ON THE MARCINKIEWICZ-FEJER MEANS OF DOUBLE FOURIER
SERIES WITH RESPECT TO THE WALSH-KACZMARZ SYSTEM

GYORGY GAT, USHANGI GOGINAVA AND KAROLY NAGY

ABSTRACT. The main aim of this paper is to prove that the maximal operator of Marcinkie-
wicz-Fejér means of double Fourier series with respect to the Walsh-Kaczmarz system is
bounded from the dyadic Hardy-Lorentz space H,q into Lorentz space L, for every p > 2/3
and 0 < ¢ < 0o . As a consequence, we obtain the a.e. convergence of Marcinkiewicz-
Fejér means of double Fourier series with respect to the Walsh-Kaczmarz system. That is,
on(f, 2t 2?) — f(2!,2?) a.e. as n — .

1. INTRODUCTION

In 1939 for the two-dimensional trigonometric Fourier partial sums S, ; (f) Marcinkiewicz
[12] has proved for f € Llog L([0,27]?) that the means

ot =085 ()
j=1

converge a.e. to f as n — oo. Zhizhiashvili [22] improved this result for f € L([0,27]?).
Dyachenko [2] proved this result for dimensions greater than 2.

For the two-dimensional Walsh-Fourier series Weisz [19] proved that the maximal operator

Z S (f)

is bounded from the two-dimensional dyadic martingale Hardy-Lorentz space H,, to the
Lorentz space L,, for p > 2/3 and 0 < ¢ < oo and is of weak type (1,1). Goginava
[9] generalized the theorem of Weisz for d-dimensional Walsh-Fourier series. The a. e.
convergence of the arithmetic means of quadratical partial sums of double Vilenkin-Fourier
series was studied by Gat [4].

1
o*f =sup—
n>1 T

It is well-known that e, |D, (z)] — 0 as n — oo [13| for every z € K. Dirichlet kernels

in the Kaczmarz ordering do not satisfy this property [17]. Namely, in 1948 Sneider [17]
introduced the Walsh-Kaczmarz system and showed that the inequality
Dy ()

limsupl— >C>0

n—oo lOgn
holds a.e. Consequently, it is harder to obtain pointwise convergence results for Walsh-
Kaczmarz-Fourier series than for Walsh-Fourier series. In 1974 Schipp [14]| and Young [18|
proved that the Walsh-Kaczmarz system is a convergence system. Skvorcov in 1981 [16]
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showed that the Fejér means with respect to the Walsh-Kaczmarz system converge uniformly
to f for any continuous functions f. Gat [3| proved, for any integrable functions, that the
Fejér means with respect to the Walsh-Kaczmarz system converge almost everywhere to
the function itself. Gat’s Theorem was extended by Simon [15] to H,, spaces, namely that
the maximal operator of Fejér means of one-dimensional Fourier series is bounded from
Hardy-Lorentz space into Lorentz space for p > 1/2 and 0 < ¢ < oo. He also showed the
(Hpg, Lpg)-boundedness for every 0 < p < 1, while the maximal operator of the Fejér means
is considered only of order 2".

In [5] it was proved that the maximal operator of Marcinkiewicz-Fejér means of double
Fourier series with respect to the Walsh-Kaczmarz system is bounded from the dyadic Hardy-
Lorentz space H,, into Lorentz L,, space for every p > 1/2 and 0 < ¢ < oo provided that
the supremum in the maximal operator is taken over special indices. As a consequence, we
obtain a.e. convergence of Marcinkiewicz-Fejér means of double Fourier series for special
indices with respect to the Walsh-Kaczmarz system. That is oon(f, 2%, 2%) — f(2}, 2?) a.e.
as n — oQ.

In this present paper we generalize this result for maximal operator o* and prove that the
maximal operator of Marcinkiewicz-Fejér means of double Fourier series with respect to the
Walsh-Kaczmarz system is bounded from the dyadic Hardy-Lorentz space H,, into Lorentz
space Ly, for every p > 2/3 and 0 < ¢ < oo (the supremum in the maximal operator is
taken over all indices.). As a consequence, we obtain the a.e. convergence of Marcinkiewicz-
Fejér means of double Fourier series with respect to the Walsh-Kaczmarz system, that is
on(f, 2t 2%) — f(x', 2?) a.e. as n — oo.

