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ABSTRACT. For the two-dimensional Walsh system Gat and Weisz
proved the a.e. convergence of Fejér means o, f of integrable func-
tions, where the set of indices is inside a positive cone around the
identical function, that is, 3~ < nj/ny < 3 is provided with some
fixed parameter § > 1. In this paper we generalize the result of
Gét and Weisz. We do not only generalize this theorem, but give
a necessary and sufficient condition for cone-like sets in order to
preserve this convergence property.

1. INTRODUCTION

For double trigonometric Fourier series Marcinkiewicz and Zygmund
[8] proved the a.e. convergence of Fejér means o, f of integrable func-
tions, where the set of indices is inside a positive cone around the
identical function, that is 37! < ni/ny < 3 is provided with some
fixed parameter § > 1. This was proved also in the book [12]. We
mention that Jessen, Marcinkiewicz and Zygmund [7] also proved the
a.e. convergence o,f — f without any restriction on the indices, but
for functions in Llog™ L.

In the paper [4] the first author gave a common generalization of the
two more than 60 year old result of Marcinkiewicz and Zygmund and
the result of Jessen, Marcinkiewicz and Zygmund above. He not only
generalized these theorems, but gave a necessary and sufficient condi-
tion for cone-like sets in order to preserve this convergence property.

For double Walsh-Fourier series, Méricz, Schipp and Wade [9] proved
that o, f converge to f a.e. in the Pringsheim sense (that is, no re-
striction on the indices other than min(n;, ny) — oo) for all functions
f € Llog" L. In the paper [3] Gt proved that the theorem of Méricz,
Schipp and Wade can not be sharpened. Namely, the following was

proved. Let ¢ : [0,+00) — [0,400) be a measurable function with
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property lim ., & = 0, then there exists a function f € Llog™ Li(L)
such that o, f does not converge to f a.e. as min(ny,ng) — oc.

For double Walsh system the result of Marcinkiewicz and Zygmund
was proved by Gat [2] and Weisz [11].

In this article, we would like to give a common generalization of
results of Gat, Weisz and the result of Méricz, Schipp, Wade (with
respect to Walsh system) in the same direction and way as Gat did in
[4] with respect to the trigonometric system. Moreover, we would like
to give a necessary and sufficient condition for cone-like sets in order
to preserve the convergence property.

Now, we give a brief introduction to the dyadic harmonic analysis,
for more details see [1, 10].

Denote G' the Walsh group, and p the normalized Haar measure on
G. Dyadic intervalls are defined by

‘[0(’I) = G7 ]n(l') = {y €eG: Yy = (l’o,xl, vy Tn—1, Yns Yn+1, )}
for x € G,n € P. Let 0 := (0 : i € N) be the nullelement of G and
I, .= 1,(0) for n € N.
The Rademacher functions are defined by
ri(z) = (-1)" (x € G, keN).

Each natural number n can be uniquely expressed as n = Y ., n;2¢,
where n; € {0,1}(i € N). Define the Walsh-Paley functions by

o0

wa(x) == [ [(re(@)™.

k=0

Let us consider the Dirichlet and Fejér kernel functions

n—1 n
1
D, = E wi, K,:= - g Dy, Dy=K;y:=0.
k=0 k=1

The Fourier coefficients, the nth partial sum of Fourier series and the
Fejér means are defined in the usual way for f € L.

Define the two-dimensional Dirichlet and Fejér kernel functions as
the Kronecker product of one-dimensional functions

Dy (%) := Dy, (21) Dpy(22),  Kn() := Ky, (01) Ky (22),

where x = (71, 79) € G? and n = (ny,ny) € N2

2. DEFINITIONS AND NOTATIONS

Let a : [1,400) — [1,+00) be a strictly monotone increasing con-
tinuous function with property lim,, o = +oo, a(l) = 1, and [ :
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[1,+
A1) >

Deﬁne the cone-like restriction sets of N2 as follows:

) [1,4+00) be a monotone increasing function with property

Nog1 = {n e N2: ZEZS <ny < a(nl)ﬁ(nl)} ,
Nogo = {n €N?: % <m < a—l(nQ)ﬁ(ng)} :

For a(z) := =, f(z) == [ (B € (1,00)) we get the restriction set
Nop1 =Nago = {n eN?: 1 << B} used in [2, 8, 11].

