in Theorem 3.

This function satiesfies the conditions of our theorem. The proof of that fact, that f is
a counterexample function for Walsh-Kaczmarz system, goes analogously to the proofs of
Theorems 3 and 6 (for more details see [7]). Therefore, it is left to the reader.

Theorem 10. There exists a function g € L(I*) such that

R (e

and t;; . (g) does not converge to g in L-norm.

The function g constructed in the proof of Theorem 7 with a monotonically increasing
sequence of positive integers {my, : k > 1} which satiesfies the conditions (8) and (15) will
be good. The proof goes analogously to the proofs of Theorems 4 and 7 (for more details
see the article [7]). Therefore, it is left to the reader. At last, we note that the proof of this
theorem is based on Lemma 2.
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