2. DEFINITIONS AND NOTATION

Let P denote the set of positive integers, N := P U {0}. Denote Z5 the discrete cyclic group
of order 2, that is Z; = {0, 1}, where the group operation is the modulo 2 addition and every
subset is open. The Haar measure on Z, is given such that the measure of a singleton is 1/2.
Let K be the complete direct product of the countable infinite copies of the compact groups
Zs. The elements of K are of the form =z = (zg,z1, ..., g, ...) with z;, € {0,1} (kK € N). The
group operation on K is the coordinate-wise addition, the measure (denote by p) and the
topology are the product measure and topology. The compact Abelian group K is called the
Walsh group. A base for the neighborhoods of K can be given in the following way:

Iy(z) =K, I,(x) = I, (0, ..., Tn1) ={y €K : y= (20, e, Tn1,Yns Ynt1, ) }

(x e K,neN).

These sets are called dyadic intervals. Let 0 = (0:i € N) € K denote the null element of
K, I, :=1,(0) (n € N). Set e, := (0,...,0,1,0,...) € K, the nth coordinate of which is 1
and the rest are zeros (n € N).

For £ € N and =z € K denote
re () = (=)™
the kth Rademacher function. If n € N, then n = Z n;2', where n; € {0,1} (i € N), i

n is expressed in the number system of base 2. Denote In| := max{j € N n; # 0}, that is
2"l < < 2MnHL
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The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

o Inj—1
wn () =[] (0 (2)™ =1y (2) (=1) S ™™ (@ € K,neP).
k=0

The Walsh-Kaczmarz functions are defined by ko := 1 and for n > 1

n|—1

k() =y () [ (rpama=r ()™

k=0

For A € N define the transformation 74 : K — K by
TA(T) = (Ta—1,Ta—2, ..., T0, TA, TA41, ---)
By the definition of 74 (see [16]), we have

() = 1)), g (g () (n € N,z € K).

The o-algebra generated by the dyadic 2-dimensional cube I? of length 27% x 27% will
be denoted by Fy (k € N). Let LP(K?) denote the usual Lebesgue spaces on K? with the
corresponding norm ||.[|, .

The Lorentz space Ly, (K?),0 < p,q < oo with norms or quasi-norms ||-|| . is defined in
the usual way (For details see e.g. Weisz [20] ).

Denote by f = (f.,n € N) a one-parameter martingale with respect to (F,,,n € N). The
maximal function of a martingale f is defined by

" =sup[ful.
neN

For 0 < p,q < oo the Hardy-Lorentz martingale space H,,(K?) consists all martingales
for which

HfHH%q = Hf*Hp,q < 0.

A bounded measurable function a is a p-atom, if there exists a dyadic 2-dimensional cube
I?, such that

a) [adu=0;

12
b) llall,, < p(1?)71%;
¢) supp a C I%

An operator T which maps the set of martingale into the collection of measurable functions
will be called p-quasi-local, if there exists a constant C}, > 0 such that for every p-atom a

/ Tal’ < C, < o0,
K2\I2

where I? is the support of the atom a.
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The Dirichlet kernels are defined by

where o, = wy, or K. Recall that

. if z € I,,(0),

(1) Dy (x) := Dy (x) = Dia(x) = {o if 2 ¢ 1,(0).

The Fejér kernels are defined as follows

The Kroneker product (o, : n,m € N) of two Walsh(Kaczmarz) system is said to be the
two-dimensional Walsh(Kaczmarz) system. Thus,

am,n (I, y) = Qp (SL’) Om <y> N
If f € L(K?), then the number f*(n,m) := [ fam, (n,m € N) is said to be the
K2

(n, m)th Walsh-Fourier coefficient of f. We can extend this definition to martingales in the
usual way (see Weisz [20, 21]). Denote by Sy, the (n,m)th partial sum of the Walsh-Fourier
series of a martingale f, namely,

,_\

1 m—

= O‘k:zoz;” ().
0 =0

3
|

b
Il

The Marcinkiewicz-Fejér means of a martingale f are defined by
O‘fx z?) = ZSkkf,x x?

