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Main methods of integer programming:
1. Branch and Bound

2. Gomory cutting plane

3. Branch and Cut

Alternative methods:
1. Lagrangian relaxation method
2. Ray-method

Ray-method related investigations:

Computer Center of Russian Academy of Science.

1. Khachaturov, V.R., Mirzoyan, N.A.: Solving problems of
integer programming with ray-method. Notes on applied math-
ematics, Computer Center of Soviet Academy of Science, 1987.
2. Khachaturov, V.R.: Combinatorial methods and algorithms
for solving large-scale discrete optimization problems. Moscow,
Nauka, 2000.



The structure of the our talk

1. Briefly on the original Ray-method (how does it work)

2. Main idea of the procedure proposed
Ray definition, Search algorithm

3. Implementation issue

4. Computational results

5. Difficulties and further investigations



Original Ray-method

Given the following (non-) linear programming problem in a com-
mon form

f(x) — min (1)
subject to
reSCR" (2)
r; — integer, j=1,2,...,n, (3)
where z = (x1,zo,...,2n), and S denotes bounded convex feasi-

ble set of relaxation problem. Here and in what follows we will
say that point z is integer if all its elements x; are integer.



Briefly on the original Ray-method

Definition. Let point 20 € R™ be an integer feasible solutions
of problem (1)-(3). We will say that integer point ' € R" is an
element of set O(a?), i.e. ' € O(z9) if values

|$(1) o $/1|, |$8 o QU/2|, LI |$9L T xfln,|

are relative primes.

Graphical illustration: fl1.bmp, f2.bmp, f3.bmp, f4.bomp, f5.bmp,
f5a.bmp, f5b.bmp



Main properties of the set O(z°)

Proposition. Point z° is not element of set O(z?), i.e.

0 ¢ 0(zY) .

Proposition. If point / € O(z®), then on the straight line seg-

ment (29, 2') there is no integer point, i.e. there is no point such
that

r =204+ Nz —29), O<A<1.



Main theorems

Theorem. Any integer point belongs to the ray which begins
at point 20 and passes through one of the points from set O(x°).

Let S(z9) denote such subset of feasible set S where f(z) is
strictly less than f(z9), i.e.

S(z%) = {z €S| f(x) < fa?)}.
Using this notation the following criteria of optimality can be
formulated.

Theorem. Let point z° be a feasible integer solution for prob-
lem (1)-(3). Then point z° is optimal solution for problem (1)-
(3) if and only if

Oz NSEY) =0. (4)



General scheme of the original Ray-method

Let z° be an integer feasible solution for problem (1)-(3). In
accordance with the main idea of the method we have to find
such an integer feasible point «/ € O(z°) that f(z') < f(9), i.e.
2 € 0(z%) N S(z°). Obviously, if O(z%) N S%) = 0, it means
that point z° is an optimal solution for problem (1)-(3). Stop.
The problem is solved.

Suppose that there exists such point 2/ € O(z°) N S(z°). In this
case we have to solve the following one-variable optimization
problem

FOO = f(@® + 2@ — 29)) — min (5)
subject to
20+ A2 -9 e s, (6)



A>0. (7)

Obviously, problem (5)-(7) is solvable. Let \,,;, be optimal solu-
tion for problem (5)-(7) and [)\,,,;,] denote its integer part. Here
it may happen that

29 + (Dnin] + D)@' —2%) ¢ S, (8)

or

F@® + (Pminl + D@ —29) > £ + Dpinl(@ = 29) . (9)
Then we construct a new integer feasible point z” using the
following rule:

g 20+ il (@ — 29), if takes place (8) or (9)

cT { 20 4+ ([Min] + 1) (2’ — z0), otherwise

In other words, using minimization problem (5)-(7) we search in
feasible set S a minimal value of function f(x) on the ray which



begins from point 29 and passes through point z/. Using the
optimal solution obtained then on the same ray we have to find
such integer point 2 that provides objective value most close to
f(Mrmin). Next, we denote point z” by z° and repeat the process.
The new set S(z°) differs from the previous one with only one
constraint

f(x) < f(2%) = f(")

Since number of integer points in feasible set S is bounded, the
process will terminate in finite number of iterations.