Let B(z) = 3 be a Constant functlon. It is natural that N, 5,1 C
Na,ﬁg,l and Na,gl,g C NaﬁQQ for any ﬁl < ﬂg.

For: =1, 2 set

Noi = {Nuog;: 5> 1}.
For a fixed i € {1,2}, we say that N, ; is weaker than Ny 3, if for all
L € N, ;, there exists an L e Ng 3—; such that L C L. This will be
denoted by Ny ; < Ny 3-;.

If Nou < Nyo and Nyo < N, 1, then we say that N, ; and N, are
equivalent and denote this by Ny 1 ~ Ny 2.

We say that the function « is a cone-like restriction function (CRF),
If Na,l ~ Na,Q-

Set N, 1= N, 1 UN, 2. We say that the cone-like set L € N, is based
on the function a.

We study the a.e. convergence of (C,1) means o,f of integrable
functions f € L', where the convergence is restricted by n € L, L € N,
and « is CRF, while An — +00. Analogue question could be asked for
the Noérlund logarithmic means (for more details see [6]) or for other
means.

The properties of a CRF is given in the following theorem [4]:

Theorem 1. Function a is a CRF if and only if there exist (, vy, 72 > 1
such that

na(z) < a(Cz) < palz)
hold for each x > 1.
In other words, the condition yia(z) < «a(Cx) < yal(zr) is very
natural, since it is necessary and sufficient in order to have that for all

restriction set L € N, ; there exists an restriction set Le Ng 2 such
that L C L, and in the same way backwards also.
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3. THE CONVERGENCE THEOREM
Define the maximal operator
o7 = sup | ]
nerL
For the maximal operator we prove the following theorem.

Theorem 2. Let a be CRF, L € N,. Then the operator o is of weak
type (1,1).

By standard argument we have
Theorem 3. Let a be CRF, L € N,. Then for any f € L' the equality
lim o,f =f

An—00
nel

holds a.e.

We immediately have the theorem of Weisz and Gét [2, 11] as a
corollary.

Corollary 1. Let f € L' and 3 > 1 be a fived parameter. Then
lim onf=1Ff

holds a.e.

Theorem 4. Let o be CRF, 3 : [1,400) — [1,+00) be a monotone
increasing function with property lim, ., f = 400, and 6 : [1,+0c0) —
[0,400) be a measurable function with property im0 = 0. Let L :=
Nag1 or L := N, pa. Then there exists a function f € L'log" Lé(L)
such that

limsupo,f = +oco

AN—00
nel

holds a.e.

Corollary 2. Let a be CRF, (: [1,4+00) — [1,400) be a monotone
increasing function with property 3(1) > 1, and L := N,1 or L :=
Noga. Then

limsupo,f = +o0o

An—00

nelL

holds a.e. for all f € L' if and only if the function 3 is bounded.

For a(z) = x the “divergence part” of this corollary for two-dimen-
sional Walsh-Paley system can be find in [3] and the “convergence part “
in [2, 11].

In other words, only two cases are possible:
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A cone-like restriction and we have the whole L' as convergence space
for the two-dimensional Fejér means, or no restriction at all, and we
have Llog" L as maximal convergence space for the two-dimensional
Fejér means. That is, there is no ”interim space“ between L' and
Llog™ L.

To prove Theorem 2 we need the following decomposition Lemma of
Calderon and Zygmund proved in [4].

Lemma 1. Let the function ¢; : [1,400) — [1,4+00) be monotone
increasing and continuous with property lim, . ¢; = +oo (j = 1,2).
Set ;= [¢;] (j =1,2) (|x] denotes the lower integral part of x).
Let f € L' and A > ||f|l1. Then there exists a sequence of integrable
functions (f;) such that
f = Zf’w
i=0

where || folloe < CX, [[folls < ClIf v andsupp fi C L (27) X Tz (xh) =:
Jp x Jy (2%, 2y € G) with measures

T (7)) = 27900 and pu(Taa(zh) = 27

for some s; > 1. Moreover, fG2 fi =0 (i > 1), the dyadic rectangles
Ji x J; are disjoint, and with the definition F = {JZ,(Iin (27) X
Ia(a)) we have pu(F) < C|fll1/.