The 2-dimensional Dirichlet kernels and Marcinkiewicz-Fejér kernels are defined by

[y

n—

Dy (a!,2%) = Dp(2") D (2%), Kj(a',a%) =

S|

D?Jc(xla xz)'
0

e
Il

Let
a+b—1

Kgéb. Z D]]?

and n(®) := 3" n;2' (n,s € N). By simple calculations we get

i=s

In|

an‘ = E nSKT?(S-Fl)’QS'

For the martingale f we consider the maximal operators
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o f(at,2?) = sup |07 (f, 2", 22)|
and

o f(a', 2?) = sgp losa(f, 2t 2%)|.

3. FORMULATION OF MAIN RESULTS

Theorem 1. Let f € H,,(K?), p> 2, 0<q<oco. Then

||0-*pr7q S C(p7 Q) ||f||Hp’q :
Corollary 1. Let f € L1(K?). Then

HO-*waeakiLl S C Hf”Ll .
Corollary 2 (Nagy [11]). Let f € Li(K?). Then

on(f, 2t 2% — f(2',2%)  a.e as n — oo.
4. AUXILIARY PROPOSITIONS

We shall need the following lemmas (see |3, 4, 10, 5, 19]).

Lemma 1 (Weisz). Suppose that the operator T is sublinear and p-quasi-local for each
0<po<p<1.IfT is bounded from Lo (K?) to Lo(K?), then

1T flly < Cwa) I fllyy  (f € Hyg (K7))
for every 0 < py < p < oo and 0 < q < oco. In particular for f € Li(K?), holds

1T f 1l oo = 1T flwear_ a2y < C Ul -

Lemma 2 (Gat). Suppose that s,a,n € N and x € I \I,41. If s < a < |n|, then
| K" ()] < 2572, while if a < s < |n|, then

n(s+1),25
w (37) — 0 fo ~ ZaCa g 187
n(s+1) 2 W+ (2)2°17 1 if w — x4, € I

Lemma 3 (Nagy). Suppose that s,a,n € N, (z',2%) € Ijp31 X (Io\Io11). If s < a < |n,
then
S C2s+a(n(s+1) +28)

Koin) o0 (zh, 2%)

If a < s <|n|, then we have

Kﬁ(s+1),2s (x',2%) =
0 if Aa<a+l<sa?—ale,—eqn &L, 22, #0,
W,y (1) (%) 220+ 5H=2 if Aa<a+l<s,a?—aleg—eqn € L, a2, #0,
Wy (22)2972n(s,a)  if 2% — 22e, € I,

where n(s,a) = [pETH25FE — 20(25 — 2071 4 1) — 25(2° — 2)].
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Lemma 4 (Nagy). Let A,s,l € N,s <1 < A, (z',2%) € (I.\I.41) X (I\I) . Suppose that
s<a<b< A, then

w 1,2 a+b+s
Kn(s+1)’2s<x , L ) S c2 .

If a<b< s <A then

K:zu(é'ﬂ)gs (a',2%) =

0 ifJi € By, x} # 22

04fVi € By, x} = x?z,’EIm € By,x' —e, — ey & Iyiy, 2l =1,
— Wy sy (2 + 2?) 257972 iV € By, xl =22, 3Im € Bo,xl —e, — e, € yy,zl =1,
Wy sy (2t + 2?) 257207 4f ot —e, € Iy (Vi € By, x} = 2?),
where By ={b+1,...,s =1} , By ={a+1,...,b}.
Lemma 5 (Nagy). For k € P and (2',2%) € K? holds
ko Ki(z' 2®) = 2IH g‘k,(xl,xg)
+ (k= 2) (Do i (21, 2%) + Dot (&) r1pg (22 K opas (i (2%))
+ Dy (22 (@) EG e (g (1))
+ (@ + @) K g (i (), T (2%))).
Corollary 3. We have
sgp/ ‘K,’j(a:l,xzﬂ dz'dz?® < oo.
2
Proof. Since [7, 8] sup [ |K} (2!, 2%)| dx'da® < oo and sup [ |K}(x)|dx < cowe obtain
the proof of Corollary flrcor[r{lQLemma D. C
We need the following lemma proved in [5].

