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Abstract

The aim of this paper is to continue the studies about convergence
in LP-norm of the Fourier series based on representative product systems
on the complete product of finite groups. We restrict our attention to
bounded groups with unbounded sequence W. The most simple example
of this groups is the complete product of 83. In this case we proved the
existence of an 1 < p < 2 number for which exists an f € L? such that
its n-th partial sum of Fourier series S, do not converge to the function
f in LP-norm (see [2]). In this paper we extend this "negative” result for
all 1 < p < oo and p # 2 numbers.

In Section 1 we introduce basic concepts in the study of representative prod-
uct systems and Fourier analysis. We also introduce the system with which we
work on the complete product of 83, i.e. the symmetric group on 3 elements (see
[2]). Section 2 extends the definition of the sequence ¥ for all p > 1. Finally, we
use the results of Section 2 to study the convergence in LP-norm (p > 1) of the
Fourier series on bounded groups with unbounded sequence ¥, supposing all the
same finite groups appearing in the product of G have the same system ¢ at all
of their occurrences. These results appear in Section 3 and they complete the
statement proved by G. G4t and the author of this paper in [2] for the complete
product of S3.

Throughout this work denote by N, P, C the set of nonnegative, positive
integers and complex numbers, respectively. The notation which we used in this
paper is similar to the one appeared in [3].

1 Representative product systems

Let m := (mg, k € N) be a sequence of positive integers such that m; > 2
and Gy, a finite group with order my, (k € N). Suppose that each group has
discrete topology and normalized Haar measure pi. Let G be the compact
group formed by the complete direct product of Gy with the product of the
topologies, operations and measures (u). Thus each z € G consist of sequences
x = (xg, 21, ...), where x € Gy, (k € N). We call this sequence the expansion
of . The compact totally disconnected group G is called a bounded group if the
sequence m is bounded.



If My :=1 and Mgyq := mpMy, k € N, then every n € N can be uniquely
expressed as n = Z,;“;O ngMy, 0 < ng < myg, ng € N. This allows us to say
that the sequence (ng,n1,...) is the expansion of n with respect to m.

Denote by X the dual object of Gi. Let {¢] : 0 < s < my} be the set of
all normalized coordinate functions of the group Gy and suppose that <p2 =
Thus for every 0 < s < my, there exists a o € Xy, i, € {1, ...,d, } such that

pi(2) = Vdul?)(x)  (z € Gy).

Let 1 be the product system of ¢}, namely
Uale) = [T ekt (@)  (zeq),
k=0

where n is of the form n =Y 7 ni My and © = (zg, 21, ...). Thus we say that
1 is the representative product system of ¢. The Weyl-Peter’s theorem (see [3])
secure that the system 1 is orthonormal and complete on L?(G).

The functions v, (n € N) are not necessary uniformly bounded, so define

Uy = max Y1l (k€N).

U}, is the multiplication of the greatest product of the square root of the dimen-
sion and L'-norm of the functions ¢ appeared in all group G, for 0 < j <k.
It seems that the boundedness of the sequence ¥ plays an important role in the
norm convergence of Fourier series.

For an integrable complex function f defined in G we define the Fourier
coefficients and partial sums by

n—1
fm [ foidn (keN) S.5= 3 fun (neP).
Gm k=0

According to the theorem of Banach-Steinhauss, S, f — f as n — oo in LP
norm for f € LP(G) if and only if there exists a Cp, > 0 such that

1Snflly < Cpllfllp  (f € LP(G)).

Thus, we say that the operator S, is of type (p,p). Since system ¢ forms an
orthonormal base in the Hilbert space L?(G), it is obvious that S,, is of type
(2,2).

The representative product systems are the generalization of the well known
Walsh-Paley and Vilenkin systems. Indeed, we obtain the Walsh-Paley system
if mp = 2 and Gy := Zs9, the cyclic group of order 2 for all £ € N. Moreover,
we obtain the Vilenkin systems if the sequence m is an arbitrary sequence of
integers greater than 1 and Gy := Z,,,, the cyclic group of order my, for all
ke N.

Let my = 6 for all kK € N and 83 be the symmetric group on 3 elements. Let
Gy, := 83 for all kK € N. 83 has two characters and a 2-dimensional represen-
tation. Using a calculation of the matrices corresponding to the 2-dimensional



representation we construct the functions ¢j. In the notation the index k is
omitted because all of the groups Gy are the same.

e (12) (13) (23) (123) (132) || [[¥°[lx | N¥°llso
A1 1 1 1 1 1 1 1
o1 -1 -1 1 1 1 1 1
4 0 0 _ 6 V6 V6 _ 6 V6 V6
¥ 2 2 2 2 3 2
|0 0 _V6 V6 _ 6 V6 V6 V6

2 2 2 2 3 2

Notice that the functions ¢j can take the value 0, and the product system of

 is not uniformly bounded. This facts encumber the study of this systems. On

the other hand, maxo<s<c [|©°[|1]|¢®|lcc = %, thus ¥;, = (4)k — o0 if k — oc.

