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Abstract

In this paper we prove that the maximal operator of the Marcinki-
ewicz means of two-dimensional integrable functions with respect to
the Walsh-Kaczmarz system is of weak type (1,1). Moreover, the
Marcinkiewicz means M, f converge to f almost everywhere, for any
integrable function f.

1 Introduction

In 1948 A. A. Sneider [19] introduced the Walsh-Kaczmarz system and showed
that the inequality
lim sup M >C >0
n—oo logmn

holds a.e. In 1974 F. Schipp [13] and Wo-Sang Young [20] proved that the
Walsh-Kaczmarz system is a convergence system. V. A. Skvorcov in 1981
[18] showed that the Fejér means converges uniformly to f for any continuous
functions f. G. Gat (1998 [5, 7]) proved, for any integrable functions, that
the Fejér means converges almost everywhere to the function.

In 1939 J. Marcinkiewicz [12] proved for two-dimensional trigonometric
system that the Marcinkiewicz means of a function converge to the func-
tion itself almost everywhere for all f € Llog L([0,27]?) (that is M, f —
f a.e. (n — o0) ). L. V. Zhizhiasvili (1968 [22] ) improved this result for
f € L([0,27]?). Dyachenko [4] proved this result for dimensions greater than
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2. In 1996 F. Weisz proved [21] that the maximal operator of Marcinkiewicz
means of double Walsh-Fourier series is bounded from Hardy-Lorentz space
to Lorentz space for p > 2/3 and is weak type (1,1). In 2003 U. Gogi-
nava proved [10] that the Marcinkiewicz means of a function with respect
to the d-dimensional Walsh-Paley system converge to the function almost
everywhere. In 2004 G. Gat generalized [6] this result with respect to two-
dimensional bounded Vilenkin systems. Motivated by the work of G. Gat
and U. Goginava, we prove that

Theorem 1 For all f € L'(G x G)
MIf—f  ae.
relation holds.

First, we give a brief introduction to the theory of dyadic analysis[17, 1].

Denote by Z, the discrete cyclic group of order 2, that is Zs = {0, 1},
the group operation is the modulo 2 addition and every subset is open. The
normalized Haar measure on Zs is given in the way that the measure of a
singleton is 1/2. Let

G .= o>? ZQ.
k=0

G is called the Walsh group. The elements of G are of the form = =
(0, T1, ooy T, -..) With x € {0,1} (k € N)(N :={0,1,...},P := N\{0}).

The group operation on G is the coordinate-wise addition (denoted by
+), the normalized Haar measure (denoted by ) and the topology are the
product measure and topology. Consequently, G is a compact Abelian group.
Dyadic intervals are defined by

]O(x) = G’ In(x) = {y € G Y= (l'(), "'7xn—17yn7yn+1"')}

for x € G,n € P. They form a base for the neighborhoods of G. Let
0= (0:47 € N) € G denote the null element of G and I,, :== I,(0) for n € N.

Denote the usual Lebesgue spaces on G by LP(G) (with the correspond-
ing norm |.||,), A, the o-algebra generated by the sets I,(z) (z € G) and
E, the conditional expectation operator with respect to A4, (n € N). The
Rademacher functions are defined as

ri(z) = (=1)" (v € G,k €N).

Each natural number n can be uniquely expressed as

n=>Y mn2, n;€{0,1} (i€ N),

=0



where only a finite number of n;’s different from zero. Let the order of n be
denoted by |n| := max{j € N : n; # 0}.
Define the Walsh-Paley functions by

wn(@) 1= [Tlra(@))™ = (1) =i

k=0
and the Walsh-Kaczmarz functions by kg = 1 and for n > 1

n|—1

k(@) = Ty (%) H (Tpn)—1—k(2))™ = 1) (2) (= 1)Zk 0 MTln| 1k

k=0
w = (w, : n € N) is called the Walsh-Paley system and x := (k,, : n € N) is
called the Walsh-Kaczmarz system. It is well known that

{kp 28 <n < 28} = {wy : 28 <n < 2FF1)

for all £ € N and k¢ = wy.
Let the transformation 74 : G — G be defined by

TA(I’) = (ng—l) LA-2;5 .31, L0, LAy LA+, )
for A € N. By the definition of 74, we have
Fin(2) = T (@)wn (T (2))  (n € N,z € G)

(it was given by V. A. Skvorcov see [18]).

For a function f in L'(G) the Fourier coefficients, the partial sums of
Fourier series, the Dirichlet kernels, the Fejér means and the Fejér kernels
are defined as follows:

Fo(n) = /G Jan, SO .:zf (R)a,
k=0

n

n—1 n
=> a, off = ZSkf KY =~ ZD;;,
k=0 k:O

where a,, = w, or Kk, (n € P). D§ := 0, K§ := 0. The 2"th Dirichlet kernels
have a closed form (see e.g. [17])

w . 0, ifzégl,
D (x) = Din() = {2" ifrel

w



Next, we introduce some notation with respect to the theory of two-
dimensional system. Let the two-dimensional Walsh group be G' x G and
the two-dimensional Fourier coefficients, the rectangular partial sums of the
Fourier series, Dirichlet kernels, the Marcinkiewicz means and Marcinkiewicz
kernels be defined as:

fa(nlvn2) = g Gfamamd/vbv
X
ni—1ng—1

Sgl7n2f(fl?1,l'2) = Z Z fa(k7l)ak(xl)al<x2>7
k=0 [=0
D’Zél,nz ('IJ? I’2) = Dgl (xl)ng (ZE2)7
1 — 1 —
Mif == Sif. Ki= - Dy
k=0 k=0

where «, = either w,, or &, (n € P). It is well-known that

Spfly) = e flz+y)Dy(z)du(z),

M fy) = g Gf(@+g)’¢$(£)du(£),
(n=(n1,m2),y € GXG, fe LYG x @)).

Let A, ,, denote the o-algebra generated by the sets I,,(z) x I,(y) (z,y €
G) and E,,, the conditional expectation operator with respect to A, , (n €
N). Define the maximal operator of the Marcinkiewicz means and the max-
imal function of a function f € L'(G x G) by

M f=sup (M fl, f*:=sup|E,,f|
neP neN
where

En,nf(y1>y2) = S?”,2”f(y1>y2) = 22”/ f(zla ZEQ)d,LL(:L'l,$2).
In(y')xIn(y?)

We say that the operator T': L' — L° is of type (p,p), if [T f]l, < &l fll,
for some constant ¢, for all f € LP(1 < p < o0); finally, T is of weak type
(1,1), if there exists a ¢ > 0 such that u({y : T'f(y) > A}) < || f]|1/A for all
A>0and fe L

The following lemma plays an important role during the proof of the main
theorem(see e.g. [14, 16]).



Lemma 1 The mazximal function f* of a function f is of type (p,p) for all
1 < p < oo and weak type (1,1).

