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Abstract. For the two-dimensional Walsh system Gát and Weisz
proved the a.e. convergence of Fejér means σnf of integrable func-
tions, where the set of indices is inside a positive cone around the
identical function, that is, β−1 ≤ n1/n2 ≤ β is provided with some
fixed parameter β ≥ 1. In this paper we generalize the result of
Gát and Weisz. We do not only generalize this theorem, but give
a necessary and sufficient condition for cone-like sets in order to
preserve this convergence property.

1. Introduction

For double trigonometric Fourier series Marcinkiewicz and Zygmund
[8] proved the a.e. convergence of Fejér means σnf of integrable func-
tions, where the set of indices is inside a positive cone around the
identical function, that is β−1 ≤ n1/n2 ≤ β is provided with some
fixed parameter β ≥ 1. This was proved also in the book [12]. We
mention that Jessen, Marcinkiewicz and Zygmund [7] also proved the
a.e. convergence σnf → f without any restriction on the indices, but
for functions in L log+ L.

In the paper [4] the first author gave a common generalization of the
two more than 60 year old result of Marcinkiewicz and Zygmund and
the result of Jessen, Marcinkiewicz and Zygmund above. He not only
generalized these theorems, but gave a necessary and sufficient condi-
tion for cone-like sets in order to preserve this convergence property.

For double Walsh-Fourier series, Móricz, Schipp and Wade [9] proved
that σnf converge to f a.e. in the Pringsheim sense (that is, no re-
striction on the indices other than min(n1, n2) → ∞) for all functions
f ∈ L log+ L. In the paper [3] Gát proved that the theorem of Móricz,
Schipp and Wade can not be sharpened. Namely, the following was
proved. Let δ : [0,+∞) → [0,+∞) be a measurable function with
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property lim+∞ δ = 0, then there exists a function f ∈ L log+ Lδ(L)
such that σnf does not converge to f a.e. as min(n1, n2)→∞.

For double Walsh system the result of Marcinkiewicz and Zygmund
was proved by Gát [2] and Weisz [11].

In this article, we would like to give a common generalization of
results of Gát, Weisz and the result of Móricz, Schipp, Wade (with
respect to Walsh system) in the same direction and way as Gát did in
[4] with respect to the trigonometric system. Moreover, we would like
to give a necessary and sufficient condition for cone-like sets in order
to preserve the convergence property.

Now, we give a brief introduction to the dyadic harmonic analysis,
for more details see [1, 10].

Denote G the Walsh group, and µ the normalized Haar measure on
G. Dyadic intervalls are defined by

I0(x) := G, In(x) := {y ∈ G : y = (x0, x1, ..., xn−1, yn, yn+1, ...)}
for x ∈ G, n ∈ P. Let 0 := (0 : i ∈ N) be the nullelement of G and
In := In(0) for n ∈ N.

The Rademacher functions are defined by

rk(x) := (−1)xk (x ∈ G, k ∈ N).

Each natural number n can be uniquely expressed as n =
∑∞

i=0 ni2
i,

where ni ∈ {0, 1}(i ∈ N). Define the Walsh-Paley functions by

ωn(x) :=
∞∏
k=0

(rk(x))nk .

Let us consider the Dirichlet and Fejér kernel functions

Dn :=
n−1∑
k=0

ωk, Kn :=
1

n

n∑
k=1

Dk, D0 = K0 := 0.

The Fourier coefficients, the nth partial sum of Fourier series and the
Fejér means are defined in the usual way for f ∈ L1.

Define the two-dimensional Dirichlet and Fejér kernel functions as
the Kronecker product of one-dimensional functions

Dn(x) := Dn1(x1)Dn2(x2), Kn(x) := Kn1(x1)Kn2(x2),

where x = (x1, x2) ∈ G2 and n = (n1, n2) ∈ N2.

2. Definitions and notations

Let α : [1,+∞) → [1,+∞) be a strictly monotone increasing con-
tinuous function with property lim+∞ α = +∞, α(1) = 1, and β :
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[1,+∞) → [1,+∞) be a monotone increasing function with property
β(1) > 1.

Define the cone-like restriction sets of N2 as follows:

Nα,β,1 :=

{
n ∈ N2 :

α(n1)

β(n1)
≤ n2 ≤ α(n1)β(n1)

}
,

Nα,β,2 :=

{
n ∈ N2 :

α−1(n2)

β(n2)
≤ n1 ≤ α−1(n2)β(n2)

}
.