Implementation issue

In contrast to transparency of the main idea of the method
and its mathematical background there are serious difficulties
with its implementation and computational efficiency. The main
and the most hard of them is checking optimality criteria for a
given feasible integer point z° since set O(z°) may contain too
many integer points to be checked. As it was mentioned above,
the corresponding numbers (the elements of the points to be
checked) are relative primes, so the determining of these points
generally speaking is a very hard and computationally very ex-
pensive operation. This is why the developers of the method for
numerical experiments used not the process described above but
its different approximate variants (mostly with different rules for
determining the ray) and tested it using problems of relatively
small size (up to 100 x 120).



Proposed algorithm

Integer linear programming problem to solve:

n
P(z) = ) pjTj — Max (10)
=1
St.
n
Z R < (:72)177,7 1 =1,2,...,m (11)
j=1

r; >0, integer, j=1,2,...,n (12)



Assume maximization relaxation problem is solvable and vector

maix ma;a:' maix
= (x]""", R )

IS its optimal solution.

Assume minimization relaxation problem is solvable and vector

min mzn min
= (z7"", ey Tp)

IS its optimal solution.

Also, we suppose that vector ™% is not integer.

Ray:

R = g™Ma% 4 )\(a;,min . mma:v); 0O<\<1



Graphical illustration:Pictures/rayl.bmp



Obviously, for any point x € R we have the following coordinates:

—_ _max min max .
r; =z + Mz —2), g=1,2,...,n

Moreover, since the feasible set S is convex,
Ve R =x¢€S

Consider the unit cube U™%*, which contains the point ™"

[ ] <z < [« ] 41 )

mar] < < [ pmax 1
[25'* ] < @p < [25'" ] + > (13)

(@797 ] < @ < [2f097] 41



Graphical illustration:Pictures/ray2.bmp



Now we formulate and solve the following maximization LP prob-

lem:
A —> max

T = 2P 4 A(2[" — gaT) )

T :xmaa:_l_)\ xmin_xma:c
2 2 _(2 2 )> T x € R

tn = 2POT - (2P — o)

(7] <zp < [27"] 4+ 1)

[0 ] < ap < [0 ] 41
2 2 L g e pes

[om9n] < @, < [af9o] 41

Obviously, problem (14)-(16) is solvable.

(14)

(15)

(16)



Graphical illustration:Pictures/ray3.bmp



Let vector o/ = (2,25, ..., z},) be the optimal solution of problem
(14)-(16) and the optimal value of the objective function (14)
is \.

Consider the following two possible cases:

Case 1: )M = 1: Obviously, in this case z/ = ™",

1.1: If point 2’ is integer (Graphical illustration: Pictures/ray4.bmp),
then 2’ is feasible integer solution for original problem (10)-(12)
and value P(2’) may be used as initial bound for branch and
bound method. Stop.

1.2: If point 2’ is not integer (Graphical illustration: Pictures/ray5.bmp)
it may occur that feasible set contains some integer points but
the ray does not point it. In this case the only possibility to com-
plete the search is to check all vertices of the unit cube U™% for
feasibility (up to 2™ points to check !11).



Case 2: ) < 1 : In this case point =’ " perforates’ the sur-
face (facet or edge) of unit cube U™2%  (Graphical illustration:
Pictures/ray6.bmp).

In this stage we search in the unit cube U™%* feasible vertices.
Here we propose the following two possible procedures.

Procedure 1. Since point 2’ belongs to one of facets of unit
cube U™ it means that at least one coordinate of perforation
point =’ is integer. Let J’ denote the set of indices for integer
elements of vector &/, i.e.

J'={j 2l = [2}]}



Now we construct set E(z’) of such vertices of unit cube U™
which belong to the perforated face:

E(QZ/) — {x c ymaz - x; = { La/j;] or [ZC;] + 1, ::j @é jﬁ }} (17)
57

Obviously, the total number of such vertices is 2”—"“, where k
is number of elements in set J'. (Graphical illustration: Pic-
tures/ray7.bmp)

If set E(2’) contains feasible points, i.e.
2’ € E(2’) that 2’ € S,

that is E(z') NS % @, we choose such a feasible vertex z” € E(2')
which provides maximal value for objective function (10), i.e.