Let
a+b—1 a+b—1

ab = Z D%, Kgy = Z D} (a,b e N,a=w,k)
j=a j=a

and n®®) := 3" n;2’ (n,s € N). By simple calculations we get

1=5
In|

a __ « a .. o «a
n,Cn - E :nslcn(3+1),25 + Dn,n - n,Cn + Dn,n?
s=0

In|
nKy =Y 1K, + DY = nK; + D5 (a,b € N,a =w, k).
5=0
We use the following lemmas of G. Gat (see [5]).

Lemma 2 (G. Gat) let A,t € N, A > t. Suppose that x € [}\I;1. Then
w 0, if v —xe; & Ia
(z) =

2 271 ifx — xiep € 14,
If v € 14, then K3, (x) = LQH

Lemma 3 (G. Gat) Suppose that s,t,n € N and v € [[\I;11. Ifs <t <
n|, then |K¥ ) ,.(x)| < 2%, while if t < s <|nl, then

o (z) = 0 if v — xey & I,
nis+h), 22 Wy, (s+1) (l’)25+t71 Zf T — x6p € I

The proof of the main theorems will be based on the following decompo-
sition of the Marcinkiewicz kernels (see [11]).

Lemma 4 For k € P and (2%, 2%) € G x G holds

Ik|—1 Ik|—1
MCi (', %) = 1+ Z 2 Dy gi (', 2%) + Z 2 Do; () (%) K5, (75(2%))
|k|—1 |k|—1
3 YD K fa) + 3 P! ) (01), )
+ (k= 2" (Dyjut g (&, &%) + Doyt (& )7y (22) Koy (711 (%))
+ Dyt (2?)rypy () K2 (e (1))

+ (@t + @) (e (1), 7y (22))).-



To prove the main theorem, as the decomposition lemma shows, we need
to know the the exact values of the Marcinkiewicz kernels (see [5, 7]). (G. Gét
gave [6] estimations for the kernels only, but in the case of Walsh-Kaczmarz

system this is not enough.) Thus, we need the following lemma and corollaries
(see [11]).

Lemma 5 Suppose that s,t,n € N, (z',2?) € Ijp31 X (I\L141). If s <t <
In|, then

K in) s (@t 2%)| < 25T (noTY) 4 29,
Ift < s <|n| then we have
IC:(S+1)’2S (l'l, .Z'2> =
0 if At <t+1<s,a?—xie, —ey & I, a7, #0,
Wy (s (22) 22 HsH =2 if At <t+1<s,a—aie, — ey € 1,27, #0,
Wyeern (22)22n(s,t)  if 22 — xley € I,
where n(s,t) = nlT2stl —2t(2s — 2071 4 1) 95(25 — ),

Corollary 1 Let A,t,l € N, (z!,2?) € Iy x (I\I141) and t < t +1 < A.
Then

sa(z!,a?) =
0 ifﬂl,t<t+l<A,x2—:Efet—€t+z€1A7$t2+z7é0>
Q2t+1=2 if At <t+1<Ax®—aie—e € Lo, a7, #0,
21720 (At) if 2% — xle; € L4,

where n(A, 1) = —Z (24 — 201+ 1) — (24 - 2).
If (.Tl,IQ) € Iy X 14, then

@+ 1M +1)

(ot a?) = S
Corollary 2 Let A, t', 1> e N, t! <t? < A, (2%, 2%) € (In\Lj1) X (L2\Tj241).
Then
L201“(56175(;2) =
0 if 3i € By, x} # a2,
0 ifVi € By,x} = 2,3l € By,x' —ep —e; € L2y, 20 =1,

2t1+172 ZfVZ c th} = x?, Hl & BQ’{L‘l — €41 — € - It2+1,l'll = ].)
1_ . ;
22t dfal —ep € Ipyy, (Vi € By, wf = x3),

where By = {t* +1,..., A= 1}, By = {t' +1,....t*}.



2 The proof of the Marcinkiewicz theorem

Define the operators SR, SL, SM, SRR, SRL and SMR by the sums of
shift operators as follows

SRf(y' v%) 22 117 v Fer), SLE(Y'v?) 22 1My e v?),

t=0

SMf(ylay2> = 22_t|f|*(y1 + 6t7y2 + 6t)7

t=0

SRRf(y'. ") Z?‘tzﬂm (W' y*+eter) = > 27 TSRI(y', v +er),
T=0

oo

SRLf(y',y?) 22 ZQ‘TIfI y ey rer) =Y 27" SLf(y' v +er),
T=0

SMRf(y',y*) = Z ZQitiTUc’*(yl +eny’ e +er)

t=0 T=0

> 27'SRE(Y + ey’ +e)
t=0

(W', 142) € G x G, f € L}G x G)).

Lemma 6 The operators SR, SL, SM, SRR, SRL and SM R are of weak
type (1,1) and of type (p,p) for all 1 < p < oo.

Proof: 1t is easy to see that SR is of type (0o, 00). Now, we show that the
operator SR is of weak type (1,1).

PSRE > eN) < u(d 27f[( 4 e) > e))

t=0

< WU ) > 2700)) £ FuIf b ) > 20

— eI f G +edlh _ IIfIh
< cZZ 3 <c P

t=0

Using this method repeatedly for the operators SL, SM, SRR, SRL and
SMR we have that the operators SL, SM, SRR, SRL and SMR are of
weak type (1,1). (Sometimes we calculate with 23t/4  273t/4 (22t/3  9=2t/3)
instead of 2/2, 27%/2)) O



Remark 1 Define the modified shift operator of SRR by
SRRI(y'y") =Y 27> 27" f" (" v* +er +ex).
t=0 T=t

Following the proof of lemma, we have that any modified operator, defined
in a similar way as above, is of weak type (1,1) and of type (p,p) for all
1 <p< oo

Lemma 7 Set

Lf(y'y°) = sup L/ fat +yh 2 + ) ra(’ + 2)Ksa (ralat), 7a(@®))du(x’, )

(y',y?) € GX G, f € LY(G x Q)). Then the operator L is of weak type (1,1)
and of type (p,p) for all 1 < p < occ.

Proof: To discuss Lf(y',y?), introduce the following notation
fre(A,zt,a? gyt y?) = fat +yh 2® +yP)ra(at +22)K5a(ta(zt), 7a(2?)) and
fr(A =t 2%yt y?) o= flat +yha? +y?)rale!t +22).

Lf(y',y*) < sup /frk(A,xl,:cz,yl,yQ)du(:cl,xQ)
© [AXIA

+ sup /f?“k(A,xl,x27y1,y2)dﬂ(ﬂfl,x2)
AeN
[AXTA

+oswp| [ At eyl o)
AeN
TAXIA

+ sup / Fri(A 2t 2%yt ) du(t 22)
AeN

iAXTA
= Lif(y"v*) + Lof (v', v°) + Laf(y", v°) + Laf (y" v%).