We will also use the lemma of G&t for the one-dimensional Fejér
kernel [2].

Lemma 2. Let 7, A € N. Then

LR
I\I; 1 n>24 2

During the proofs C' and ¢ will denote constants which may depend
only on (, 71,7 and could vary at different occurrences.
Proof of Theorem 2: First, we apply Lemma 1 for functions ¢ (s) :=
[logy(s)| and 1y(s) = |logy(a(s))], where v is CRF. Let L € N,.
Without loss of generality, L = N, g1 can be supposed for some 5 > 1.

Set f € L' and supp f C J; x Jy with measure u(J;) = 27%() for
some s > 1 (i = 1,2). We can also suppose that the centre of J; and
JQ is 0.

Set k7 :=1p;(s) for j = 1,2, that is J; = [1x and Jo = [j2.

Now, we will show the inequality

1) / sup o f| < ell ]l

61X 12 nel
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Set § := ¢80 2P+ If py < 2910 /5, then

ny < Pa(ng) < Bo(291E)¢ 180 20

a(2¥1)

< a(2¢1(8)) < < 9¥2(s)

ﬁ logw1 2641
T

¢, 7,72 > 1 implies ny < 28" and ny < 25, In this case the (n, m)-th
Fourier coefficients are zeros for n < n;,m < ny. More exactly,

A

fln,m) = flon X wnm) = fwn X wm) = (wWn X W) f,=0.
GxG Ikl Xlkg Ikl Xlkg

This gives o, f = 0.
That is, we could suppose that n; > 2¥1(*) /5. This yields that
a(ny) _ a(2916)/5) 1
ﬁ Z ﬁ = log,y1 26+1
Yo

Ny > a(2¢1(8)) >
First, we discuss the integral fI,Tlxl,Tz SUPper |lonfl-
We decompose the sets I (i = 1,2) in the following way:

ki—1

T = | I\La):

a=0

We introduce the notation
J = (I\Iop1) X (I\Ip41) (a=0,1,. k' =1, b=0,1,...,k* — 1).

Cosequently,
k1—1k2-1
i X Iz = U U Jb.
a=0 b=0
By the theorem of Fubini and Lemma 2 we have

/ sup | [f * (Ky, X Kn2)| < / |f sup |Kn2 X Kn2|
J JixJ?

a,b nel JixJ2 Ja.b nel
<[ s (Kl s ||
Jab >0kt /5 no>2k2 /8!

2a+b
< < flh SFTTRZ

N

and
kl—-1k2—-1

suplonf] < / sup 0w f] < cll £l
fosmienl < S5 [ sl

a=0 b=0 nel
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Second, we discuss the integral flkl <77 SWPner, lon f].

For r > k' set € := >\ ;1 ¢e;, where ¢; € {0,1} (i = k', ...,r) and
e; = (0,...,0,1,0,...), where the ith coordinate is 1 and the rest are

zeros. Then
[k,’l = U [T+1<€>.

€;€{0,1}
i=kl,...r

Define the sets J** and J for an arbitrary e = > .._,, €e;, for each
a=Fk' .. ,randb=0,1,....,k* — 1 by

T = (La(€\Lar1(€) X (I\ 1)
and
JP = T (€) X (L\Dpi1) -
We have the following disjoint union

r k2-1

nxIe=J U 7= U J?

a=k! b=0

It is easy to see that, ca(2") < ny < Ca(2") for n € L and 2" < n; <
c2". The theorem of Fubini and the decomposition above imply

/ _ suplonf] < Z/ sup | [ f* (K, x Ky,)|
I 1><I

Kl Xlkg nelL 12 2T c<7l1L<2T+C Ikl XIkQ
ne

S35 S NN TN B SN

r=kl € LaxI o2~ C<nn€1L<2T+C Irpa1(e)xT;2

r k2-1

SESS [ s [ e <)

r=kl ¢ a=k! b=0 2”637%152”6 Irg1(e)xI 2

IA

k2—1

+ ZZZ/ sup | f*(Km XK’”Z)’

bor—e<py<arte JI i q(e)xI 2

rkto nel
r k2-1
SYESS ), s Kl s (Kl
r=kl ¢ a=kl b=0 Iry1(e)xIy2 b gr—c<ny ca(2m)<ng

k2—-1

+ ZZZ/ |/ sup |Kn,| sup  |Ky,|.