Lemma 6 (Gat, Goginava, Nagy). The operator o¥ is p-quasi-local for each 1/2 < p < 1.
Lemma 7. Let (2!, 2%) € (I,\I,:1) X (I\Ip41), where a < s < b. Then

s—1
w 1 2 a+b+s 1
K41 9 (z', @ )‘ <2 E 17,010,800 =10, 0.m=1,0,..,0) (€) -
m=a
Proof. We can write
251

K:;)(s-&-l)’Qs ($1,$2) = Z D;¥’+n(s+1) (xl) D;'ﬂ—‘,—n(s-"l) (xQ) :
j=0

It is evident that
Fentesn () = Diftosy (&) + wpeen (27) D (27) = wyeen (@) DY ()
D;.”Jrn(erl) (xz) = D}t (xz) + W (s+1) (xz) D}” (x2) )
Then we obtain

K:f(s+1)72s (xl,xz) = W, (s+1) (xl) DY) (x2) 2° K. (acl)

251
(2) Fw, e (2! +27) Z DY (z) DY (*) =1+ 11.

Jj=0
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Using Lemma 2, we have the following estimation

(3) || < 02a+b+s115(0,...,0,%:1,0,...,0) (fl) .

To estimate I we write

25—1

(4) (111 <|> 5D, ()],
j=0

Since

a—1
Dy (a') = w (') <Z G2k — ja2“> (' € I\r),
k=0

we have
25—1 25—1 a—1
S Dr () = 3 g () (zm —m) |
=0 =0 k=0

If there exist coordinates z,4; # 0 and .4, # 0 (a < a+1 < a+ ¢ < s), then we have

201

1 1 1
Z]D;ﬂ (l’l) = Z Z Z (ja+l2a+l +ja+q2a+q + (I)l) % (_1)ja+l+ja+q D,
j=0

Ji=0i#a+l,a+q jat1=0 Ja+q=0
where the functions ®; and ®, does not depend on j,4; and j,4,. Consequently, we can write

1
Z (ja+q2a+q + @1) « (_1)ja+l+ja+q by =0

ja+l:0

and

1
Z ja+l2a+l > (_1)ja+l+ja+q b, = 0.

Ja+q=0
These give that
251
(5) Z]D;U (ml) =0 for v —eqpton ¢ Isfor 1=1,..,s—a—1.
j=0

Combining (2)-(5), we complete the proof of Lemma 7.
Lemma 8. Let n < 2471 A > N and 2 € Iy (20,....,2m = 1,0,...,0,7, = 1,0,...,0) , [ =
0,... N —1, m=—1,0,....0. Then
2A

In

where

In (xg, .o,y = 1,0,...,0, 2, = 1,0, ..., 0)
= Iy (0,...,0,2;, = 1,0,...,0), for m=—1.
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Proof. From Lemma 2, we obtain that K., ,. (7a(r +1t)) =0 for s > A —m. Hence,
we can suppose that s < A —m.
Using Lemma 2, K", ,. (7a (v +1)) # 0 implies that
1)
teln(0,....,0,zn,...,zaq) if 0<s<A—m;
2)
t€la(0,...,0,2N, .. Bgo1, 1 — 24, Tgi1, oy xay) if A—N<s<A—1
3)
t€14(0,..,0,tn, s tas1, Ta—s, ooy L1, L — Ty, Tgi1, ooy xag) if 1 <s<A—N;
4)
t€14(0,..,0,tn, o tye1, 1 — gy Tgiy ooy Tams,y ooy a—g) if 1< s<A—N.

Consequently, we can write

/ IKY (14 (z 4+ 1))] dt < Z/‘K . (TA(:E—I—t))‘d

In s=0 1y
A— m2s+A l A 28+A q A-N A 23+A q2A s—N A—N A—s 25+A q2q
<e Yy T T T
s=0 s=A—N q=N s=0 ¢g=A-s s=0 ¢=N

q

24 94 94 A_m25(A—s—N+1) 24

<c om+l + IN+I + 22N + 22N < sz_H.
s=0

Lemma 8 is proved.

Lemma 9. Let (z',2%) € Iy (z, ...z}, =1,0,..,0) x Iy (23,...,2% . =1,0,...,0) ,m' <
m?, A> N and n < 2%, Then

/ 0 |KY (ra (2 40 7a (a2 + )| dede?
InxIn

ml— m?

