MAXIMAL OPERATORS OF FEJER MEANS OF
WALSH-KACZMARZ-FOURIER SERIES

USHANGI GOGINAVA AND KAROLY NAGY

ABSTRACT. The main aim of this paper is to prove that there exists a martingale f €
Hy /5 such that the maximal Fejér operator with respect to Walsh-Kaczmarz system does
not belong to the space L;,3. For the two-dimensional case, we prove that there exists a
martingale f € Hlm/2( [ € Hy ;) such that the restricted (unrestricted) maximal operator of
Fejér means of two-dimensional Walsh-Kaczmarz-Fourier series does not belong to the space
weak-L /5.

1. INTRODUCTION

The first result with respect to the a.e. convergence of the Walsh-Fejér means o, f is due
to Fine [1]. Later, Schipp [9] showed that the maximal operator o*f := sup |0, f| is of weak

type (1,1), from which the a. e. convergence follows by standard argument. Schipp’s result
implies by interpolation also the boundedness of o* : L, — L, (1 <p < 00). This fails to
hold for p = 1, but Fujii [2] proved that ¢* is bounded from the dyadic Hardy space H;
to the space Li. Fujii’s theorem was extended by Weisz [19]. Namely, he proved that the
maximal operator of the Fejér means of the one-dimensional Walsh-Fourier series is bounded
from the martingale Hardy space H, (G) to the space L, (G) for p > 1/2. Simon [13] gave a
counterexample, which shows that this boundedness does not hold for 0 < p < 1/2. In the
endpoint case p = 1/2 Weisz [21] proved that o* is bounded from the Hardy space H; ), (G)
to the space weak-Ly /5 (G) (see also [14]). In [5] the first author proved that the maximal
operator o* is not bounded from the Hardy space H; 5 (G) to the space L5 (G).

In 1948 Sneider [16] introduced the Walsh-Kaczmarz system and showed that the inequality

DH
limsupﬂ >C>0

n—00 ogn

holds a.e. In 1974 Schipp [10] and Young [17] proved that the Walsh-Kaczmarz system is
a convergence system. Skvortsov in 1981 [15] showed that the Fejér means with respect
to the Walsh-Kaczmarz system converge uniformly to f for any continuous functions f.
Gat |3] proved, for any integrable functions, that the Fejér means with respect to the Walsh-
Kaczmarz system converge almost everywhere to the function and Gat proved that ||o"*[]; <
ClI[f||lz,- The result of Gat was extended to the Hardy space by Simon [11]|, who proved
that o™ is of type (H,, L,) for p > 1/2. Weisz |21| showed that in endpoint case p = 1/2
the maximal operator is of weak type (Hl/g, Ll/g) )
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In this paper we will prove a stronger result than the unboundedness of the maximal
operator from the Hardy space H;/, to the space L;/, in particular, we prove that there
exists a martingale f € H;/, such that

1oz = +o0.

For the two-dimensional Walsh-Kaczmarz-Fourier series Simon proved [12] that the re-
stricted maximal operator o}* is bounded from the Hardy space H, to the space L, for all
p>1/2.

In the paper [7] it was proved that the assumption p > 1/2 is essential. Namely, the
maximal operator 0" := sup,, |oy; | of the Fejér means of double Fourier series with respect
to the Walsh-Kaczmarz system is not bounded from the Hardy space H;,, to the space
weak-L1o. In this paper we will prove a stronger result than in the paper [7], in particular,
we prove that there exists a martingale f € HF/Q(f € H,5) such that

K, _ K% —
0" weak—r,,, = +00 (|0 |weak-1,,, = +00).
Thus, as regards boundedness of ¢"* the case of two-dimensional Walsh-Kaczmarz series

differs from the case of one-dimensional Walsh-Kaczmarz series.

Let denote by Z, the discrete cyclic group of order 2, the group operation is the modulo 2
addition and every subset is open. The normalized Haar measure on Zs is given in the way

that the measure of a singleton is 1/2. Let G := X Z,, G be called the Walsh group. The
k=0

elements of G are sequences © = (xg, T1, ..., Tk, ...) with z, € {0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +), the normalized
Haar measure (denoted by p) and the topology are the product measure and topology.
Dyadic intervalls are defined by

IO(':U> = G7 ]n('I) = {y € G Y= (I07 "'axn—hynayn-f—l"')}

for x € G,n € P. They form a base for the neighborhoods of G. Let 0 = (0:i € N) € G
denote the null element of G and I,, := 1,,(0) for n € N.