=kl € Iry1(€) x1I 2 Jé’ ny<2rte ca(2m)<ng
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From Lemma 2 we get

r k2-1 2a+b
suplonf| < c§j§j§j§j/ il
/Ik1><IkQ neL S Sewar ) SYRY (O B 0 2rou(27)

k2—1 b

+ ZEZZ oo Mo
< C||f||1z
r=k1

Now, we will show that > 7, Q(QT
arbitrary A (we will give more details about A later)

) < ¢. To do this, we write for an

00 A—-1 oo
)3 = 2> 2k1+,4m
r=kl 7=0 =0

Now, we choose A such that the inequality
\/a<2k1+Az’+j+A 2 2\/a 2k1+Ai+j)
holds. (We could choose such an A because « is CRF.) By this we have

Z \/ 2k1+j \I 2k1
— 1

By simple consideration 28 < 2a(s = o282y > a(s/2) >

ca(s) and
2K?
a(2r) 2’7‘31

Third, we discuss the mtegral fﬁx 1, SUWPner lonf].
k k

Using the substitutions ¢t = a(s) and s = a~!(t), we write
Tys9) % () = Titogy a1 X T togy a(s)) = Tltogy a=2)) X Litogz 1) = L) < L 0
If a is CRF, then a~! is CRF too. To show this we use Theorem 1.

a”H(ma(z)) < Cr < a”H(pa(z),
substituting y = a(z) we have for z big enough that
CaH(y) < a M (ny) <o (yiy) < Cal(y).

Set 11 = (, ¢ = vi and 7y, := (*. If L € N, then L C L, where
L € N,-1.
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/ sup |0 f| < / sup | f].
Ly ()% Lyy(s) ML I

b)) Ly 1) nEL
The second step above gives that

[ swlousi <clfl
IiaxI 2 n€

The operator o7} is of type (00, 00) it follows from || K, ||; < ¢ for all
n € N.

This, inequality (1) and Lemma 1 give by standard argument our
theorem. [

By the interpolation lemma of Marcinkiewicz [10] and the fact that
the operator oj is sublinear we immediately have the following corol-
lary.

Corollary 3. Let a be CRF and L € N,. Then the operator o} is of
type (p,p) for all1 < p < co.

4. THE DIVERGENCE THEOREM

The main aim of this section is to prove the divergence Theorem 4.

Let a, 3,6 be such a function as given in Theorem 4, and let L :=
N, 1 (the case L := N, 5 can be discussed in the same way, therefore
it is left to the reader). We will construct a function f € L'log™ L§(L),
such that sup,,c; o, f = +00 almost everywhere. We will use the coun-
terexample function f defined in [4, page 96].

The construction: For n,a € N? we define a set of dyadic rectangles
Tno(x) (x € G?) by

In,a<x) = {In1+j(x1) X [n2+a27j(x2) . ] = 0, 1, ceny /\a}

It is easy to calculate that () Z,..(x) = In,+ra(®1) X Lnytay(T2).

Let b € N2 be given, but discussed later. Let a; be so large that

’Ylml log, 2| 2 4

and define the sequence (dj2) (with dpo = 0) by
[log, (a2 He1))]
k 7
where [z] denotes the upper integral part of . The sequence (kdj2)
is monotone increasing and satisfies the inequality

Cay < kdgo — (k—1)dp_12 < Cay

dk’g =

with some positive constants C, C' depending on ¢,~; and 7, (for more
details see [4]).
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For t € G* k € N, we define dy = (di.1,dk2) := (a1, dy2),
Ay = (Ag1, Ak) = (a1, kdpo — (K — 1)dj_12)

and we define the sets J§,(t), Q) ,(t) recursively:

Tpa(t) = {t}, () = JToai(t
If the sets J&d(t), Qi,d(t) are defined for j < k, then we consider the set

k—1

(I (t1) % T, (b)\ | € ()

=0
as the disjoint union of dyadic rectangles of the form Iy (4, (1) X
Ty, tkdy ,(T2). We take from each rectangle an element x as a represen-

tative, and the set of this elements be denoted by J,i 4(t). This means
that

(Ly, (t1) X In,(t2)) U W)= ke (@1) X Dpyira, o (22)).

xGJlid(t)

Let

Q]g,d(t) = U UIb+kdk7Ak+1(x)‘
xEJé“’d(t)
The construction implies the a.e. equality I,(t) = (2, Qg7d(t) (for
more details see [4, page 98]). By this we get

= U Ua.o

t;,1€{0,1} j=0
i=0,1,....b;—1
1=1,2

where t = (tl, t2) = (t07160 + ...+ th,Llebl,l, t072€0 + ...+ tb1,1726b2,1).
Define the function f;4: G* — [0, 4+00) by

o0
. NAgt1
fb,d = E E , E : 2 1Ib1+ka1+/\Ak+1 Xyt (k41)dy 5 () (:L‘)

ti1€{0,1} k=0 yeJk .(t)
i=0,1,...,b—1 ’
=12

In the paper [4] it is proved that f, 4 € L'log™ L. To prove our main
theorem we need the following lemma of Gat [5]:

Lemma 3. Let A;t € N, A > t. Suppose that x € I;\I;11, then
Kﬂ@ﬂ:{m if @ —aier ¢ L,

2L ifx —me, € 1y
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If x € I, then Kya(z) = 2471 +1/2.
By the help of this Lemma we will prove the following Lemma.

Lemma 4. Let b,d as given above. Then

1
>
sup onfoa(y) > el

for almost every y € G2.

Proof. From the construction it follows that for almost all y € G?
there exist a unique ¢ € G? and k € N such that y € Qf ,(¢) and a
unique u € Jéfd(t) with y € UZysrap,ap., (v). Then y € Iy pay+j(ur) X
Doyt (ki 1)dy 1 o—j(u2) for a j € {0,1, ..., AAp;1}. By the nonnegativity of
fv.a and the 24th Fejér kernels (for all A € P see Lemma 3) we give the
lower bound of sup,,c; o fp,a(y)-

sup oy, fo,a(y) >

nel
> So.a(2) Koprtkarti—2 (Y1 — 1) Kopos e vyag g o-i-2 (Y2 — 2)dp(x)
a2
> fo.a(2) Kopyray+i—2(y1 — 1'1)K2b2+(k+1)dk+1,2*3'*2 (y2 — w2)dp(z)
oy thay+ Ay (W)X by 1 (k4 1)dy 4 o (u2)
2b1+ka1+j—3+b2+(k+1)dk+1,2—j—3 1
> 2/\Ak+1 Z —

2171+k’a1+/\Ak+1+b2+(k+1)dk+1,2 64"

The fact that

n=(ny,ny) = (2b1+ka1+j—2’ 2b2+(k+1)dk+1’2,j72) c L

)

with the condition on b € N?
ﬁ(2b1_2) > 2b2,}éa1—2) log, 2+1 and b2 > 9

(see [4, page 100] for more details) completes the proof of this Lemma.
U

Proof of Theorem 4: Now, we give the counterexample function f. Let
(A\,) be a strictly monotone increasing sequence of natural numbers,
such that §(t) < 4 for all t > X,,n € N. (We note that lim;., § = 0.

Thus, this can be done.) Set aﬁ") such that the inequality

(n)

241 min(1,C) > 20&”71)

max(l,é)7 /\n7 on
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is true with the given constants C,C. Let d™, b§”) and bén) be defined
as above. Let f be defined by

Fi=) 2" =D 2" fyom -
n=0 n=0

In the article [4, page 101] it is proved that f € L*log" Li(L). By the
help of Lemma 4 and the nonnegativity of f and 24th Fejér kernels
(for all A € P) we immediately have

2k
sup o, f (y) > sup 0,2 fo g (y) > —
neL neL 64

for almost all y € G? and for all k& € N. This completes the proof of
this theorem. [J
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