)
Z Z 2m2+q +r IN(CCO, sadaly el a2 0,002 =10 O,a:i#:l,o,...,()) (x

------
r=0 q2—m1

m2

2
+ Z 2m1+m2+r Z 1IN(zg,...,mg,o,...,o,z§2:1,0...,0@3”2=1,0,...,0> (:13 )

r=m! q*=r

Proof. Let 0 < A—s < m!. Then using Lemma 4, K., ., (7a (z' +1'),74 (2% + %)) #0
implies that
1)
(' %) € L4 (0,...,0, 2z, ..o, ly_1) X L4 (0,...,0, 2%, ..., x%_4) ,

1 .2 1 .2 2 2 .2 _ .2 _ 2 _
LA-s41 = TA-st1r Tl 1 = Tipl 15 L1 = * 70 = $q2—1 - xq2+1 == T2 T O7xq2 - 17

where m' < ¢* < m?;
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2)
142 1 1 2 2 2 2 2
(t ,t ) €Iy (O, w0, 2y, ...,xA_l) X 14 (O, s 0, Ty, L — T, Ty ...,xA_l) ,
1 ) 1 ) 2 ) —_q
LTA-s+1 = TA-st1s Tl = Tt 1, L1 = 00 = T2 1 = 07

3)
tl,t2 € 1y 0,...,0,$11V,...,931171,1—$11,$11+1,...,£B11171,1—xll1,l‘ll1+1, .,x114_1
q gt g

2 2
XIA (O7 ...,O,:L‘N, ,.%'A_l) 5

93,14—s+1 = 372A—5+1a --~>3311nl—1 = 33%11_1,;5311 = 17$3@1+1 = =T =0
Consequently, from Lemma 4 we can write
A
> / ’ij(sﬂms (Ta (z" +t') 74 (2 + tz))( dt*dt?
s:A—ml—i-lINX[N
A m? 23+A7m2+A7q2 )
S ¢ Z Z 22—A1]1\7(z%,...,xi_s,xi‘_s_*_l7...,:(;;1_1,0,...,0,9032:170,.,.,0713an:1,0,...70> (Z‘ )

s=A-ml+1 | ¢2=m!
A 28+A—m2+A—q2 )
+ _—1 T
£ 924 In (m%,.‘.,xiis,z}qiﬁl,..4,1771”171,0,...,0@12:1,0,4..,0) ( )
q =
A A 2s+A—ll+A—q1

+ E E 1 2 2 1 1 2
— = 22A IN<I07---15A757$A75+17"'7mm1_1707"'707Im2:1707---7
q = =q

o) (%)

ml—1 m?2 2A

6 <c E E ———1
( ) — 2m2+q2+r IN(x%v'"@%vaﬂiﬂv"'Vw:nl_l

r=0 q2 :ml

0,..,0,22,=1,0,...,0,22 2:1,0,...,0)
q m

Let m' < A—s < m? Then using Lemmas 3 and 7, K, ,, (14 (z' +t'), 74 (2* + %)) #0

implies that

4)
142 1 1 1.1 1 11 1
(t ,t ) €y (0, e 0y g L=, Ty, Ty, L=, T, ...,:L'A_l)
2 2 2 _ _ 2 _ 0
x 1 5 (0, s 0,2y, ...,xA_l) s XY= =T = 0;
5)
142 1 1 2 2
(t t ) €Iy (O, 0,2y, ...,mA_l) X Iy (0, w0, 2%y, ...,:L‘A_l) ,
2 2 2 2 2 )
‘Z‘A—s:"':qu—l:xq2+1:"':xm2—1:07 T =1
6)
142 1 1 2 2 2 2 2
(t ,t ) €Iy (O, w0, 2y, ...,xA_l) X 14 (O, ey 0@ Ty, L — T, T ...,:L‘A_l) ,
2 _ _ 2 —
Tpop—s = " = Tp21 = 0.
Consequently, we can write
A-m!
1, 41 2, 42 17,2
) g (a (2" 1) 7a (22 4 £2)) | i

s:A—m2+11N XIN
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A—m! A-1 A-1 2s+A7Z1+A7q1 25+A7m2+A7m1 m?
S D D D D e e
s=A-m2+1 | ¢!=N I1=q¢t @?=A—s

2
1 (2%)
In (xg,...,xi_s_l,0,...,0,1(212=1,o...,0,x;2=1,0,...,0)