Let L, denote the usual Lebesgue spaces on G (with the corresponding norm or quasinorm
||.ll,)- The space weak-L, consists of all measurable functions f for which

Hf”vveak—Lp = ig% )‘/L(‘f‘ > )‘)l/p < +00.

The Rademacher functions are defined as
re(x) = (=1)" (x € G,k € N).

Let the Walsh-Paley functions be the product functions of the Rademacher functions. Namely,
each natural number n can be uniquely expressed as

n=>Y n2, n;€{0,1} (i € N),
i=0
where only a finite number of n;’s different from zero. Let the order of n > 0 be denoted by
In| := max{j € N : n; # 0}. Walsh-Paley functions are wy =1 and for n > 1

wi(@) = [ (re(@)™ = 1oy () (~1) ZH e,

k=0
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The Walsh-Kaczmarz functions are defined by ko = 1 and for n > 1
In|—1

bin() 1= 1oy (7) [T (aoros(@)™ = 71y () (— 1) ER7 mimi-on,

k=0
The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions is the same in
dyadic blocks. Namely,

{kp: 28 <n < 2"} = {w, : 2F <n < 281}
for all k € P and kg = wy.

V. A. Skvortsov (see [15]) gave a relation between the Walsh-Kaczmarz functions and the
Walsh-Paley functions by the help of the transformation 74 : G — G defined by

TA(Z) = (Ta_1,TA 2, .., X1, T0, TA, TALT, ---)
for A € N. By the definition of 74, we have
(@) = g ()0, (1 (2)) (0 € N, € G,

The Dirichlet kernels are defined by

where a,, = w,, or K, (n € P), D§ := 0. The 2"th Dirichlet kernels have a closed form (see
e.g. [8])
0, ifxégl,

Dy () = Dyu(x) = Dan(x) = {gn ifrcl

The o-algebra generated by the dyadic intervals of measure 27 will be denoted by F}, (k € N).

Denote by f = (f(”),n € N) a martingale with respect to (F,,n € N) (for details see, e.
g. |20]). The maximal function of a martingale f is defined by

f* = sup | £
neN

In case f € Ly (G), the maximal function can also be given by

neN M

* = su 1 u u x
) = sup s 4f(MM), e

For 0 < p < oo the Hardy martingale space H,(G) consists of all martingales for which

11l e, = 771, < oo

If f € L (G), then it is easy to show that the sequence (Son f : n € N) is a martingale. If
f is a martingale, that is f = (f©, f) ..) then the Walsh-(Kaczmarz)-Fourier coefficients
must be defined in a little bit different way:
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The Walsh-(Kaczmarz)-Fourier coefficients of f € Ly (G) are the same as the ones of the
martingale (Son f : n € N) obtained from f.
The two-dimensional dyadic cubes are of the form
Lnn (z,y) =1, (z) x I, (y) .
The o-algebra generated by the dyadic rectangles {I,, ., (z,y) : (z,y) € G x G}is denoted
by Fn.

Denote by f = (f"™,n € N) a martingale with respect to (F,,,n € N) (for details see,
e. g. |20]). The maximal function of a martingale f is defined by

£ = sup | ).
neN

In case f € L1 (G x G) , the maximal function can also be given by

Pry) = sp s /  (u,0) dp (1, )|
ne
n,n(2,y)
(x,y) € G x G,

For 0 < p < oo the Hardy martingale space HPD(G x () consists of all martingales for
which

1 1le, = ([ £7]], < oo
Let
Lnn (2, ) o= I (2) X L ().

The o-algebra generated by the dyadic rectangles {I,,, (z,y) : (z,y) € G x G} will be
denoted by F), ., (n,m € N).

Denote by f = (f(”’m), n,m € N) a martingale with respect to (F, ,, n, m € N) (for details
see, e. g. [20]).

The maximal function of a martingale f is defined by

fr=sup |fm].

n,meN

For 0 < p < oo the Hardy martingale space H,(G x G) consists of all martingales for which
1, = 1171l < o0

In case f € L (G x G), maximal functions can also be given by

" (z,y) = sup
( ) nmENM(nmxy
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2. THE ONE-DIMENSIONAL MAXIMAL OPERATOR

For n = 1,2, ... and a martingale f the Fejér means of the Walsh-(Kaczmarz)-Fourier series
of the function f is given by

n—1

03 (£) =+ 3 S3(frx) (o= wor ).