For α(x) := x, β(x) := β (β ∈ (1,∞)) we get the restriction set

Nα,β,1 = Nα,β,2 =
{
n ∈ N2 : 1

β
≤ n2

n1
≤ β

}
used in [2, 8, 11].

Let β(x) = β be a constant function. It is natural that Nα,β1,1 ⊂
Nα,β2,1 and Nα,β1,2 ⊂ Nα,β2,2 for any β1 ≤ β2.

For i = 1, 2 set

Nα,i := {Nα,β,i : β > 1}.
For a fixed i ∈ {1, 2}, we say that Nα,i is weaker than Nα,3−i, if for all

L ∈ Nα,i, there exists an L̃ ∈ Nα,3−i such that L ⊂ L̃. This will be
denoted by Nα,i ≺ Nα,3−i.

If Nα,1 ≺ Nα,2 and Nα,2 ≺ Nα,1, then we say that Nα,1 and Nα,2 are
equivalent and denote this by Nα,1 ∼ Nα,2.

We say that the function α is a cone-like restriction function (CRF),
if Nα,1 ∼ Nα,2.

Set Nα := Nα,1 ∪Nα,2. We say that the cone-like set L ∈ Nα is based
on the function α.

We study the a.e. convergence of (C, 1) means σnf of integrable
functions f ∈ L1, where the convergence is restricted by n ∈ L, L ∈ Nα

and α is CRF, while ∧n→ +∞. Analogue question could be asked for
the Nörlund logarithmic means (for more details see [6]) or for other
means.

The properties of a CRF is given in the following theorem [4]:

Theorem 1. Function α is a CRF if and only if there exist ζ, γ1, γ2 > 1
such that

γ1α(x) ≤ α(ζx) ≤ γ2α(x)

hold for each x ≥ 1.

In other words, the condition γ1α(x) ≤ α(ζx) ≤ γ2α(x) is very
natural, since it is necessary and sufficient in order to have that for all
restriction set L ∈ Nα,1 there exists an restriction set L̃ ∈ Nα,2 such

that L ⊂ L̃, and in the same way backwards also.
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3. The convergence theorem

Define the maximal operator

σ∗L := sup
n∈L
|σnf |.

For the maximal operator we prove the following theorem.

Theorem 2. Let α be CRF, L ∈ Nα. Then the operator σ∗L is of weak
type (1, 1).

By standard argument we have

Theorem 3. Let α be CRF, L ∈ Nα. Then for any f ∈ L1 the equality

lim
∧n→∞
n∈L

σnf = f

holds a.e.

We immediately have the theorem of Weisz and Gát [2, 11] as a
corollary.

Corollary 1. Let f ∈ L1 and β ≥ 1 be a fixed parameter. Then

lim
∧n→∞

β−1≤n1/n2≤β

σnf = f

holds a.e.

Theorem 4. Let α be CRF, β : [1,+∞) → [1,+∞) be a monotone
increasing function with property lim+∞ β = +∞, and δ : [1,+∞) →
[0,+∞) be a measurable function with property lim+∞ δ = 0. Let L :=
Nα,β,1 or L := Nα,β,2. Then there exists a function f ∈ L1 log+ Lδ(L)
such that

lim sup
∧n→∞
n∈L

σnf = +∞

holds a.e.

Corollary 2. Let α be CRF, β : [1,+∞) → [1,+∞) be a monotone
increasing function with property β(1) > 1, and L := Nα,β,1 or L :=
Nα,β,2. Then

lim sup
∧n→∞
n∈L

σnf = +∞

holds a.e. for all f ∈ L1 if and only if the function β is bounded.

For α(x) = x the “divergence part” of this corollary for two-dimen-
sional Walsh-Paley system can be find in [3] and the “convergence part“
in [2, 11].

In other words, only two cases are possible:
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A cone-like restriction and we have the whole L1 as convergence space
for the two-dimensional Fejér means, or no restriction at all, and we
have L log+ L as maximal convergence space for the two-dimensional
Fejér means. That is, there is no ”interim space“ between L1 and
L log+ L.

To prove Theorem 2 we need the following decomposition Lemma of
Calderon and Zygmund proved in [4].

