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ABSTRACT. The main aim of this paper is to prove that the maximal operator of* :=
sup loy; | of the Fejér means of double Fourier series with respect to the Kaczmarz system

1s not bounded from the Hardy space H; /5 to the space weak-L; /5.
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In 1948 Sneider [8] introduced the Walsh-Kaczmarz system and showed that the inequality

lim sup ———= Di(z) >C>0
n—oo lOgMNn
holds a.e. In 1974 Schipp [4] and Young [9] proved that the Walsh-Kaczmarz system is
a convergence system. Skvortsov in 1981 [7] showed that the Fejér means with respect
to the Walsh-Kaczmarz system converge uniformly to f for any continuous functions f.
Gat [1] proved, for any integrable functions, that the Fejér means with respect to the Walsh-
Kaczmarz system converge almost everywhere to the function and Gat proved that [[o"*||; <
CI| ||z, - Gat’s result was extended to the Hardy space by Simon [5], who proved that o"*
is of type (H,, L,) for p > 1/2. Weisz [13] showed that in endpoint case p = 1/2 the maximal
operator is of weak type (H1/27 Ll/g) .

For the two-dimensional Walsh Kaczmarz-Fourier series Simon proved [6] that the re-
stricted maximal operator o{* is bounded from the Hardy space H, to the space L, for
all p > 1/2. The main aim of thls paper is to prove that the assumption p > 1/2 is essentlal.
Moreover, the maximal operator of* := sup |o}; .| of the Fejér means of double Fourier series

n
with respect to the Walsh-Kaczmarz system is not bounded from the Hardy space Hy/; to
the space weak-L 5.

Let denote by Zs the discrete cyclic group of order 2, the group operation is the modulo 2
addition and every subset is open. The normalized Haar measure on Z, is given in the way
that the measure of a singleton is 1/2. Let G := X ZQ, G be called the Walsh group. The

k=

elements of G are sequences = = (z¢, x1, ..., T, ...) Wlth z €{0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +), the normalized
Haar measure (denoted by p) and the topology are the product measure and topology.
Dyadic intervalls are defined by

Iyz) =G, L(z)={yeG:y=(20, ., Tn1,Yn,Ynt1---)
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for x € G,n € P. They form a base for the neighborhoods of G. Let 0 = (0:i € N) € G
denote the null element of G and I, := I,,(0) for n € N.

Let L,(G) denote the usual Lebesgue spaces on G (with the corresponding norm ||.||,).
The Rademacher functions are defined as

ri(z) == (=1 (x € G,k € N).

Let the Walsh-Paley functions be the product functions of the Rademacher functions. Namely,
each natural number n can be uniquely expressed as

n=> mn2, n;€{0,1} (i € N),

i=0
where only a finite number of n;’s different from zero. Let the order of n > 0 be denoted by
|n| := max{j € N : n; # 0}. Walsh-Paley functions are wy = 1 and for n > 1

o0

wal) i= [ (@)™ = vy () (— 1) S48 o,

k=0
The Walsh-Kaczmarz functions are defined by ko = 1 and for n > 1

n|—1

pinl) = 1y (2) [T an (@)™ = rpug() (1) 240 it

k=0

The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions is the same in
dyadic blocks. Namely,

{kn 128 <n < 2"} = {wy : 28 <n < 281}
for all K € P and k¢ = wy.
V. A. Skvortsov (see [7]) gave a relation between the Walsh-Kaczmarz functions and the
Walsh-Paley functions by the transformation 74 : G — G defined by
TA(T) == (TA-1,TA-2, s T1, T0, TA, TA41, ---)

for A € N. By the definition of 74, we have
Fin () = T (X)W, ol (T (x))  (n € N,z € G).

The Dirichlet kernels are defined by

where a,, = w,, or k,, (n € P), D§ := 0. The 2"th Dirichlet kernels have a closed form (see
e.g. [3])

0, ifxégl,

o’ ifrel,

D (x) = D5u(x) = Do () = {

Next, we introduce some notation with respect to the theory of two-dimensional system. Let
the two-dimensional Walsh group be G x GG and the two-dimensional Fourier coefficients, the
rectangular partial sums of the Fourier series, Dirichlet kernels be defined by
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fa(ivj) = fala]dlua
GxG
M—-1N-1
Sn(fizt2a?) =Y "> fk Doz )au(a?),
k=0 [=0

Dy (@', 2?) = Dfy (") Dy (a?),
where a,, = w,, or k,, (n € P).

The norm (or quasinorm) of the space L,(G x G) is defined by

1/p
= ([ 1 panata) T 0<p< o0
GxG
Let the space weak-L,(G x G) consits of all measurable functions f for which
| fllweak—rLr(Gxc) == sAu%)Amesﬂf\ > )\)1/” < 0.
>

The dyadic rectangles are of the form
L (', 2%) = L, (z") x L,(2%).

The o-algebra generated by the dyadic rectangles {I,,,(z!, 2?) : (z',2%) € G x G} is denoted
by F,, (n € N). The martingale with respect to (F},,, : n € N) is denoted by f = (f™") :
n € N) (for details see, e. g. [11, 12]).

The maximal function of a martingale f is defined by

fro=sup | fO).

neN
In the case f € L1(G x (), the maximal function can be given by

1

* 1 2\
fia,2%) = 21611131 mes (I, ,(z!, 2?))