J=0
For a martingale f we consider the maximal operator

o f=suplotf(x)] (a=wor k).
nepP

The nth Fejér kernel of the Walsh-(Kaczmarz)-Fourier series defined by

A bounded measurable function a is a p-atom, if there exists a dyadic interval I, such that

a) [adu=0;

T
b) llallo < u(I)=1/7;
¢) suppa C I.

The basic result of atomic decomposition is the following one.

Theorem A. (Weisz |20]). A martingale f = (f(”) ‘n € N) isin H, (0 < p < 1) if and only
if there exists a sequence (ag, k € N) of p-atoms and a sequence (ug, k € N) of real numbers
such that for every n € N,

(1) S S = [,
k=0

o
> luwl? < oo
k=0

Moreover,

0o 1/p
£l ~ i (zw) |
k=0

where the infimum is taken over all decompositions of f of the form (1).

We will use the following lemma of Goginava:

Lemma 1. (Goginava [6]) Let 2 < A€ P and qq := 2% + 22472 4 ... + 22 4+ 20, Then

g K" (95)‘ > 92m+2s—3

for x € I)4(0,...,0,29,, =1,0,...,0,29s = 1, X9511, ..., T2a_1), m = 0,1,..;A—3, s =
m+2,m+3,...,A—1.

We will prove the following theorem.
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Theorem 1. There exists a martingale f € Hy )5 (G) such that

1o Flly o = o0

Proof. Since % T 0o as k — o0 it is easy to show that there exists an increasing sequence
of positive integers (my : k € IN) such that

1
(2) > i <%
k=0 T
k—1
24ml 24mk
(3) < ,

mg—1 m
Let
1
f(A) Z Apay, where \, := —
my
k2mp<A
and

ay, (x) := 2™ (Dyomys1 (x) — Dyomy, (2)).
The martingale f := (f(o), fO A, ) is in Hy/ (G) . Indeed, since

. 0, if A < 2mk,
Spaa (z) = { ag (z), it A>2my,

and

Z /\kak Z)\kSQACLk

k:2mp<A
by (2) and Theorem A we conclude that f € Hys (G).
Now, we investigate the Fourier coefficients.
Let j € {2%™ ... 22m+tt — 1} for some k = 0,1,2,.... Then it is evident that
" 2my,

F5(5) = lim fA (j) =

A—oco my

and f* () =0, if j ¢ {22, . 22mtl 1} k£ =0,1,2,...

Now, we decompose the g, th Walsh-Kaczmarz-Fejér means as follows. (For the definition
of ¢, see Lemma 1 of Goginava.)

22mp 1 Gmy, —

(5) | ( Z Sif(x +— Z Sif(x)=1+11I.

] 22mk
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Let j < 22", Then (3) gives that

k—1 22mitl_q KL oam 24mk L
|7 (2)] < ’f i Z
=0 y—g2m 1=0 k=1
and
22mk_1
24mk 1
6 I <c S’ <c
(6) e Z [S5F @)] < e
Now, we discuss I1.
For 2™ < j < ¢,,, we have the following:
22mp—1+l_g j—1
Sif@) = 3 Fk@+ S Fo)r @)
v=0 v:22mk
k—122mitl_q !
= > > k() + " (v) ki ()
=0 U:Qle U:22mk
k—1 22t j—1
22ml 22mk
= —#y (2) + Ko ()
k-1
22ml 22mk
7 - e _D m —_D m DH
™ > S (D (@) = D (2)) + - (D5 )

This gives that

k—1

<qm _22mk) 22ml
I = k Dozm+1 () — Dozm; (T
o 2 g (D (1) = Dy ()
22mk gm;, —1
DH - D 2m
J=2""k
= I+ 1.

To discuss I'1;, we use (3) and |Dgn(z)| < 2™. Thus, we can write

k—1 4my 24mk,1
8 1| <c <c .
() h s 3 St

From oy f(x) =1+ 11+ 1l and (6), (8) we have

dmy_q

. 2
(9) 10, f (@ 2 [ L2| = ] = [TDh] 2 [T 1] — e

Now, we discuss [1.
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We can write the nth Dirichlet kernel with respect to the Walsh-Kaczmarz system in the
following form:

Dy(z) = Dyw(z ZW L)Wy _oinl (T1ky (7))

k=2l
(10) = Dy (@) + 715 () D}y g1 (T (@)
By the help of this, we immediately get
22mk qmy—1— 1
L] = — Z (Dmmk %) — Dy @;))
22mk kafl_lDw
i CAC IO CE)
22mk ka—l w
= S P (o)
Qm—1 w
> ot K3 (7o ().