By Corollary 1 we have



24 4 1)(241 + 1
Llf(yl,yQ) — 2161§< )(6 )

/ FrA 222,y ) du(at, )
AxIa

< dfI"y' ),

by Lemma 1 the operator L, is of weak type (1,1) and of type (p,p) for all
1 < p < 00, then we need to discuss the other three operators. Next, we

decompose the set 14
A-1

L= [J U\,

t=0
the set J;, := I;\I;4+1 can be represented as the disjoint union

It\It-i-l . U ItTU{et},

T=t+1

where
I={reG:ry=vr=1and ;=0 fori < T,i #t}

for any integer T' > t.

Lyf(y',y®) = sup Z / fre(A, et o® gt y?)du(at, o)

AeN
t= OIAXJt

< Zsup / Fri(A, ot oyt )t o)
A>t
AXJt
< Zsup / fri(A zt 2%yt y?)du(at, 2?)

A>t

A>t
AXItT
= Z+Z-
2,1 2,2

If T > A, then 22 — 2%¢; € I4 and 74(2?) — (Ta(2?))a_r_1€a_¢-1 € La.
By Corollary 1 we get K44 (ta(z?), 74(2?) = 24773n(A, t) where n(A,t) =
—277 (24772 4 24 4 1) — (24 — 2). Thus,

9



Z = ZSUPZ 247130 (A, t) /frAa: 2yt y?)du(at, 2?)

A>t 1
2,2 IAXIT
S 022_t sup 22A / fT(A7x17I27y17y2>dlu(x17x2)
p—y A>t

TaxIy(et)

< e WY +e) = eSRIG ).
t=0

Ift <T < Aand 2? € I, then we have two cases 2% —z?e,—x%er € I 4 or
x? — xje; — ager & I4. In the second case K§, (Ta(z'), 7a(2?)) = 0. Thus, we
have to discuss the first case only. Set 22 — z2e; — x%er € I4, then 74(2?) —
(Ta(@®) a—t—1€a—t—1 — (Ta(2?)) a—r—1ea-7—1 € L4 and K5, (7a(z?), 7a(2?)) =
22A-t=T=4 (gee Corollary 1). Therefore, we decompose the set IT as the
following;:

IV = Li(es + er) U (IM\La(es + e7)) .

Y o< czsup Z g2A-tT / fr(A, 2", 2%y ) dp(a', 2°)

A>t
2,1
’ T=t+l AxIa(etter)

< ) 2 2Tf( Y + e+ er) = cSRRF(y' 7).
t=0

T=0

By Lemma 6 the operator Ls is of weak type (1, 1) and of type (p,p) for
all 1 < p < oo. In the same way we can investigate the operator Ls.
At last, we will investigate Ly f(y', y?).

Lif(y',y%) < sup / fri(A 2t 2%yt y?)du(a!, 2?)
c
axIa

JRE RTINS

11 X2

IIF%
]

10



oo o0

>3 s

A>t!
1— 2__
t=017=0 A>t2

IN

oo o0

> sup

=0 ¢2—¢1 4>t

IA

oo o0

+ ZZSup

1
2=0 ¢1=¢2 A>t

= 7:1 + ig.

[t et Gt o)

1 X2

[t ety aut o)

Jtl XJtQ

[t et Gt )

V.

11X J,2

We will discuss iy (i; can be discussed in a similar way) by the help of
Corollary 2.

IN

i2

00 A-1

Zi@

1
2=0t1=12 4>V T14141

00 oo A-1
DD s Y
1
220 t1=2 A pr_pi g 2=

[c ol o) o0

ZZwZZ

2= t1=2 A pro g pe—g2

PP IPS

A>T i g 2—a

t2=0t1=t2

-1

A
T2=t>+1 | 1 ]T2
1

Tl 772
U5 =I5

71 T2
I a1 X

S| Aty o)
/ﬂMW%WWﬂ

fre(A,zt 2 vty du(at, 2?)

[ bt et et )

First of all, we discuss Zi Set TH,T? > A, t* < t' and (z!,2?) €
14, — ez € Iy, and TA<I1) —€ea i1 € Iy,
2?2 — e 2y € I4. The facts that T4(x!) € Ta_pn_o\Ia_n_; and T4(2?) €
Ta2_o\Ia_s2_1 give that (Ta(z!)); = (7a(2?)); =0 foralli = A—¢2,.

T! T2
Iy x 15,

and T4(z

then 2! —en €

11

LA-1

1) — (TA(xl))A—tl—leA—tl—l € IA—t2—1 that iS IC;JA(TA(ZE ) TA( 2)) =



22A—2t1—3

4 [e'e) o0
o2 e et [ eyt )
A>tl
L 1220 t1=¢2 4> e, )X Ta(e2)
[ee] o0
1 2
< ST (Y +en P + ) = cSRLE(y' 1),
t2=0t1=0

Now, we investigate 35 . (323 can be investigated in a similar way.) Next,
set A>t >822 TV > A 2 <T?< A 2! € [T and 2® € I%. In this case
at —zhep € Iy and 7a(2!) — Ta(z') aprea—p 1 € La. Ta(2?) € I;\I4; for
some j =0,..,A=T?—-2,if A—t' —1 < j holds, then K¢, (7a(z"), 74(2?)) =
0. Thus, we have to discuss A —t' —1 > j. Set A —t' —1 > j, then
2o (ta(z!), Ta(2?)) # 0 only in that case t* = ¢*. Consequently, set A >
th =1t
If j = A—T?—2, then 74(2?) — TA(x*) a_r2_1€4_72_1 € [4_p_; and
© (Ta(ah), a(2?)) = 22472773 (only in the case 74(22) 4 = ... = Ta(2%) 41
~0).
For some j € {0,..., A —T? — 3} we have K%, (7a(z'), 7a(2?)) # 0 only in
that case 74(x?) —7a(2?)6; —Ta(x*) a_r2_164_121 € [n_n_1, and T4(2?) 4_n
= ... =Ta(x?®)a—1 = 0, in this case we have K%, (Ta(z'), 7a(2?)) = QI+A-T?=3

[e.e]

3 o A1
D= D sup Yo D / fre(A,at,a? yt g ) du(at, %)

1
n=0 Pt rioareapia | Y
tl XItQ

= Yo > | [ kAl )
A(et1)><1t7;2

2t [t )l o)

Ix(en)xTa(e+ep2)

IN
)

I M
n
S

o0 A-1 A-T2-3
A2
TS DECID DI DIE L BTGNS ey
=0

Ta(e,1)xTa(e,1+epateaj—1)

12



oo [e.e]
< QXTI +en P en +er)
t1=0T72=0
A-1 A-T?-3

+cz sup Z Z 2JA_A_T2|f|*(y1 +em, Yt teq +epteajg)
=0 4>t 21 =0

< cSMRF(y',v2) + cTf(y', ).

To discuss the operator T set [ := A — 75 — 1.