Lemma 1. Let the function φj : [1,+∞) → [1,+∞) be monotone
increasing and continuous with property lim+∞ φj = +∞ (j = 1, 2).
Set ψj := bφjc (j = 1, 2) (bxc denotes the lower integral part of x).

Let f ∈ L1 and λ > ‖f‖1. Then there exists a sequence of integrable
functions (fi) such that

f =
∞∑
i=0

fi,

where ‖f0‖∞ ≤ Cλ, ‖f0‖1 ≤ C‖f‖1 and supp fi ⊂ Iki,1(xi1)×Iki,2(xi2) =:
J i1 × J i2 (xi1, x

i
2 ∈ G) with measures

µ(Iki,1(xi1)) = 2−ψ1(si) and µ(Iki,2(xi2)) = 2−ψ2(si)

for some si ≥ 1. Moreover,
∫
G2 fi = 0 (i ≥ 1), the dyadic rectangles

J i1 × J i2 are disjoint, and with the definition F :=
⋃∞
i=1(Iki,1(xi1) ×

Iki,2(xi2)) we have µ(F ) ≤ C‖f‖1/λ.

We will also use the lemma of Gát for the one-dimensional Fejér
kernel [2].

Lemma 2. Let τ, A ∈ N. Then∫
Iτ\Iτ+1

sup
n≥2A

|Kn| ≤ c

√
2τ

2A
.

During the proofs C and c will denote constants which may depend
only on ζ, γ1, γ2 and could vary at different occurrences.
Proof of Theorem 2: First, we apply Lemma 1 for functions ψ1(s) :=
blog2(s)c and ψ2(s) := blog2(α(s))c, where α is CRF. Let L ∈ Nα.
Without loss of generality, L = Nα,β,1 can be supposed for some β > 1.

Set f ∈ L1 and supp f ⊂ J1 × J2 with measure µ(Ji) = 2−ψi(s) for
some s ≥ 1 (i = 1, 2). We can also suppose that the centre of J1 and
J2 is 0.

Set kj := ψj(s) for j = 1, 2, that is J1 = Ik1 and J2 = Ik2 .
Now, we will show the inequality

(1)

∫
Ik1×Ik2

sup
n∈L
|σnf | ≤ c‖f‖1.
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Set δ := ζ logγ1
2β+1. If n1 ≤ 2ψ1(s)/δ, then

n2 ≤ βα(n1) ≤ βα(2ψ1(s)ζ− logγ1
2β−1)

≤ β
1

γ
logγ1

2β+1

1

α(2ψ1(s)) ≤ α(2ψ1(s))

2
< 2ψ2(s).

ζ, γ1, γ2 > 1 implies n1 < 2k
1

and n2 < 2k
2
. In this case the (n,m)-th

Fourier coefficients are zeros for n ≤ n1,m ≤ n2. More exactly,

f̂(n,m) =

∫
G×G
f(ωn × ωm) =

∫
Ik1×Ik2

f(ωn × ωm) = (ωn × ωm)

∫
Ik1×Ik2

f,= 0.

This gives σnf = 0.
That is, we could suppose that n1 > 2ψ1(s)/δ. This yields that

n2 ≥
α(n1)

β
≥ α(2ψ1(s)/δ)

β
≥ 1

βγ
logγ1

2β+1

2

α(2ψ1(s)) ≥ 2ψ2(s)

δ′
.

First, we discuss the integral
∫
Ik1×Ik2

supn∈L |σnf |.
We decompose the sets Iki (i = 1, 2) in the following way:

Iki =
ki−1⋃
a=0

(Ia\Ia+1).

We introduce the notation

Ja,b := (Ia\Ia+1)× (Ib\Ib+1) (a = 0, 1, .., k1 − 1, b = 0, 1, ..., k2 − 1).

Cosequently,

Ik1 × Ik2 =
k1−1⋃
a=0

k2−1⋃
b=0

Ja,b.