More examples of representative product systems are appeared in [2] and [5].

wl

2 The sequence of functions Vi (p)
We extend the definition of the sequence W for all p > 1 as follows:
1 1
= > — - =
Wy (p) ﬂ% ”wan”wan (r>1, D + p 1, keN)

(if p = 1 then ¢ = o0). Notice that ¥y = Wg(1) for all £ € N. Clearly, the
functions ¥y (p) can be written by the form

k-1 k-1
s s 1 1
Pi(p) = H max 163 Ipllesllq = H Ti(p) (=1, » + i 1, keN).
i=0 ’ i=0

Therefore, we study the product || f]|,]fll; for normalized functions on finite
groups. On this regard we use the Holder’s inequality in the following form.

Theorem 1 (Holder’s inequality). (see [3], p 137)
Let f € LP(X) and g € LY(X), (% + % =1,p# ). Then fg € L*(X); in fact

(i) I/X fg du‘ S/legl du
and
(i) /X ol du < 1l lglls

Equality holds in (i) if and only if sgn(f(z)g(x)) (sgn: C — C, sgn(z) := é)
is constant almost everywhere on the set where fg # 0. Equality holds in (i) if
and only if there are nonnegative numbers A and B not both 0 such that

*) Alf(z)[” = Blg(z)[*

almost everywhere.



First, we prove the following lemma.

Lemma 1. Let G be a finite group with discrete topology and normalized Haar
measure p, and let f be a normalized complex valued function on G (|| fll2 =1).
Thus

(@) i If Il fllsc =1, then | fllplfllq =1 for allp > 1 and ; + 3 = 1.

(®) if Il fllee > 1, then | fllpllfllg > 1 for allp > 1, p#2 and 5 + 5 =1.

Proof.

(a) The conditions imply the equality

di - || fllee =1 = 2 du.
/Gm bl = 1 /Glfl ,

Let fo := W Then

(1) [fo(@)| <1 (z€G)

@) /G ol du = /G fol? d.

Thus by (1) we obtain |fo(x)| — |fo(x)|*> > 0 (x € G) and by (2) we obtain
[ 160l = 102 due =0,
G

Hence |fo(z)| = |fo()|? for all x € G. Thus, we have |fo| = 1 or |fo] =0
for all z € G, therefore |f| = || f]|oo or |f| = 0 for all x € G. For this reason
the condition (*) in the Holder’s inequality is true for all (1 < p < co0) and

the equality 1 = [, |f]? du = || 5]l f]lq holds.

Suppose there is a 1 < p < 2 such that

1l flly = 1= /G I dp

Then the equality (ii) in the Hélder’s inequality holds. For this reason there
are nonnegative numbers A and B not both 0 such that

Alf(@)[" = Blf(2)|" (z € Q).

Thus, there is a ¢ > 0 such that |f| =cor |f|=0forall z € G (¢ = ||f||0)-
Then |f| - ||fllsc = |f|?. Integrating both part of the last equation we have
I £l fllc = 1. We obtain a contradiction. O

However, the following lemma states much more.



Lemma 2. Let G be a finite group with discrete topology and normalized Haar
measure i, and let f be a complex valued function on G. Thus, the function
U(p) = flpll fllq (]% +% = 1) is a monotone decreasing function on the interval

[1,2].

Proof. Let fo := m Then ¥ (p) = || fl12 I follpll follq- Let m be the order

of the group G. We take the elements of G in some order, G = {g1, 92, ... gm },
to obtain the numbers

a; :|f0(gz)|§]- (z:l,m),

with which we write

v(p) = 1= (Z) (Z) R

Since q¢ = p%l we have

9 _ 1 _ ¢
op (p—1)2 p?
Therefore,

ov “ 132,07 loga;
2 o ()

=1 """

1 - 13" alloga; q>
——log al | + f“miz < .
7 (; > ¢ iliaf p?