P(z") > P(x), Vx € E(z)



This value P(z”) may be used as initial bound for branch and
bound method. Stop.

Note: Vertex search limited by the set E(z’) may not be com-
plete since unit cube may contain feasible vertices out of E(z')
and, hence, initial bound may be not the best for current unit
cube. See graphical illustration. (Graphical illustration: Pic-
tures/ray9.bmp)

Procedure 2. Let us introduce the following new variables:

yjzxj—[a:;?mx], i =1,2,...,n (18)

and then replace original variables z;, j = 1,2,...,n, in the
original LP problem (10)-(12) with the new variables y;. We
obtain the following LP problem:

P(y) = > pjyj + po — max (19)
j=1



St.

n
j=1

y;=0/1, j=1,2,...,n (21)

where

n

n
po = Zp][afgnax], b”/L = bz_ Z aij[CIZ;'nax], — 1,2,...,7’)@

then solve this problem using Balas-type procedure (implicit enu-
meration).

The transformation (18) shifts simultaneously the unit cube
U™ gand feasible set S to the zero-point. (Graphical illustration:
Pictures/ray8.bmp)



If the problem (19)-(21) is solved and vector y* is its optimal so-
lution, then using (18) we determine vector z* = (7,25, ...,x;,),
where

x;:yj_l_[w;naw]? j:1727"'7n

and use value P(z*) as initial bound for branch and bound method.
Stop.



Let us suppose that unit cube U™%* does not contain any feasible
vertex. In this case we determine the next unit cube U! along
the ray R and find next perforation point using the following
maximization problem.

Determining the next unit cube along the ray

Now we formulate and solve the following maximization LP prob-
lem:

A — max (22)

T1 = T 4 \(gPin — gner) )

To = wgza,a: _I_ )\(xrzmn _ xfénaa:)

> T E€R (23)

= 0T A(ain — )

10



[a90] < zj < [aPOT] 41, G ¢ )
/ / - /
:cj—l < z; < Ty jeJ, R; <0 et
:U; < z; < a:}—l—l, jeJ, R; >0 '
Tr; = LE;-, 5 € J, RjZO/

(24)

Then in the new unit cube we repeat steps described above.
(Graphical illustration: Pictures/ray10.bmp).

Since the number of unit cubes the ray R crosses is finite the pro-
cedure will terminate after finite number of iterations (optimal
value X' > 1).

Note: If this procedure does not result any feasible unit cube
vertex it does not mean that original ILP does not have any
integer solution.

(Graphical illustration: Pictures/rayll.bmp)



Implementation issue and test results

The method proposed was implemented in the frame of linear
and linear-fractional package WinGulf. There are several rules
implemented for searching feasible vertices in the current unit
cube:

1. Rounding along the ray, i.e. if there is a point 2/ and J’
denotes index set of integer elements ac"7 then we construct set
T(x") of unit cube vertices using the following rule:

( ], jgJ, R; <0

'] + 1, j¢J, R; >0

o x; or [/]4+1, j¢J, R; =0
wj_<$3—1, jeJ, Rj<0
:I;;-—I-l, jelJ, Rj>0

@, jeJ, Ri=0

11



For example, if

« = (3.2, 4.0, 2.0, 52, 8.1, 7.0) and
R (0.0, —4.0, 0.0, 1.3, —4.1, 1.0)

we obtain the following points in T'(z'):

w1 = (3,3,2,6,8,8)
° = (4,3,2,6,8,8)

2. A maximization on the ray in unit cube

Note: Procedure 2, i.e. "shifting + Balas 0/1 optimization” is
not implemented yet.



Difficulties and further investigations

For relatively small problems the method proposed gives quite
attractive results and may increase performance of branch and
bound method for such problems where most of elements a;j of
matrix A are fractional.

For problems where most of elements a;; and RHS vector b; are
integer the method usually does not lead to any advantages.

It is obvious that the larger size of problem to solve the more
expensive the procedure becomes since in each unit cube along
the ray we have to check up to 2" vertices of the unit cube.

This is why on the first place in our further investigations we
intend to implement and test the "shift 4+ Balas’ approach.
12