By the theorem of Fubini and Lemma 2 we have∫
Ja,b

sup
n∈L
|
∫
J1×J2

f ∗ (Kn1 ×Kn2)| ≤
∫
J1×J2

|f |
∫
Ja,b

sup
n∈L
|Kn2 ×Kn2|

≤ ‖f‖1

∫
Ja,b

sup
n1≥2k1/δ

|Kn1| sup
n2≥2k2/δ′

|Kn2 |

≤ c‖f‖1

√
2a+b

2k1+k2

and ∫
Ik1×Ik2

sup
n∈L
|σnf | ≤

k1−1∑
a=0

k2−1∑
b=0

∫
Ja,b

sup
n∈L
|σnf | ≤ c‖f‖1.
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Second, we discuss the integral
∫
Ik1×Ik2

supn∈L |σnf |.
For r ≥ k1 set ε :=

∑r
i=k1 εiei, where εi ∈ {0, 1} (i = k1, ..., r) and

ei := (0, ..., 0, 1, 0, ...), where the ith coordinate is 1 and the rest are
zeros. Then

Ik1 =
⋃

εi∈{0,1}
i=k1,...,r

Ir+1(ε).

Define the sets Ja,bε and J bε for an arbitrary ε =
∑r

i=k1 εiei, for each
a = k1, ..., r and b = 0, 1, ..., k2 − 1 by

Ja,bε := (Ia(ε)\Ia+1(ε))× (Ib\Ib+1)

and

J bε := Ir+1(ε)× (Ib\Ib+1) .

We have the following disjoint union

Ik1 × Ik2 =
r⋃

a=k1

k2−1⋃
b=0

Ja,bε
⋃ k2−1⋃

b=0

J bε .

It is easy to see that, cα(2r) ≤ n2 ≤ Cα(2r) for n ∈ L and 2r ≤ n1 ≤
c2r. The theorem of Fubini and the decomposition above imply

∫
Ik1×Ik2

sup
n∈L
|σnf | ≤

∞∑
r=k1

∫
Ik1×Ik2

sup
2r−c≤n1≤2r+c

n∈L

|
∫
Ik1×Ik2

f ∗ (Kn1 ×Kn2)|

≤
∞∑
r=k1

∑
ε

∫
Ik1×Ik2

sup
2r−c≤n1≤2r+c

n∈L

|
∫
Ir+1(ε)×Ik2

f ∗ (Kn1 ×Kn2)|

≤
∞∑
r=k1

∑
ε

r∑
a=k1

k2−1∑
b=0

∫
Ja,bε

sup
2r−c≤n1≤2r+c

n∈L

|
∫
Ir+1(ε)×Ik2

f ∗ (Kn1 ×Kn2)|

+
∞∑
r=k1

∑
ε

k2−1∑
b=0

∫
Jbε

sup
2r−c≤n1≤2r+c

n∈L

|
∫
Ir+1(ε)×Ik2

f ∗ (Kn1 ×Kn2)|

≤
∞∑
r=k1

∑
ε

r∑
a=k1

k2−1∑
b=0

∫
Ir+1(ε)×Ik2

|f |
∫
Ja,bε

sup
2r−c≤n1

|Kn1| sup
cα(2r)≤n2

|Kn2|

+
∞∑
r=k1

∑
ε

k2−1∑
b=0

∫
Ir+1(ε)×Ik2

|f |
∫
Jbε

sup
n1≤2r+c

|Kn1| sup
cα(2r)≤n2

|Kn2|.
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From Lemma 2 we get∫
Ik1×Ik2

sup
n∈L
|σnf | ≤ c

∞∑
r=k1

∑
ε

r∑
a=k1

k2−1∑
b=0

∫
Ir+1(ε)×Ik2

|f |

√
2a+b

2rα(2r)

+ c

∞∑
r=k1

∑
ε

k2−1∑
b=0

∫
Ir+1(ε)×Ik2

|f |

√
2b

α(2r)

≤ c‖f‖1

∞∑
r=k1

√
2k2

α(2r)
.

Now, we will show that
∑∞

r=k1

√
2k2

α(2r)
≤ c. To do this, we write for an

arbitrary A (we will give more details about A later)

∞∑
r=k1

√
1

α(2r)
=

A−1∑
j=0

∞∑
i=0

√
1

α(2k1+Ai+j)
.

Now, we choose A such that the inequality√
α(2k1+Ai+j+A) ≥ 2

√
α(2k1+Ai+j)

holds. (We could choose such an A because α is CRF.) By this we have

∞∑
r=k1

√
1

α(2r)
≤ c

A−1∑
j=0

√
1

α(2k1+j)
≤ c

√
1

α(2k1)
.

By simple consideration 2k
2 ≤ 2α(s), α(2k

1
) = α(2blog2 sc) ≥ α(s/2) ≥

cα(s) and
∞∑
r=k1

√
2k2

α(2r)
≤ c

√
2k2

α(2k1)
≤ c.