Thus, from (9) we have

K qu 1 24mk71
75, /()] = 2

qmp,—1

KY  (Tom, (m))’ —e—.

Define the set JJ%(z) for | < s < A by
Jé’j(l‘) = IQA(.Z'Q,.I'l, ey L2A-—25-92, LT2A—25—1 — 1,0, ...,0,.’13'2‘,4,21,1 = 1,0, ,0)

Let z € Jé;bk (x), for some | = [my /2], [mg/2] +1,....mp—3,and s =1 +2,1+3,...,mp— 1
then from Lemma 1 and (4) we have

)

C22l+25 C24mk_1 - c22l+2s—1

Hence,

o F () |12 " 1/2
Ll s @pant) = [ 15, 1@

mr—3 mg—1

DYDY SR BT
=[my /2] s=1+2 ;= ka
1€{0,1,.. ,ka —25—2}
mr—3 mp—1
=

1/2 Z Z 22m;C 2522mk +s

ko i=fme/2) s=1+2

mk3mk1

> 1/2 Z Z_>ka — 00 as k — oo.

I=[my./2) s=1+2

That is HJ*""‘le/2 = +o00. The proof is complete. O
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3. THE TWO-DIMENSIONAL RESTRICTED MAXIMAL OPERATOR

For a = w or k the rectangular partial sums of the double Walsh-(Kaczmarz)-Fourier series
are defined as follows:

M-1

Shunf (,y) : ai () a; (y),
=0 j

2

I
o

where the number
Fii)= [ f@)aie) o wdates).
GxG
is said to be the (i, j)th Walsh-(Kaczmarz)-Fourier coefficient of the function f.
If f e L (G x @) then it is easy to show that the sequence (Syn on (f) : m € N) is a mar-

tingale. If f is a martingale, that is f = (f(™™ : n € N) then the Walsh-(Kaczmarz)-Fourier
coefficients must be defined in a little bit different way:

The Walsh-(Kaczmarz)-Fourier coefficients of f € L; (G x G) are the same as the ones of
the martingale (San on (f) : m € N) obtained from f.

For n,m € P and a martingale f the (n, m)th Fejér mean of the double Walsh-(Kaczmarz)-
Fourier series is given by

H
,_n

n—L m—

1

nm
)

S f (x

Jj=0

Onml (T,y) =

I
=)

For the martingale f the restricted maximal operator is defined by

o, e
U)\ f(xay) = Sup ‘O-n,mf (‘T?y) ‘

2-A<n/m<2*

A bounded measurable function a is a p-atom, if there exists a dyadic 2-dimensional cube
I x I, such that

a) [ adp=0;

IxI
b) llall,, < pull = 1)77;
¢) suppa C I x I.

The basic result of atomic decomposition is the following one.

Theorem B. (Weisz [20]). A martingale f = (f(”’”) in € N) is in HpD (0<p<1)ifand
only if there exists a sequence (ag,k € N) of p-atoms and a sequence (ug, k € N) of real
numbers such that for everyn € N,

(11) Z fiSon nay, = ),
k=0
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o0
D Ll < oo
k=0

Moreover,
o0 1/p
| llp ~ in (Z w) ,
k=0

We will prove the following theorem.

Theorem 2. There exists a martingale f € HID/2 (G x G) such that

||057Dwaeak7L1/2 = +oo.

Proof. To prove Theorem 2 we modify the sequence {my, : k € P} and atoms a;, given in the
previous section in the following way.

Let {my : k € N} be an increasing sequence of positive integers such that

oo

1
(12) > <%

k=0 "M

k-1 8ml 28mk

(13)
—o
98mp 1 QM
14 < .
( ) mME—1 kmy,

Let
FAY (2 y) Z Aiay (z,y), where A\ :=

m
k,2mip <A k

and
Q. (l’, y) = 24m’g (D22mk+1 (:l:) — DQka (SL’)) <D22mk+1 (y) — DQka (y)) .
The martingale f := (f(o’o), fED L AN ) 1/2 (G x G). Indeed,

0, it A <2my,

Saapaai (7,Y) = { ag (z,y), if A> 2my,

> Neak () = MeSaagaa (,y)

k,2mip <A k=0
from (12) and Theorem B we conclude that f € H1/2 (G x@G).