0 A A-1
Tiy'v*) < D> sup > > 2T e,y Fen e +e)

1
=0 A> 21 249
o oo oo
-T2 —1 1 2
< E 5 2 5 271y +en,y” +en + ez + ).
t1=0T2=t1+1 I=T242

That is, the operator T" is bounded by a modified shift operator, Remark
1 give that the operator 1" is of weak type (1,1) and of type (p,p) for all
1 <p< oo

Finally, we will discuss 3_; by the help of Corollary 2. Set A > t* > #2,
A>T >t A > T? > 2 and (2',2%) € I} x ]3;2. Ta(zt) € In\Ljyy
for some j' € {0,1,..., 4 — T — 2} and 74(2?) € [2\I;24, for some j* €
{0,1,.., A—=T?*—2}. Set j' < 52 (5! > 52 can be discussed similarly), then

2o (ta(z!), Ta(2?)) # 0 only in that case t' = ¢*, T* > T? and (1a(2')); =

(ta(z?); foralli e {j2+1,..A-T"' -1}

If j2 < A—T?—2, then T" = T? is needed for K3, (7a(z'), 7a(2?)) # 0.
We have three subcases:

ai. TA($1) —e;1 & Ij2+1, then ICLQ‘)A(TA(x1>,TA(x2)) = 22j1_1,

aii. there exists an index [ € {j' + 1,..., 52} for which (74(z')); = 1 and
Ta(z') —ej — e € Ijzyq, then K, (ta(zt), Ta(2?)) = 7' +1-2,

aiii. there exists an index [ € {j' + 1,..., 52} for which (ra(z')); = 1 and
Ta(z') —ej — e & Ij24q, then K, (Ta(2?), 7a(2?)) = 0.

If 2= A—T? -2, then T' > T? and we have four subcases while
Ksa(ta(at), Ta(2?)) # 0:

bi. if j' = A—-T"—2 (T" > T?), then 74(z') — ei € I;2; and
]C;]A(TA<$1)7 TA@Q)) — 92j'-1 _ 22A—2T1—57

bil. if j! < A=T'—2 < j2 = A=T?=2(T" > T?), then 74(2')—eji—ep1 €
Loy and K9 (Ta(2h), Ta(a?)) = 27472

biii. if j1 < A—T1—2 = j2 = A—T?—2 (T" = T?) and 74(z")—e;1 € Lo,
then K%, (7a(x!), Ta(2?)) = 2%' -2,

13



biv. if 1 < A—T'—2=42=A—~T?—-2 (T* =T?) and there exists an
index [ € {j'+1,...,52} for which (74(z')); = 1 and 74(z') —ej1 —e; € Lj244,
then K<, (74(x!), Ta(a?)) = 27 +-2,

These means that the subcases ai and biii (see Ry f), aii and biv (see Ry f)
can be discussed in the same time, but bi (see R3f) and bii (see R,f) can
not.

1 A-1 A-T'-2A-T'-2 1

g
E SCE sup E E E E 221" =24
L poo At oy 1oy 2o ;=0

i€{T +1,...,A—j2 -2}
z;=0 otherwise
% k71 2
IfI"(y —|—6t1 +6T1 +eq i +x,y" +eq+emteqjog + 1)
—T'—2A-T'-2 42 1

5 ST DD SR DD DEED DENE T

tl= 0A>t T1= tl-‘rl jl 0 ]2_]1 l_jl-‘r]. zL:()
ie{T +1,...,A—j2 -2}
x;=0 otherwise

x| fI*(y" + en +eT1 +eA j1_1+eA 1+ T,y Fep +em teq o + )

—T2-1 1
_opl
E sup E E E E 272 %
=04 L =141 T2=t141j2=A-T1—1 ;=0

i€{T +1,...,A—j2 -2}
z;=0 otherwise

X |f|*(yl +ept+em + T y2 +epter2teqj2 g + x)

A-1 T -1 A-T'-3A-T2-2 1
1l
+ CZSUP > 2 X X >, P
=0 At ooy jico je=jlal ;=0

i€{T +1,...,A—j2 -2}
z;=0 otherwise

Iy + en + e + €a—ji1+ T,y° +ep + er2 + ea—j2_1 + x)
= cRif(y",y°) + cRaf (Y. y?) + cRsf(y",y?) + cRuf (v, ¥7).

Now, we investigate R f(y',y?). Set .= A—j' —land k:=A— ;2> —1

(YUREIERD S oD VI VD SRS D

t1=0T1=t1+11=T14+1 k=T1+1
zE{Tl—H k—1}
z;=0 otherwise

X |f|*(yl + e +em + € +$,y2 +en +em —}-ek—}-x)_

X

That is, R;f is bounded by a modified shift operator, by Remark 1 the
operator Ry is of weak type (1,1) and of type (p,p) for all 1 < p < oco. The
investigation of the operator R, goes by the same way as above.
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Discuss the operator Rz (and set [ := A — j% —1).

) A— Tt A-T2-1 1
Rsf(y'.y*) = Z Z > > 272" x
t1=0 1T%2=t1+1 j2=A-T1-1 ;=0

ie{T1+1,...,A—j2 -2}
x;=0 otherwise

x |fI* (v +en +em +a y2 teptemtespq+)

A-1 Tt
_ 1
< E g E E E 221"
ti= 0 T1 =t141 T2=t1411=T2

ze{T1+1, S—1}
=0 otherwise

X |f|*(y1+€t1+eT1 + x, y2+6t1+eT2+el—|—x)

D ID IS SR FIERE

t1=0T1=t14+1 T2=t1+11=T72
ze{Tl—i-l, S—1}
z;=0 otherwise

x |fI"y +en+em +x,y  +en +er+e+a)

IA

Using the notation |f|*(y', y?, o, t1, T, T2 1) == | f|*(y' + en + e +x, 9% +
eq + er2 + ¢, + ), we have that

i(Rsf > )
00 Tt
< Y Z > Z Z (FICy o, 1, T8, T2 1) > ex2™)
tr=0 T1=t'+1 T2=t'+1 1=T2
ZE{T1+1, S—1}
x;=0 otherwise
Tt
_ Hf(av 7t17T17T27Z)H
SCZZZZZ” = 1

t1=0T1=t1+1 T2=t1+11=T"2
ze{TlJrl, S—1}
;=0 otherwise

< ||f||1z Z 127" < C@‘

t1=0T1=t1+1

For more information see Remark 1.
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At last, we have to discuss the operator R,. Set [ :== A — j2 — 1 and
ki=A—jt—1.