/ Flah )t 2)]
In n(zt,22)

where (2!, 2?) € G X G. For 0 < p < oo the Hardy martingale spaces H,(G x G) consits of
all martingales for which

|l e, =1l < oo
It is easy to show that the sequence (Sgn on (f) : n € N) is a martingale for all f € L,(G x G).

For a martingale f the Fourier coefficients must be defined in a little bit different way:

Folig) =t [ O (o () du(a, 2.
k=00 Jaxa
The Fejér means of order (n,m) of the double Fourier series of a martingale f is defined by
1 n—1m-—1
w5 2t 2% = —Z (s zt, 2?
nim =0 5=0

where o, := w,, Or K.

The restricted maximal operator of Fejér means are defined by

o fat 2?) = sup o, (f;at,a?)].
2-A<n/m<2*
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The Fejér kernels of the Fourier series are defined by

n—1

Y Di(x) (z€G)

k=0

Ki(x) =

S|

and K§ = 0. For the two-dimesional Walsh-Paley-Fourier series Weisz proved in 1996 [10]

w*

for p > 1/2 that the restricted maximal operator o%* is bounded from the Hardy space H,
to the space LP. Goginava proved in [2] that the assumption p > 1/2 is essential. Moreover,
the restricted maximal operator og™* is not bounded from the Hardy space M, to the space
weak-L1 /5.

In order to prove the main theorem we need the following lemma |2].

Lemma 1 (Goginava). Let 2 < A€ P and ny := 224+ 22472+ | + 22+ 20 Then

7’LA_1|KW

nA-1

(ZL”) | Z 22m+28—3

for x € I54(0,...,0,29,, = 1,0,...,0, 295 = 1, 29541, ...,224-1), m = 0,1,.., A =3, s =m+
2m+3,..,A—1

Theorem 1. The mazimal operator of* is not bounded from the Hardy space Hyy to the

space weak-L'/?.

Proof. Let 10 < A € P and
falx',2?) := (Dgy2atr(z') — Dyza(2"))(Dgzas (22) — Dgaa(x?)).
It is simple to calculate

1, ifd k=2%4 . 224+ 1

0, otherwise,

and

(D5(2) = Dyaa(#))(D5(2) = Dypa(a?)), if i, j = 224 + 1., 2244 — 1,

SZj(f;xl,.IQ) = fA(.]j17$2)’ 1fZ,j > 22A+1’
0, otherwise.

We can write the nth Dirichlet kernel with respect to the Walsh-Kaczmarz system in the
following form:

n—1

Di(x) = Dywi(z)+ Y rigg(@)wyom (7 (x))

f—2ln!
= Dy (x) + 7 () Doy (T ().
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Thus, we have

o5 fala' 2?) = Sulg|0§,n(fmx1,x2)| > |op on(fasat, 2?)]
ne
na—1lna—1

= |2 X st
A

=0 j5=0

na—1 na—1

= Y (Di(ah) = Daea(x)(Df(a) — Dyea(2?))
§=22441 j=22441

TLAllTLAll

1
= —| Frea(@') = Dypa(a >><D;+22A<x2>—02m<m2>>‘
A =1 j=1
1 na_1—1na_1-1
w 2
= roa(z’ + 2°) Z ]Z 2(r2a(2")) DY (T2 ))‘
1 na-1—1 na_1—1
= E Z Dw TQA Z Dw TQA ‘
2
L.
= 3 o K (24 (@) Ky (124 (2%))]-

A
Define the set J3;°(x) by

Joi*(x) = Ioa(zo, 1, ..., Toa—25—2, Toa—2s—1 = 1,0,...,0, 294 _9n—1 = 1,0,...,0).
A simple consideration gives

A-3 A-1

G\IQA 2 U U U J;;’Sa

m=0 s=m+2 xcCG

where on the right side we have disjoint union. Set (z',2?) € Jy, m 1( D) x J (IQ) for
m!'=0,1,...,A=3, st = m'+2, m'+3,..., A-1, m?>=0,1,....m', s 2 = m?+2,m +3 . A=1.
Then, by Lemma 1 we have

Ko 1 .2 2m!+2s'4+2m2 4252 —4A4—10
oy falz,z%) > 2 )
Thus, we can write

mes{(z',2%) € G x G : |o§" fa(z',2?)| > 224710}

= mes{(2",2?) € (G\I24) X (G\I24) : |05 fa(z!, 2?)| > 224710}
A-3 A—1 3A/2—-ml/2—s1/2—1 A—1

ml—[SA/4} sl=ml+2 m2=2A-ml—sl+1 s2=3A—ml—sl—m?2
m1,51 1 m2,52 2
2: DIy mes(m () x I35 (%)
=0 T 0 =00 2D, o =
A-3 A-1 3A/2-m'/2—s1/2-1 A-1 o4l Cou2
S 22A 2s 22A 2s S cA

ml=[3A/4] sl=m14+2 m2=2A-ml—-sl+1 s2=3A—ml—sl—m?
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Since, we have

f:l(xlva) = Slelll\)l |52",2"(f14;x17x2)| = |fA(x17$2)|

and

1 fallz, = [1£3ll, = | Dazally = 24407,
we obtain
224 (mes{ (2%, 2%) € G x G : |of* fa(zt, 2?)| > 224710})2 224 A2 )

A —626A24A(1—2)ZCA — 00 as A — oo.

AllHy )

This completes the proof of the main theorem. O
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