A-1 25+A—q2+A—m1

2
+ 924 1IN(J:(QN...,aciis,0,...,0,3:3”2:1,0,...,0) (x )
2_
q*=N
2A m2—1 2A m?2
SPY AN N o (+2)
= 92N+m! oml+m?+r IN<1’O, (820,000,825 =1,0...,0,02 ,=10,.. o)
r=ml q*=r
m2—1
E, ON+mltr ~In(2322,0,...,.0,22 ,=1,0,...,0)
r=m!
m2—1 2A m?
2
(7) S c : : 2m1+m2+r § :1IN(mg,...,x%,o,...,o,xqg:1,0‘..,0,112=1,0,...,0) (ZE )
r=ml q?=r

Let m* < A—s < N. Then using Lemmas 3 and 7, K", ,, (1a (z' +t'), 74 (2* + %)) # 0
implies that

7)
1 42 1 1 2 2
(t ,t ) E IA (O, ...,O,xN, 7$A—1) X IA (0, ...70, ,CL“N, 7.7:14_1) 5
8)
1 42 1 1 1 1 1 1 1 1 1 1
(t ,t ) (- ]A (O, "'707tN7 ...7tq2_1,xq2, ...,I'q1_1, ]. — qu,qu_H, ...,xl1_1, 1 — xll,xl1+1, ...,xA_l)

1 2 1 1 2 1 2 2 2
X 14 (O, s Oty Fay t oy, ol YT g T2 4,1 — X0, T, --->9CA—1) ,

1 42 1 1

(t ,t ) E IA (O,,O,xN,7xA71)

2 2 2 2 2 2 .2 2

XI5 (0, e 0@y Ty, L = e, T gy, Ty, L — T2, T2y ...,xA_l) .
Consequently, we can write

1 1 2 2 1 742
Z / B (74 (41 74 (22 4 2)) |t
s=A—-N
INXIN
A-m2-1 2s+A—m1+A—m2 25+A—11+A—q12q2—N Azl Al 25+A 2+A-m!

m A-1 A A
<c ) D D DEDD o+
@2=N 1=¢2 ql=g2

s=A—N

2 2

*=N

—

=q

24 24 24
<c { 2m1+2m2 + 2m2+2N + 2N+m1+m2 }

m2—1

2A
(8) <c Z mzlm(%, 2,0,.,0,2,2=1,0....0,2% ,=1,0,...,0) (JUQ)

r=ml q*=r
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Let 0 < s < A— N. Then using Lemmas 3 and 7, K", ,, (74 (' +t"), 74 (2* + %)) # 0
implies that

10)
(' %) € L4 (0,...,0, 2y, ..., ly_1) X L4 (0,...,0,2%, .., x%_4) ,

11)

(tl,tQ) €Iy (O, 0,7k, ...,:1:114_1) X 1 (O, ., 0,13, --->t$2717 1-— ZE327$22+17 ...,xi_l) ,

12)
(t'4%) € Iu (0,00, by, ooy tin 1, 1 — 1 Ty, oy Ty )
XIA (07 ...,O,t?v, "‘7t32—17 ]. — x227I22+1, ...,xiil) y
13)
(t,¢%) € 14 (0,...,0, 2}, ... Ty _y)

2 2 2 2 2 2 2 2 2 2
X1 5 (O,...,O,tN,...7tA_S_1,.fCA_S,...,.qu_l,l—xq2,$q2+1,...7$l2_1,1—$l2,$l2+17...,$A_1),

14)
(tl,tQ) €Iy (O, 0,1y, ...,t;l_l, 1-— xél, T, .-.,$;1+1-.-,x,14_1)
X 14 (O, o 0,8, ot T, ...71’22_1,1 — xzz,xgzﬂ, - $l22,l‘l22+1, ...,xifl) ,
15)
(t' %) € L (0, .., 0,ths ooyt _gy oo tor L — T, by )

2 2 2 1 1 2 1 1
X[A (0, ...,O,tN, "'7tA—S7$A—S+1 _|_ zA—S—}—l + tA—S—}—l’ ""qufl + ':qufl ‘I‘ tqlfl’

2 2 2 2 2 2 2 2
qu,...,qu_l,l—xqg,xq2+1,...,xl2_1,1—xlg,xlgﬂ,...,ajAfl).