T'-1 A-T'-3A-T2-2 1
-1 1_
Zsup Z > > Z >, YT
=tl4+1T2=t141 j1=0 j2=51+ ;=0

zE{T1+1,...,A—j2—2}
z;=0 otherwise
1 2
X |fI"(y +ep +em + Caji1 2,y +ep +er2+eyg_jo2g+ x)
A-1 T'-1 A-T1-3A—jl-2

IETID SN S SND SRS DEIE G

0 At i ey jico =72 ;=0
ie{T1+1,...,1-1}
z;=0 otherwise

X |f|*(y1 +enter+eqjig +x,y2 +ep +erz+e +x)
T1-1 A-1 k-1

CZSHP Z S SID SIS DREEA

=tl41T2=t14+1 k=T1+21=T"2 z;=0
ie{T +1,...,.1-1}
x;=0 otherwise

x |fI"(y 1+€t1+€T1+6k+1‘ y2+et1 +6Tz+el+:1:)

IN

IN

T1-1 00
1_
<X Y Y ZZ Z 21
t1=0 T1=t141 T2=t141 k=T1421=T2 ;=0

ie{T1+1,...,1-1}
z;=0 otherwise

X \f\*(yl +ent+emte,+,y +en +em—+ e + ).

Using the notation \f|Tt1lef (4 v?) = |fI*(y* +en +em + e+ 2,92 + e +

er> + e, + x), we have that

(R4f>C>\)
o0
T2 k1 2(2k—T")
<Yy Z ) Z Z (12 %7 > eA2s@10)
t1=0 T1=t141 T2=t141 k=T142 1=T2 z;=0
i€{T +1,...,1—-1}
x;=0 otherwise
[o.¢] (e.0) (o)
< e D Z ) Z Z 24720
tl=0T1=t141 T2=t141 k=T142 1=T2 z;=0

ie{T1+1,...,1-1}
z;=0 otherwise

11l . . 1 1yg—2T1 £ 1l

t1=0 T1=t1+41

This and Remark 1 complete the proof of Lemma 7. [J
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Lemma 8 Set

Mf(y'y?) = S,}xle L/ ft +yt 2 P ralet + 22K (ta(at), 7a(2?))du(xt, 2%)
n,Ac
nl<A GXG

(y',y?) € Gx G, f € L"(G xQ)). Then the operator M is of weak type (1,1)
and of type (p,p) for all 1 < p < oo.

Proof:

To discuss M f(y",4?), introduce the following notation
fri(A,zt 2%yt ?) = f(at +yh2® + y?)ralat + 2K (ralat), Ta(z?)),
fri(A, s,ot 2%yt y?) o= flattyh, 2?4y ra(e +a?) KoL) o (Talzt), Ta(2?),
frd(A,n,at, 2%yt y?) = flat +yh 2 +y?)ra(at +2%) Dy (ra(@th), ma(2?)),

n 1
le(ylayZ) = Ssup _A_ / fT’d(A,’I’L7{E17[L'2,yl,yQ)dM<J]1,I2)
n7A€N2 n
[n|<A xG
and
Mf(y',y%) = sup —x /frff(A,xl,xQ,yl,yQ)du(fcl,xQ) :
n,AEN 2
|n|<A xG

To show that M; is of weak type (1,1), we will prove that M; is of type
(1,1). First, fix an ¢, A € N and set |n| = ¢ < A. By the theorem of Fubini
we have

/ sup
GxG neN

Inl=q

/ Frd(Am, sy )dp(a' o)
GxG

< Il /G sup D2, (ra(zY), ma(z2) du(2", 2).

xG neEN
In|=q
Moreover,
q—1
[ sw D2l < Y [ 21
G|’ZL|€§1 j=0 {zlza1==24j=0,za_j1=1}

q—1
+ / 2q+1d2§22+2§cq.
{Z|ZA—1:...:ZA_q:O}

J=0

17



These inequalities imply that

— neN
1=0G% G |nj=q GXG

00 A
1
IMfll < D> 55D / sup /frd(A,n,xl,xZ,yl,y2)du(l’1,x2) dp(y', v?)
A=0

00 A
1
< Y 5r o < el
A=0 q=0

and

[e's) A
1
1M fllso < ellflleo Y 57 D0 < cll fllo-
A=0 q=0
Discuss the operator M.
Myf(y',y®) < sup 2% / fri(A ot 2yt y*)du(a', 2°)
n,AeN
In|]<A AXTg
n 1|
+ sup -y — / fT’kZ(A,8,1}1,$2,y1,y2)dﬂ($1,l’2)
nAeN 241 ; IaxTa
In|<A
n 1 In
+ sup —— fri(A, s, ot 2, vt yH)dp(at, 2
LR ri)D J Ju(a',a?)
In|<A I
n 1 In]
+  sup —— / fri(A, s, ot 22, gt yH)du(at, 2
sup o3 z; ( (', 2?)
[n|<A T TaxIa

= My f(y"v®)+ M3 f(y', o) + M3 f(y' v®) + My f(y', 7).

By the definition of K, (Jn] < A) we have for x € 14 that T74(z) € I4 and
K,=L1S0 Dy, < 1S k2 < 2?4,

T on

M, f(y',y?) < ¢ sup 24 / fa' +yh a? +y?)|dp(at, 2?) < el fI(y', o).
n,AeEN
[n|<A TaxIa
This and Lemma 1 give that the operator M, is of weak type (1,1) and of
type (p,p) for all 1 < p < oco. Next, we decompose the set /4 and the set

Jp = [t\ItJrl

A-1 0o
Is= U (I\Li+1), I \Its1 = U 17 U{e}
=0 T—t+1

18



o0 \n| )
1
Mf(y'y®) < D sup om > > / fri(A, s, ot 2yt y7)dpu(at, 2?)
t—o MAEN s=0 T=t+1
t,|n|<A [AX[tT
oo 1 In]  A—1
<Y an A | [ ke
t—0 mAEN S T r T
t,|n|<A [axIT
w3 s S S [ kAl ety (e )
=0 MASN S o r=a |
In|<A AXI;
1 2
Sy
M M

If T > A, then 27 — x?e; € 14 and 74(2?) — (74(2%)) a_1-t€4_1-¢ € L4. By
Lemma 5, if A —t —1 <s, then [, . (Ta(z?), Ta(2?)] = 2413 (5,1) <
247128 wwhere
n(s,t) = pletostl _pA=t=3(_9A~t=3 y 9s L 1y _9s(25 —2) if A—t—1> s,
then |[K<,.) 5. (Ta(z!), 7a(@?)] < 2574 0. Thus,

2 00

1 St A—
E < c E S,}xleQ_A E 274y / f(a' + 9%, 2% + )| dp(at, 2?)
n,Ac .
M =0 nj<ca 570 TaxIa(er)

< cSRf(y",v?).

Ift <T < Aand 2? € I}, then 74(2?) € I;\I;1 for some j € {0, 1, ..
T — 2}. We have the following four cases:

i Ifj<A-T-1<A—-t—1<s, then IC:(S_‘_l)’QS(TA(ZEl),TA(I2)) #0
only in the case 74(z%) — Ta(x®)a_r_1ea- 71 — TA(®*)at164+1 € L.
In this case 74(z?) — Ta(x®)a_r_1ea-7-1 — Ta(¥*)a_s164_+1 € I4 and
Ky 23(7',4(:1:1), 74(2?)) = W, 1) (Ta(22)) 22471454 (by Lemma 5).