Third, we discuss the integral
∫
Ik1×Ik2

supn∈L |σnf |.
Using the substitutions t = α(s) and s = α−1(t), we write

Iψ1(s)×Iψ2(s) = Iblog2 sc×Iblog2 α(s)c = Iblog2 α
−1(t)c×Iblog2 tc = Iψ̃2(t)×Iψ̃1(t).

If α is CRF, then α−1 is CRF too. To show this we use Theorem 1.

α−1(γ1α(x)) ≤ ζx ≤ α−1(γ2α(x)),

substituting y = α(x) we have for z big enough that

ζα−1(y) ≤ α−1(γ2y) ≤ α−1(γz1y) ≤ ζzα−1(y).

Set γ̃1 := ζ, ζ̃ := γz1 and γ̃2 := ζz. If L ∈ Nα, then L ⊂ L̃, where
L̃ ∈ Nα−1 .
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∫
Iψ1(s)×Iψ2(s)

sup
n∈L
|σnf | ≤

∫
Iψ̃2(t)×Iψ̃1(t)

sup
n∈L̃
|σnf |.

The second step above gives that∫
Ik1×Ik2

sup
n∈L
|σnf | ≤ c‖f‖1.

The operator σ∗L is of type (∞,∞) it follows from ‖Kn‖1 ≤ c for all
n ∈ N.

This, inequality (1) and Lemma 1 give by standard argument our
theorem. �

By the interpolation lemma of Marcinkiewicz [10] and the fact that
the operator σ∗L is sublinear we immediately have the following corol-
lary.

Corollary 3. Let α be CRF and L ∈ Nα. Then the operator σ∗L is of
type (p, p) for all 1 < p ≤ ∞.

4. The divergence theorem

The main aim of this section is to prove the divergence Theorem 4.
Let α, β, δ be such a function as given in Theorem 4, and let L :=

Nα,β,1 (the case L := Nα,β,2 can be discussed in the same way, therefore
it is left to the reader). We will construct a function f ∈ L1 log+ Lδ(L),
such that supn∈L σnf = +∞ almost everywhere. We will use the coun-
terexample function f defined in [4, page 96].

The construction: For n, a ∈ N2 we define a set of dyadic rectangles
In,a(x) (x ∈ G2) by

In,a(x) := {In1+j(x1)× In2+a2−j(x2) : j = 0, 1, ...,∧a}.
It is easy to calculate that

⋂
In,a(x) = In1+∧a(x1)× In2+a2(x2).

Let b ∈ N2 be given, but discussed later. Let a1 be so large that

γ
ba1 logζ 2c
1 ≥ 4

and define the sequence (dk,2) (with d0,2 = 0) by

dk,2 :=
dlog2(α(2b1+ka1))e

k
,

where dxe denotes the upper integral part of x. The sequence (kdk,2)
is monotone increasing and satisfies the inequality

Ca1 ≤ kdk,2 − (k − 1)dk−1,2 ≤ C̃a1

with some positive constants C, C̃ depending on ζ, γ1 and γ2 (for more
details see [4]).
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For t ∈ G2, k ∈ N, we define dk = (dk,1, dk,2) := (a1, dk,2),

∆k = (∆k,1,∆k,2) := (a1, kdk,2 − (k − 1)dk−1,2)

and we define the sets Jkb,d(t), Ωk
b,d(t) recursively:

J0
b,d(t) := {t}, Ω0

b,d(t) :=
⋃
Ib,∆1(t).

If the sets J jb,d(t), Ωj
b,d(t) are defined for j < k, then we consider the set

(Ib1(t1)× Ib2(t2))\
k−1⋃
j=0

Ωj
b,d(t)

as the disjoint union of dyadic rectangles of the form Ib1+ka1(x1) ×
Ib2+kdk,2(x2). We take from each rectangle an element x as a represen-

tative, and the set of this elements be denoted by Jkb,d(t). This means
that

(Ib1(t1)× Ib2(t2))\
k−1⋃
j=0

Ωj
b,d(t) =

⋃
x∈Jkb,d(t)

(Ib1+ka1(x1)× Ib2+kdk,2(x2)).

Let
Ωk
b,d(t) :=

⋃
x∈Jkb,d(t)

⋃
Ib+kdk,∆k+1

(x).