Hence, we can write

A—N
S / Ky (ra (2 +01) 7 (02 2)) | '
s=0 INXIN

A-N 25+A—m1+A—m2 A-—s 28+A—m1+A—q2 2q2—N

=c Z 9224 22A

s=0 ¢>=N

+

Al Al 28+A—l2+A—m12A—s—N A-s  A-1 Al 25+A—l2+A—q1 2q1—N2A—s—N

T Z 22A + Z Z 9224
=A

2

?=A—-s [2=¢> ¢'=N ¢2=A-s [2=¢
A A-1 P 23+Afl2+qu22q17N2Afst 2A A-N s (A —g— N)
—"_ IZ QZ:I 2 1 22A S ‘ m —"_ z; 2m1+N
q¢'=A-s P=q' ¢>=¢ 5=
A-N A-1 A-1 oA A-N A-s A-1 A-1 oA A-N A A-1 12 9A+q!
+ omirErN T > Dt D DD e
s=0 g2=A—s [2=¢2 s=0 g'=N 2=A—s [2=¢2 s=0 gl=A—s [2=¢! ¢2=¢1

{ 24 24 24 24 24 }

2m1+m2+N + 2m1+2N + 2m1+2N + 923N + 23N
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(9)

m2—1 2A m>2
<{Y 2 Y («)1 ()
= : omitmZir : IN<mé,...,xin1:l,0,...,0) IN(xg,...,z%,o,...,ﬂ,xqg=l,0...,0,xfn2:1,0,...,0)
r=m gé=r

By (6)-(9), we complete the proof of Lemma 9.

Analogously, we can prove that the following are true.

Lemma 10. Let (z*,2?) € Iy (0,...,0) x Iy (23, ...,2%, =1,0,...,0) ,A > N and n < 24+,
Then

/ n|KY (14 (z" +t) 74 (2% + ¢%)) | dt'at?

INXIN

Z Z (23,..22,0,...02,5=10...0,22 ,=10,....0) (5’72)
r= q?=r
Lemma 11. Let (z',2?) € Iy (2}, .. =1,0,..,0) x Iy (0,...,0),A> N and n < 24+,

Then
/ 0 |KY (ra (¢ + 1) 74 (22 + )] dede?

INXIN

ZQerrZ INxo, Lz k0, -0,2,1=1,0.. Om 1=10,.. ,)( )

ql=r

5. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.

By Lemma 1, the proof of Theorem 1 will be complete, if we show that the operator o* is
p-quasi-local for each 2/3 < p <1 and bounded from L>(K?) to L>(K?).

The boundedness follows from Corollary 3.

Let a be an arbitrary atom with support R = I x J and u(I) = p(J) = 27V. We may
assume that [ = J = Iy. It is easy to see that o, (a) = 0 if n < 2. Therefore, we can
suppose that n > 2V,

Step 1. Integrating over (K\Iy) x (K\Ix).Let n =24 +m, where 0 < m < 24. Then
from Lemma 5 and by (1) we have

A
7 (r1,4%) = = opaa (o7, 4%)

n
[NXIN

+2 / a(t', ) ra(a' +t' + 22+ ) mKY (14 (' +1) 74 (2® + 7)) dt'dt?

(10) =ola (2", 2%) + oPa (2", 27%).



ON THE MARCINKIEWICZ-FEJER MEANS

Since |a| < 227 for 0P (x!, 22) we get

[ om K a4 ) a2 )|t
InXIn
Let m!',m? =0, ..., N — 1 such that
(z',2%) € In (24, oy 2y = 1,0,...,0) X Iy (23, ..., 252 = 1,0,...,0) .

m

Then, applying Lemma 10, we get
|o3a (2, %)
22N/p ml-1 m2

C
< DS
— n 2m2+q2+7" IN(JIO, T2 T+1 a:ll

r=0 g2=ml

(2%)
210002 =10, o,a;iﬁ:l,o,...,o)

m2—1

2A
+ Z oml+m?2+r 1IN(a:’3’,...,x 0,000,2% =1,0...,0,22 5 =1,0,...0) (xQ)}

r=ml

Using the inequality

0o p 00
(Zak> <> ap (420, 0<p<1),
k=0

k=0
we obtain

sup ‘aﬁf)a (xl, x2) ’p dztdz?

n>2N
(K\IN)X(K\IN)
N-1 — m?
2N r(1-p)
mt=0m*=m =m!
m2—1 1
1 2m
- - r(l-p)2__
+2(m1+m2)p Zl 2 22N }
N—-1 N—-1 1 mb—1 m? 1
ml - r(1—p)
<Gy 2" D 5m 22N Y s
ml=0 m2=ml r=0 ¢2=ml

N-1 X N-1 1 m?—1
(11) + Y amen 3 S > 2’“<1-p>}.