1i. Setj <A-T—-1<s< A—t—1. IfTA(l‘Z)—(TA(ZL'2)>A_T_1€A_T_1 € I,
then 74(2?) — (1a(x ))A r-16a-7-1— (Ta(2®)) a—t—1€4_¢—1 € L4, and Koo o0
(TA( ) (:Uz)) (1) (TA(:Uz))QA_T_3[7”L(S+1)28+1 _ 2A—T—1(2s — 9A-T-2 +

) 25(25 2)] If TA( ) — (TA(Z'Q))A,T,leA,T,l — (TA(JL'Q))J'@J' € [3, then
/Cn(s+1) 5o (Ta(@!), 7a(2?)) = wyern) (Ta(2))247TH9+573 (by Lemma 5).

iii. Set J<s<A-T-1<A—t—1 1If ta(a?) — (1a(2?));e; € I,
(Ta(2?)—(1a(2?))j¢; € La(ea—r1+ea 1)), then’CZ@w 5o (Ta(@h), 7a(2?)) =
Wy 1 (Ta(2?))20 72 [plsFD2sHl — 23(28 — 201 4 1) — 9s(25 — 2)).

A—

°)
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If 7a(z?) — (ta(2?))je; — (ta(z?))ie; € I, for some j < | < s, then
IC:(SH)’zS(TA(xl),TA(xz)) = w1 (T4(2?))27H+572 (by Lemma 5).

iv. If s < j, then |[K¥ ) . (Ta(z ), Ta(2?)| < 25T (nbHY 4 2%) (by
Lemma 5).

1 o | Al A
chZsupz—A /frkAsx 22yt ) du(at, 2?)
M =0 ?\ﬁ\ilj =t s=0 | <

o A-1 A-1

IA
o
ing

3
wn
o
Qo
>|H

[ st et o

T=t+1s=A—-t—1

t,|n|<A - AXItT
9] 1 A-1 A—t-2
+ CZ SUp Z / fT/{Z(A,S7x17x27y1’y2)d,u(q;1,x2)
oo maeN 20 o
t,|n|<A [axIT
00 | Al AT
+ CZ sup 2_A / fT‘k?(A,S,xl,x27y17y2)du<x1,x2)
n,AeN _ —
tzotwiA T=t+l s=0 | * i
1,1 1,2 1,3
oYy ey
M M M
Setl:=A—s
1,1
N DD I |1t gt PGt )
AeN
M t=0 S T=t+1s=A—t—1 IaxIslerter)
00 t+1
< ZZQTtsupZQILﬂ (v'y* +er+e) < cSRRf(y', v°).
t=0 T=t+1 At =
Set [ :=A—j—1.
1,2 [ ) A—t—2
So2 e > s 3w ety el o)
n,AEN
M t=0 T=t+1 2 |T€<As A-T IaxIalerter)

A—t—2 A-T-2

i+ cz Z sup >y 2T T/\f(xl+y1,x2+y2)!du(ftl,$2)

,AEN
t=0 n
T=t+1 " s=A-T j= OIAXIA(CT'i‘et‘}'@Afjfl)

20



IN

CZ Z 27Ty Y e +e)

t=0 T=t+1

+ ZZ2TtsupZ22Al/|f:v +yt 2+ ) du(at, 2?)

t=0 T=t+1 T<Al TH s La(ertecter)

< ¢SRRf(y',y%) +¢ Z 27'SRRf(y", 1" + e1).

t=0

Thus, by Lemma 6 the operator Z}Vf is of weak type (1, 1) and of type (p, p)
for all 1 < p < oo. Now, we investigate the operator Z}\f’

1,3 A-T-2A-T-1

PR 3D SIFTD DD SIES N (1RSI P

n,AEN
M =0 T= t+1| [, T<A =0 5= J+}A><IA (er+ett+ea—_j_1)

A-T-2A-T-1 s—1

+ CZZ sup Z Z ZZ"’*J“A

t=0 T=t+1 |”|’g§<1\il J=0 s=j+1 I=j+1
1 1 2 2 1.2
< [l Pl )
IaxIg(er+estea_j_1+ea—i—1)
(e’ (%) A-T-2 j 1
+ CZ Z Sup z : 2 25+] X
t=0 T=t-+1 AN =0 s=0 ;=0
In],T< ie{T+1,...,A—j—1}
;=0 otherwise
1 1 2 2 1,2
< [ ety Pt 0,
IAXIA(6T+6t+{E)

Set k:-=A—j—landp:=A—-1—-1.

13 0o oo A-1
£ oF 5w S e [ et e
M t=0 T=t+1 ﬁ‘«%\ik =THL 1 xTa(erteiter)
0o 00 A-1 A-T-1 k-1
TSI S D DED DL BV R
1=0 T=t+1 4N k=T+1 s=A—k p=A—s TaxIa(erteitestey)
CEEmE S fe e

t=0 T=t+1 k=T+1
+l7<A je{;—?—l k}[AXIA (er+et+x)

=0 otherw1se
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CZ Z Z 27K Iyt v +er e e

t=0 T=t+1 k=T+1
oo —T-1 k-1
s—k— 2
+ CE E E E E 2R fIF (v P +er + e+ e+ €p)
t=0 T=t+1 k=T+1 s=—k p=—s
1

ey > > 2 Y W rer+eta)

t=0 T=t+1 k=T+1 x;=0
ie{T+1,....k}
x;=0 otherwise

= MTif(y",y") + MTaf (y". y°) + MT3f(y", v°).

The operators MTy, M'T; and MTj are modified shift operators, by Remark
1 these operators are of weak type (1,1) and of type (p,p) for all 1 < p < 0.
This means that the operator M3 is of weak type (1, 1) and of type (p, p)
for all 1 < p < co. In the same way we can investigate the operator M3.
At last, we investigate M, f(y', y?). We can write

IN

’C:<s+1>,zs ($17$2) = i: Dﬁ(suk@l)Dﬁsuk(ﬁ)
= E[Dn@( ) +ngrs(ah) Df (2 )] [Dis) () + ngrs(2?) Dy (22)]

251

= QSDﬁ(S)(xl)D;’(S)( 2+ DY (2" )ngrs(x Z D¥(x

251 25-1

“ o (@)ngr( ZDw )+ ners(x)r(a®) Y Dy (a') Dy (a%).
k=0

This allows us to define the operators T, T, T35 and T, by

+ DY

A

Tif(y',y?) = sup | > oo / fat a®)raly' — ot +y* —2®) x
<A =0 Ta)xTaw?)

X Dy (ralyt — @)Dy (Taly® — 2%))dp(a’, 2%),

Tof (y',y*) = sup |22 A / fah 2 raly' — ' +y* — %) x

n,AeEN =0
In<A Ta(y")xTa(y?)
251
X D (Taly' — 2 nara(raly’ = 2°) D Dy (raly® — 2°))dp(a', 27)],
k=0
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Tuf(y', y2) =

S,}xle | 22 A / ft, 2®)raly' — ot +y* — 2P)ngri(ra(yt — 2')) x
n,Ae
In|<A 7A( DxT4(y?)