The construction implies the a.e. equality Ib(t) =
⋃∞
j=0 Ωj

b,d(t) (for

more details see [4, page 98]). By this we get

G2 =
⋃

ti,l∈{0,1}
i=0,1,...,bl−1

l=1,2

∞⋃
j=0

Ωj
b,d(t),

where t = (t1, t2) = (t0,1e0 + ... + tb1−1,1eb1−1, t0,2e0 + ... + tb1−1,2eb2−1).
Define the function fb,d : G2 → [0,+∞) by

fb,d :=
∑

ti,l∈{0,1}
i=0,1,...,bl−1

l=1,2

∞∑
k=0

∑
y∈Jkb,d(t)

2∧∆k+11Ib1+ka1+∧∆k+1
×Ib2+(k+1)dk+1,2

(y)(x).

In the paper [4] it is proved that fb,d ∈ L1 log+ L. To prove our main
theorem we need the following lemma of Gát [5]:

Lemma 3. Let A, t ∈ N, A > t. Suppose that x ∈ It\It+1, then

K2A(x) =

{
0, if x− xtet 6∈ IA,
2t−1, if x− xtet ∈ IA.
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If x ∈ IA, then K2A(x) = 2A−1 + 1/2.

By the help of this Lemma we will prove the following Lemma.

Lemma 4. Let b, d as given above. Then

sup
n∈L

σnfb,d(y) ≥ 1

64

for almost every y ∈ G2.

Proof. From the construction it follows that for almost all y ∈ G2

there exist a unique t ∈ G2 and k ∈ N such that y ∈ Ωk
b,d(t) and a

unique u ∈ Jkb,d(t) with y ∈
⋃
Ib+kdk,∆k+1

(u). Then y ∈ Ib1+ka1+j(u1)×
Ib2+(k+1)dk+1,2−j(u2) for a j ∈ {0, 1, ...,∧∆k+1}. By the nonnegativity of

fb,d and the 2Ath Fejér kernels (for all A ∈ P see Lemma 3) we give the
lower bound of supn∈L σnfb,d(y).

sup
n∈L

σnfb,d(y) ≥

≥
∫
G2

fb,d(x)K2b1+ka1+j−2(y1 − x1)K
2
b2+(k+1)dk+1,2−j−2(y2 − x2)dµ(x)

≥
∫
Ib1+ka1+∧∆k+1

(u1)×Ib2+(k+1)dk+1,2
(u2)

fb,d(x)K2b1+ka1+j−2(y1 − x1)K
2
b2+(k+1)dk+1,2−j−2(y2 − x2)dµ(x)

≥ 2∧∆k+1
2b1+ka1+j−3+b2+(k+1)dk+1,2−j−3

2b1+ka1+∧∆k+1+b2+(k+1)dk+1,2
≥ 1

64
.

The fact that

n = (n1, n2) = (2b1+ka1+j−2, 2b2+(k+1)dk+1,2−j−2) ∈ L,

with the condition on b ∈ N2

β(2b1−2) ≥ 2b2γ
(a1−2) logζ 2+1

2 and b2 ≥ 2

(see [4, page 100] for more details) completes the proof of this Lemma.
�

Proof of Theorem 4: Now, we give the counterexample function f . Let
(λn) be a strictly monotone increasing sequence of natural numbers,
such that δ(t) ≤ 1

4n
for all t ≥ λn, n ∈ N. (We note that lim+∞ δ = 0.

Thus, this can be done.) Set a
(n)
1 such that the inequality

2a
(n)
1 min(1,C) ≥ 2a

(n−1)
1 max(1,C̃), λn, 2

n
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is true with the given constants C, C̃. Let d(n), b
(n)
1 and b

(n)
2 be defined

as above. Let f be defined by

f :=
∞∑
n=0

2nfn :=
∞∑
n=0

2nfb(n),d(n) .

In the article [4, page 101] it is proved that f ∈ L1 log+ Lδ(L). By the
help of Lemma 4 and the nonnegativity of f and 2Ath Fejér kernels
(for all A ∈ P) we immediately have

sup
n∈L

σnf(y) ≥ sup
n∈L

σn2kfb(k),d(k)(y) ≥ 2k

64

for almost all y ∈ G2 and for all k ∈ N. This completes the proof of
this theorem. �
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