Let 2/3 < p < 1. Then, we have

N-1

12 su 0 a (2, 22)|" dxtda? <c om' (2-3p) < ¢, < 00,
p ) y4 P
n>2N
(K\In) (K \Iy) m'=0
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while p = 1, we get

13
(13) No1 Nol N-1 o
sup }a,(f)a (ml,x2)‘dx1da:2 < c{ Z il + Z Z QT} < ¢ < o0.

mi=0 mi=0m2=ml!

(E\IN)x (K\IN)

Combining (11)-(13), we conclude that
(14) / sup ’O'( Ja («',27) }p dx'dx® < c, < oo, for2/3 < p < 1.

By (10), (14) and Lemma 6, we have

(15) / sup ‘ana (xl,x2) ‘pdxldx2 < ¢, < oo, for2/3 <p<1.
>N
(E\IN)X (K\IN)

Step 2. Integrating over Iy x (K\Iy). By Lemma 5 and (1) we have
A
opa (2, 2%) = %02,4@ (z', 27%)
o / 0 (,2) Dyn (2 + 1) ra (22 4 22) mE® (ra (% + £)) di*de?

INXIN

+% / a(t', ) ra(a' +t' + 22 + ) mKY (14 (z' + 1), 74 (2 + 7)) dt'dt?
InxINn

(16) =oMa (2", 2%) +0Pa (2!, 2%) + olVa (', 2%) .

Since |a| < 227 for 0P (x!, 22) we get

‘0(3)(1 (xl x2)| < 22N/p m‘K“’ (T ( 2 | 42\ g2
n ) = n m \TaT” + ))’ te.

Letm? =0,...,l2and [? = 0,..., N—1such that 2? € Iy (23, ...,22, = 1,0,...,0,2% = 1,0, ...
Lemma 2 gives
CQQAUp 24 22AVP

‘Uﬁf’)a ($1,:1:2)‘ < c

Consequently, for1/2 < p <1 we have

2A  9gm2+(2 = om242 "

/ sup |07(13)a (xl, x2) ‘p dotdx?
n>2N
INX(K\IN)

92N N 2
(17) <CP2N22l222mp2N—pZQl2 22m1p<c<oo

12=0 m2=0 12=0 m2=0



ON THE MARCINKIEWICZ-FEJER MEANS

Let m!',m? =0, ..., N — 1 such that
(z',2%) € In (2}, oy 2pn = 1,0,...,0) X Iy (23, ..., 222 = 1,0,...,0) .

ml m?2

Applying Lemma 10, we get

c22N/p

‘02‘”@ (xl,x2)’ <

/ m ‘K;ﬂb (TA (xl + tl) ,TA (x2 + t2))| dttdt?

INXIN

n

C22N/p m? 2A m

2
< = («%)
=, om2+r 11N(xg,...,zg,o,...,o,x22:1,0,...,0,a:22:1,0,...,0) x
q m
r=0 q2:r
m2 1 m2
2N/ 2
<My o D
(18) <c2 omZ 7 11N (xg,...,xz,o,.“,o,x%:1,0,...,0,12 2=1,0,.A.,0) (x )
r=0 q2:,’, q m

Hence, for 1/2 < p < 1 we can write

onN N-1 m? m? r
4 Lo\ P 12 Cp2 1 1 2
/ sup |o%a (o, 2%) [ do'de® < 2 T D 5 2 9N
INx(K\IN) m2=0 r=0 @2=r
N—-1 1 m?
(19) <g¢, Z SN ZQT(l_p) (m*—r) < ¢ < .
m2=0 r=0
Combining (18) and (19), we conclude that
(20) / sup ‘02‘”@ (xl,x2) ’p dr'da? < ¢, < o0, for1/2 < p < 1.
n>2N
INX(K\IN) -

From (16), (17), (20) and Lemma 6, we get

/ sup ‘ana (:rl,x2)‘pd$1dx2 <¢,<oo,forl/2<p<L
n>2N
INx(K\Iy)

Step 3. Integrating over (K\Iy) X Iy.

This case is analogous to step 2.[]
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