251

X ro(Taly’ — 2? Z Dy (ra(y' — ")) Dg (raly® — 2°))du(z", 27)|.

The operator T3 can be defined and investigated in a similar way as the
operator T5. Now, we discuss the operator 77.

If s = A, then D¢ (7a(y' — 2')) = Dgi(7a(y' — 2')) = 0 for any z' €
T4(y") (since To(y! — 2t) € 1,).

Set s < A, ' € J;(y') = {z|ra1 = ya1,.,Ta—j = Ya_j,Ta—j1 #
ya_j_1} and 2% € Ji(y?), then 74(y' —2') € [\ 111 and 74(y*—2?) € [\ Is1.

| Doy (2)] < D3a(@) + D3aa(x) + ... + D5 ()

gives that D%, (ta(y" — z')) = 0 for s > j and D¥ (1a(y* — 2*)) = 0 for
s > k. This implies that D% (Ta(y" —2')) D%, (1a(y* — 2*)) # 0 only in the
case when j,k > s. Set j, k > s, then | D% (Ta(y' —2')) D%, (1a(y?> —2%))| <
27Hk+2 TFor a fix A define the operator T} by

A
LWy = swp [y 2 / Flat, 2®)ra(yt — 2t + 3y — 2?) x
ne _
nj<a ==0 Ta(y")xTa(y?)
w 1 1 w 2 2 1 2
X Dn<s)(TA(y — ) Dy (Taly” — 27))dp(a”, 7))
6223 S i g 2,

TR=8 1 (1) x I (42)

IN

(Tyf <supyenT7'f.) The operator 11 is of type (1,1) and of type (0o, 00).
By the theorem of Fubini

A

T fllp < ellflly Y27 (A = 9)* < el fll,

s=0

for p = 1 or co. Moreover the operator 77 is of type (oo0,00). By the
Marcinkiewicz interpolation theorem the operator T: is of type (p,p) for
any 1 < p < oo (uniformly in A). Moreover, T f = T (Eazia01f) =
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T Eay1a01f — Eaaf). These give that the operator T} is of type (2,2).

| sup [T{ f]]l; < Z 1T f15 < Z 1T (Eas1,a01f — Eanf)ll3
4eN AeN AeN

< > NEavianf — Eaafl <clfl3
AEN

Define the stopping time v in the following way
v(z', 2?) == inf(k € N : By (|f)) (2, 2%) > A)  (inf () = 00).

It is known that pu(r < oo) < || f]|1/A. Denote the characteristic function of
set B C G by 1g. This and

lg = lp<oo) + 1p=co}
= lpsary + lp<arny + lp=ayy

gives

u(Tif > A) 1<y Tif > A/2)

(
,u(]-{y:oo} jug Tf(l{V>A+1}(EA+1,A+1f - EA,Af)) > \/6)
S
(L fy=o0} sup T (Lyeasny(Eaziam f — Eaaf)) > A/6)
S
(1 {y=c0} iug T1A(1{V=A+1}(EA+1,A+1f —Eaaf)) > )\/6)
c

= Jr4+ P+ B+ TN

+ o+ 4 IA

We already have J' < ¢|| f[l1/X. T1*(Lp<atiy(Basi,a:1f — Eaaf)) = 0 on
the set {v = oo} implies sup 4en 75 (Lip<as1}(Bas1,at1f — Eaaf)) = 0 on
the set {v = oo}. Thus, J3 = 0. We give an upper bound for J*, by using
the (1,1) typeness of the operators T/ (uniformly in A).

c
Jt < —|| Sup T (Lpenry(Bazias f — Eaaf))lh

o0

< Z 1{1, A+1}(EA+1 Aarrf — Eaaf))lh
A
c o0
< XAZHl{V Aty (Baviaenf — Eaaf)lh
c | f1l1
< XZHfl{u:A-i-l}Hl <c N
A=0
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At last, we give an upper bound for J2. The lemma of Burkholder [3, 15]
gives that

Z 11> a1y (Bazi,a1f — Eaaf)|l3 < el flliA
A=0

By this and the (2,2) typeness of the operators T} (uniformly in A ) we have

C oo
J? < EZ||T1A(1{V>A+1}<EA+1,A+1f_EA,Af»H%
A=0

< o2 Mam(Banans ~ Faaf < el
This gives that the operator 77 is of weak type (1,1). By the Marcinkiewicz
interpolation theorem the operator T} is of type (p,p) for all 1 < p < co.

To investigate the operator Ty set z* € J;(y') and 2? € Ji(y?), then
Taly' —2') € [\I;41 (and Dﬁ(s (taly' — ') = 0if s > 7, |D<, (Taly' —
)| < 241if j > ) and 7a(y?—22) € L\psr. Ik > s, then S0 ' De(1a(y?—
r?)) = 2. If k < s, then by the lemma of G. G4t

s—1

N

2F1if 2% e Ji(y?)

Di(raly” — o)) = (K3 = D) (raly” = 2%)) = § | .
prd otherwise,
where Ji(y) :={z € Ji : (Ta(x)); = (ta(y)); for I =k +2,...,s}. Forafix A

define the operator T3' by

A
T W) s |2 [ e e e )
IS
ml<A *=0 T)xTat?)
291
X Dio(raly' — e )ngro(raly® = 2) Y Di(raly® — 2%))dp(a', 2°)|
k=0
< CZQ A Z/ fat, 2?) |27 25 du(xt, 2?)
j,k=s 1)><Jk(y2)
A s—1
+ 25 DD By B
j=s k=0 XJ&

The operator Ty is of type (1,1) and of type (0o,00) (uniformly in A).
Moreover, the operator T5 is of type (00, 00). By the theorem of Fubini

A
1T Flly < ellfllp > 274 (A=s) <l fll
s=0
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for p = 1 or co. By the Marcinkiewicz interpolation theorem the operator
T4 is of type (p, p) for any 1 < p < oo (uniformly in A). Moreover, T5'f =
T Eayiamf) = T2‘4(EA+17A+1f—EA7Af). These give that the operator T5 is
of type (2,2). Following the method on T" we could prove that the operator
T is of weak type (1,1).

For a fix A define the operator T;' by

A
T fy',y") = sup | > 2‘%(@“1 +yt2® +y?)ra(at + 2 ngrg(ra(at)) x
In|<A s=0 TaxTy
251

X ry(ra(e®) Y Di(ra(a") Dy (a(2*))dp(at, 2%)].