Now, we investigate the Fourier coefficients. Since
| 19 @) w @) @) dn (o)
GxG
0, (i,7) ¢ U {2%mk . 22metl ) x {22mk . 22metl 1)
- 0, (i,7) € {22mk S 22metl _qh s {9292t ) A = 0,1, ..., 2my,
2 (G, §) € {22m, ...,22mk+1 — 1} x {22 22t 1} A > 2my,

mg
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we can write

2% (i) € {22k, L, 22l 1) x {22 92l 1)

mg

(15) f (Z7j) = O7 (Z,]) ¢ U {22mk7 ”.’22mk+1 _ 1} % {22mk’ ._.’22mk+1 - 1}
k=1

We decompose the (¢, , gm, )th Fejér means as follows

qmy, — 1 Qmy —

(16) of o [ (2,y) = q— >, Z

k. 3=0 7=0

22mk 122mk 1 qu—l 22mk 1

=quZ qZZ

my 1=22mp

227k 1 qmy,— qmy,—1 qmy,—
b Y Z fan+ o Y Z
ka 1=0 ] 22mk mkl 22mk] 22mk
= [I+II+1I1+1V.

Let

(27]) S ({Qka7,_,,qu — 1} X {071’ .“722mk _ 1})
O ({0, 1, o 2275 — 1} X {27, — 1))
U({0,1,..,22 — 1} x {0,1,...,22™ —1}) .

for some k. Then from (15) and (13) it is easy to show that

2ml+1_1 22ml+1_1 k—1

k—
‘Sffj z,y) SZ Z Z

=0 1/:22ml /L=22ml =0

Consequently, we have

22'm,c 122mk 1

4m m mg
(17) y[|<—z Z\ C2k2k§02k,

qu kmy, kmy,
18 171 < k <(C
( ) | ’ - %% /{;mk - k:mk
and
C2mk
(19) 111 <
my
Combining (16)-(19) we obtain that
. C2mk
(20) O'qu7quf( ) > ’[V‘ - ]{;—Tnk

Now, we discuss IV.
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Let (i,7) € {2%™ ..., qm, — 1} x {2*™ ..., ¢,n, — 1}. Then from (15) we have

~

S5 f (ny) = i (1, 1) o ()i ()

2my+1_ 1227nl+1 1

= Z Z fﬁyﬂﬁu ) (y)

= v= 22ml 22ml

+ X_: Z T (v, 1) () ()

]/:22mk N:22mk

[\

24ml
= _l (D22ml+1(m) — Dyom, (x)) X (D22ml+1 (y) - D22Mz (y))
=0
24m;C . .
(21) i (Djf(x) = Doz, (2)) (D (y) = Doz, (v))
and
1 ) k— 1
v = 2z ka - 22mk Z m D22m1+1 z) — Do2my () (Dozmy+1(y) — Doz (y))
=0
1 ogtme [Tt ]
q2_ — Z Z DH — Doz, (x)) (D;(y) — Dyzmy, (y))
mg i= 22mkj —92my,
= Vi + 1V,

By (13), (14) and |Dan(z)| < 2" we get that

l 2mk

8m
11V <(JZ— <C

kmk

and
C'2mk

T (:9)| 2 1Va] =

qmy ,dmy,

By the help of the equation (10) we immediatelly have for IV,

my, —1—1 Qm; —1—1
1 2dms B w X y
1V, = q2— o T2mk($)r2mk(y) Z D; (Tka(m)) Z Dj (TQWk(y))
my i=0 j=0
1 2%mk 9 w w
== q2_ m T?’mk( )szk (y)qu_qumkfl (7—277% (x))Kkafl(Tka (y))
mg

Let (z,y) € JIWUP2 () x J2PT2(y) where (I3, 1) € {0,1,...,my — 3} x {0,1, ..., my, — 3}.