The condition 1 < p < 2 secures the fact

+¥(p)

q
= <_7’
p? p(p—1) p

Q| =

from which we have

o ;llog@a)_mg(iaf)]

1 [ZTI Ploga; 3L, af logal}
p Dy af >imaf

Both addends in the sum above are not positive. Indeed, the facts a; < 1 for
all 1 <¢<m and p < ¢ imply a? < af for all 1 <1¢ < m, from which it is clear

(1) log <Z a?) — log (Z af) <0

o)

+




Secondly, s |
i—1 03 log a;
ha) 1= skt OB

i=1 %

is a a monotone increasing function. Indeed,

m m m 2
W (z) = (Zizl ay 10g2 ai) dimyaf — (D22 af loga;)
B m \2
(i1 af)
Zznj:l aja¥(loga; — logaj)? -

(S0, af)?

Consequently, we have

@) S alloga; Yo alloga; <

<0
221 af 2221 ag

By (1) and (2) we obtain (?9\11: <0 for all 1 < p < 2, which completes the proof
of the lemma. O

We can apply Lemma 1 and Lemma 2 to obtain similar properties for Yy (p)
and Wy (p) because these functions are the maximum value and the product of

finite functions satisfying the conditions of the two lemmas. Consequently, we
obtain:

Theorem 2. Let Gy be a coordinate group of G such that ||¢}|l1 = 1 for all
s < my. Then Ti(p) = 1. Otherwise, the function Yy (p) is a strictly monotone
decreasing function on the interval [1,2].

The function Ui(p) = 1 if ||@il1 =1 for all s < m; and i < k. Otherwise, the
function Uy (p) is a strictly monotone decreasing function on the interval [1,2].

It is important to remark the functions Y (p) and ¥y (p) are monotone in-
creasing function if p > 2. It follows from the property Ty (p) = Tk(ﬁ). In

order to illustrate these properties we plot the values of T(p) for the group 8s.




3 Negative results

Theorem 3. Let p be a fix number in the interval (1,2) and % + % =1. IfG
is a group with unbounded sequence Wy (p), then the operator S, is not of type
(p,p) or (4, 9)-

Proof. 'To prove this theorem choose i < mj the index for which the
normalized coordinate function ¢;* of the finite group G satisfies

ik ’ik . S S
lerllpllextlla = max [lokll,llekllq-

Define _ A
fi(@) = g ()| (2)| 772 (2 € Gi).

Thus, |f.(2)|P = |} ()| and also fi(2)py () = [} (x)]? € RT if ¢} () # 0.
Hence the both equalities hold in the Holder’s inequality. For this reason

®3) ’/G Fei dur| 193 s = Ll o o llp-
k
k—1
If k is an arbitrary positive integer and n := Z i;M;, then define Fy, € LP(G)
j=0
by
k—1
Fp(@) =[] fi(zy) (&= (20, 21,...) €G).
j=0
k—1
Since || Fill, = [ /5l it follows from (3) that
§=0
I01Fi = SuFilly = | [ Fibda 1, =
(4)

#5311y = Uk ()] Fllp-

k—1
=] /fﬁ?duj
j=0 176G

On the other hand, if S,, is of type (p,p), then there exists a C}, > 0 such that
1Sns1Fe = SuFillp < 1Sns1Filly + [SuFilly < 2G| Fily

for each k& > 0, which contradicts (4) because the sequence ¥ (p) is not bounded.
For this reason operators S,, are not uniformly of type (p,p). By duality ar-
gument (see [4]) the operators S, can not be uniformly of type (gq,¢). This
completes the proof of the theorem. O

By Theorem 3 we obtain



Theorem 4. Let G be a bounded group and suppose that all the same finite
groups appearing in the product of G have the same system ¢ at all of their
occurrences. If the sequence U is unbounded, then the operator S, is not of type

(p,p) for all p # 2.

Proof. If the sequence ¥y = Wi (1) is not bounded, there exists a finite
group F with system {¢° : 0 < s < |F|} (|F| is the order of the group F') which
appears infinite many times in the product of G and

T(1) == max [|¢°[[1[[¢°[lec > 1.
s<|F|

Hence by Theorem 2 we have

T ‘= ma; s N, > 1
(p) max [Tz [Pl

for all p # 2. Denote by I(k) the number of times the group F' appears in the
first k coordinates of G. Thus I(k) — oo if K — oo and

&

U(k)
Uy (p) > T(p) — o0 if Kk — oo,

i=1

for all p # 2. Consequently, the group G satisfies the conditions of Theorem 3
for all 1 < p < 2. This completes the proof of the theorem. O

Corollary 1. If G is the complete product of Ss with the system ¢ appearing
in Section 2, then the operator S, is not of type (p,p) for all p # 2.
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