By the theorem of Fubini

A
1Tl < ellfll Y27 I(Ks: = Dae o) (ma (), 7a( )l
s=0

A
< efhd o2t <elfl
s=0

(uniformly in A) and

A
1T oo < ellflloo D 27 (K = Das 20 (7a (1), ma (D)1
s=0

A

< eflloe Y27 < fllos

s=0

(uniformly in A), thus the operator T} is of type (o0, 00). We have T f =
Tf(EAjLLAHf) =T Eaiasif — E 4 af). Following the method on the op-
erator T} we have that the operator T} is of weak type (1,1). This completes
the proof of Lemma 8. [J

Lemma 9 Set

Nf(y',y*) == sup L/ f@t+y'a® + y) Doa(a")ra(@®) K$a (Ta(2?))dpu(a’, 2*)
AEN xG

(y',y?) € GxG, f e LY(GxQ)). Then the operator N is of weak type (1,1)
and of type (p,p) for all 1 < p < oo.

26



Proof: By the G. Gat’s Lemma 2 we have

24(24 4 1)

Nf(y'y*)< sup / 5

fl@' +y' 2 + y?)ra(x?)du(z’, 2°)
AeN

[AXIA

4 sup / M 4y, + 1) ra(e?) Ko (ra(e?))du(a', %)
AeN

I axTIa
= dfI" (" ")+ Nf(y' ).

Next, we investigate the operator N. Set t < A and z € IT for some T > t.
If T < A, then 27 = (ta(2®))a_t1 = 1, 2% = (1a(2*))a_r_1 = 1 and
Kg, (ta(2?)) = 0.
If T > A, then 2% — z2e; € L4, Ta(z?) — (Ta(2*))a_t_1€4_+1 € I4 and
K3, (ta(x?)) = 247172 Therefore

fliy',y <Z sup /2Af(a:'1 +yh 2® + P )ra(2®) Ka(ta(z?))du(z', 22)

A>t
AX(Te\lt41)

< Zsup Z / 242 f (2t 4yt 2+ ) ra(a?)du(at o)

A>t
A XI;T

IA

cZQ sup| [ P g )l )
A>t
axIal(et)

< e 2y 4 e) = oSRIG ).
t=0

This and Lemma 6 complete the proof of the Lemma 9. [J

Lemma 10 Set

Of(y'y?) = sup / F@t 4yt 2% + y?) Dya ()ra () K2 (74 () )dpa(z', 22)
Sk ke

(¥, y?) € GxG, f e LNG x@Q)). Then the operator O is of weak type (1,1)
and of type (p,p) for all 1 < p < oco.
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Proof: Since |2D%| < 1, we have to consider the modified kernel K¢ and

O ") i= sup 2 / F@ gt 2 4 ) ra@®) RS (ra(e))du(a", 22)| |
7T;’L|§6A AXG

where (y',5?) € G x G. Set A;t € N and A >t > 1, define the set J by
JA={re€eG:iaa1=..=244 =024 41 =1} and J§! = {zr € G :
x4_1 = 1} for A > 1. Then for every 1 < A € N we can decompose G as the
disjoint union G = I, U Uf;ol JAIf 22 € I, then K¥(74(2?)) < en < 24
This means that

sup 24| [ a4t 4 e R (a ) (e )

n,AeN
[n|<A AxTa
< cswp 2[Rt 4ga et o) < ).
n,AEN
\H\SEA TaxIa

By the Lemma 3 of G. Gat we have

sup oA / St 4yt o+ P)ra(e?) K (ra () )yt 2%)

n,AeN 24
[n|<A AXx(G\Ia)
In|
< s [ty Dt (a7
n,Aec
|n|§AIA><(G\IA)
A-1 |n|
< s S5 [ I )] K g () (e )
nAENt 0 s—0
In|<A TaxJA
A-1 ¢
< ¢ sup Z / (' + o', 2% + )2 du(at, 2)
n,AeN —0 s—0
In|<A TaxJf
A-1 A
+osup >N / [f(a' +yh 2 + 9] K e (Ta(a?))|du(a’, 2%)
RS — A
In|<A TaxJj

=: cOlf(y y)+02f(y1,y2).
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First, we will investigate the operator O;. Set | := A — ¢, then we have

A-1
Oif(y',y?) < sup » 2% / f(at 4yt 2”4+ ) |dp(at, %)
n,AEN -0
[n|<A IAXJtA
< > 27t sup 22 / f(@' + 9 2” + 97 |dp(a', o)
' AeNA>l
IaxJ4q
< D> 2T,
1=1
where T} f is defined by
Tif(y'sy*) = sup 224~ / flat +y' a® +y*)du(at, 2?)|.
Al
N A><{:ZTGGZ:El::l‘l_‘_l:...:a?A,l:O}

The operator T} f is of weak type (1,1) and of type (p,p) for all 1 < p < o0
(uniformly in ). To prove this set

g(z', 2?) =27 Z f(z' apeq + ...ai_1e;-1 + 2°)

a;€{0,1}
1€{0,1,...,l—1}

and follow the method of G. G4t in his paper [5] . These give that

Enng(y',y?) =221 / fl@' +y' 2 + ) du(a', 2?),

Inx{z€G:xj=x141=...=xp,—1=0}

Tif (', v*) = sup | Enng(y', v°)| < g* (', v°),

n>l
and
(T f > X)) < plg” > N) <cllglli/A Zcl[fll1/A

1T fllp < Mlg7[lp < collglly < cll fllp

for all 1 < p < o0. .
At last, we have to discuss the operator O,. For [,t € N, [ < t define the
operator 1;,; by

Tiaf (y',y?) = sup |27 / fat+y' 2?4 yP)du(a", %)
N IAX{:BEG:xl:...::vt,1=0,xt:1,zt+1:...:xA,1=0}
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Tief (', y°) < Tif(y' y? +e) and [[f(, )l = [1f(- + el (1 <p < o0)
give that the operator T;; is of weak type (1,1) and of type (p,p) for all
1 < p < oo (uniformly in [,¢). Following G. Gat’s method we have that

Oaf (' 7)< e )Y 27Tl £I(0", 4P,
m=1 [=0

this implies that the operator O, is weak type (1,1) and of type (p,p) for all
1 < p < o0o. This completes the proof of this Lemma. []

Theorem 2 The operator M* is of weak type (1,1) and of type (p,p) for
all 1 < p < 0.

Proof: By the decomposition Lemma 4 and Lemma 1, 7, 8, 9, 10, we have
M** is of weak type (1,1).
> c)\)

UM F() > ) < g <sup fla+ ) dul)

neP | JGxG
In]—1 9 In]—1 v
+op Zg|f|>c)\ +2u ZEmeA
Jj=0 7=0
=l oln|
+ u Z—Lf>c/\ —i—,u(sup(l——>|f|>c/\)
=0 n nep
2ol 9lnl
+ 2,u<sup(1——) Of>c)\) —i—u(sup (1——) Mf>c)\)
neP n ncP n
111
< c—.
<

Similarly, we have M** is of type (p,p) for all 1 < p < oco. O
Proof of Theorem 1: The maximal operator M** is of weak type (1,1), the
set of Walsh-Kaczmarz polynomials is dense in L'(G x G), and the fact that
lim,, oo MEP — P everywhere, by the well-known density argument give
that M?” f — f a.e. for all integrable two-variable function. [
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