2my, 2my,

Then from Lemma 1 we can write

Gmy—1 K7 (Tka(x)) Z 024l1 and Amy—1 K;Umk_l(Tka(y)) Z 024l2'

qmp—1
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Consequently,
K C 4l1+41 2
(22) quk,quf(l’,y) > m_kz T Ck‘_mk'
Denote m m
A(my) == {(l1,l2) 0<lh<m,—3,0<[; < Tk,ll +1ly > Tk}
and o
c
N, = .
k o

For (I1,13) € A(my), we have

. 2k
O—kaﬂmkf(x’y)) Z Mg
and
,u{xy )G xG:o"Bf(x,y) >C'/\}>
I,h+2 odot2/ v . |
> Y p{y) € BT < BEPW)  |on, . )] 2 0]
(l1,lQ)€A(mk)
[me/4  mu—3 1 1 1 1
Il +2 Ia,lo+2
30D S S SIS S S C AR )
11=0 lo=[my/4]—1l1 z0=0 Tomy, —21y —2=0 yo=0 Y2my, —2
[me/4]  mp-3
1 ka
z ¢ Z Z 92114212 = omy /2"
=0 ly=[my/4]—]
Consequently,
ka
A (p{(z,y) : 0" ) > C\, }) - —C’mk—>ooask—>oo
mk AL
This completes the proof of this theorem. O

4. THE TWO-DIMENSIONAL UNRESTRICTED MAXIMAL OPERATOR

If f € L (G x @) then it is easy to show that the sequence (Synom (f) :m,m € N) is a
martingale. If f is a martingale, that is f = (f™™ : n,m € N) then the Walsh-(Kaczmarz)-
Fourier coefficients must be defined in a little bit different way:

Flij)= lm /f®“xmam>%<MMWy>

min(k,l)—oo
GxG

The Walsh-(Kaczmarz)-Fourier coefficients of f € L; (G x G) are the same as the ones of
the martingale (Sgn om (f) : n,m € N) obtained from f.

For the martingale f the unrestricted maximal operator of the Fejér mean is defined by
o™ f(z,y) = sup |og,.(f;2,9)]
n,meN

A function a € Ly is caled a rectangle p-atom if there exists a dyadic rectangle R such that

(a) suppa C R,
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(b) llally < |RV2=12,

(¢) [a(z,y)du(z) = [a(z,y)du(y) =0forall z,y € G.
G G

The basic result of atomic decomposition is the following one.
Theorem C. (Weisz [20]). A martingale f = (f"™™ :n,m € N) is in H,(0 <p <1) if

there ezists a sequence (ay, k € N) of rectangle p-atoms and a sequence (., k € N) of real
numbers such that for every n,m € N

(23) ZMkS%ngLk = fom,
k=0

[o¢]
> lil? < oo
k=0

Moreover,
0 1/p
W~ (S
k=0

We will prove the following theorem.
Theorem 3. There exists a martingale f € Hy )5 (G x G) such that

HO’K7*f|’w€ak7L1/2 = _'_OO

Proof. Now, we use the sequence {u : & € N} and the atoms a; defined in the previous
proof. Let

fAB) (2,y) = Z Nag (z,y) .

1:2m;<min(A,B)

First, we prove that the martingale f := (f(A’B) A B € N) belongs to the Hardy space
Hy/ (G x G). Indeed, since

laafly < 27,

0, if min (A, B) < 2my,

SzAQBak (%y) = { ay <x7y), if min (A, B) > 2my,

f(AvB) ([L’, y) = Z /\lal l’ y Z AkSQA QBa’k’ (:C y)

1:2m;<min(A,B) k=0
from (12) and Theorem C we conclude that f € Hy/y (G x G).

Now, we investigate the Fourier coefficients. Since
[ 14 ) i @) s (0) i ,0)
GxG
0, (1,7) ¢ U {2%mn . 22metl ) x {2%mk . 22metl 1)
= Y0,  (ije {22"% L2l Y s {22k 92mietl _ 1) min(A, B) < 2my,
2 (G, 5) € {22me L 22metl 1) x 22me 92t 1) min(A, B) > 2my,

my
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we can write

24mk’ <Z’]) € {22mk7 ceey 22mk+1 — 1} X {22mk7 s 22mk+1 . 1}7

~ mg

f (Z;j) = 0’ (Z,]) ¢ U {22mk7 " 22mk+1 - 1} X {22mk7 '”,22mk+1 _ 1}
k=1

The estimation of

u{(x,y) po™t (C(],y) > C>‘k}

is analogous to the estimation of

p{(z,y) o™ f(z,y) = Chi}

and we have that

sup M { () : 0" f ) > AP = oo
>

Theorem 3 is proved. O
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