CONVERGENCE OF SEQUENCES OF TWO-DIMENSIONAL FEJER
MEANS OF TRIGONOMETRIC FOURIER SERIES OF INTEGRABLE
FUNCTIONS

GYORGQY GAT

ABSTRACT. The aim of this paper is to prove the a.e. convergence of sequences of the Fejér
means of the trigonometric Fourier series of two variable integrable functions. That is, let
a = (a1,a2) : N = N? such that a;(n + 1) > asupy<,a;(k) (j = 1,2, n € N) for some
a > 0 and a;(+00) = az(+00) = +oo. Then for each integrable function f € L'(T?) we
have the a.e. relation lim,, o 0q(n)f = f. It will be a straightforward and easy consequence
of this result the historical cone restricted a.e. convergence result with respect to the two-
dimensional Fejér means of integrable functions due to Marcinkiewicz and Zygmund [7].

First, we give a brief introduction to the theory of the Fourier series. Let N denote the set
of natural number, that is, N={0,1,...} and P =N\ {0}.

The system of functions
e (n=0,%£1,£2,...)
(x € R,1 = v/—1) is called the trigonometric system. It is orthogonal over any interval of
length 27, specially over T := [—m, 7). Let f € L!(T), that is integrable on T. The kth
Fourier coefficient of f is
—zkt
dt,
27T / /(@

where k is any integer number. The nth (n € N) partial sum of the Fourier series of f is

n

Suf(y) = > flk)e™.
k=—n
The nth (n € N) Fejér or (C, 1) mean of function f is defined in the following way:

n

mJ@%Iﬂil§:&f@)

It is known that
o f(y / F (@) Kuly — 2)dz,

where the function K, is known as the nth Fejér kernel; we find an appropriate expression
for it e.g. in the book of Bary [1].

Kou) = — <sm( (n+1)))

2(n+1) sin()
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From this expression one immediately derive the following properties of the kernel. They
will play an essential role later.

K, (u) > 0.
K,(u) < RS (0 < Ju] < ).

Let f be an integrable function that is let f € L'(T?). The k = (ki, k2)th Fourier coefficient
of fis
1

f(xb $2)e_l(k1t1+k2t2)d(tl7 t2)>
47T TxT

fk) = f(ki k) =

where k1, ko are integers. The nth (n € N?) rectangual partial sum of the Fourier series of f
is

Snf(y) _ S(nhnz) y17y2 . Z Z f kl; k1y1+k2y2)

ki=-—n1 ka=—n2

The nth (n € N?) two-dimensional Fejér or (C,1) mean of function f is defined in the
following way:

Unf(y) = O_(nl,nz)f(y) =

(n1+1) n2—|—1 ZZSkf

=0 ko=0

where y € T2. In 1939 Marcinkiewicz and Zygmund [7] proved their celebrated theorem
on the convergence of the two-dimensional restricted (C, 1) means of trigonometric Fourier
series. They proved for any integrable function f € L*(T?) the a.e. convergence

U(nl,nz)f — f

provided n; /8 < ny < fng, where 8 > 1 is a fixed constant. So, the set of indices (n,n2)
remains in some positive cone around the identical function. Actually, their proof is not a
simple one. Among others, the main theorem of this paper, that is, Theorem 1 provide an
easy proof for this celebrated result of Marcinkiewicz and Zygmund.

We also mention that Jessen, Marcinkiewicz and Zygmund [8] also proved the a.e. con-
vergence o, f — [ without any restriction on the indices (other than min {n;,ny} — o0),
but for functions in Llog™ L. For a joint generalization of these results of Marcinkiewicz
— Zygmund and Jessen — Marcinkiewicz — Zygmund see the paper of the author [4]. For
another proof of the “cone restricted” convergence of the two dimensional Fejér means see
the paper of Weisz [10] and the result of Marcinkiewicz and Zygmund with respect to the
multi-dimensional case was also proved with a different proof by Weisz [11]. With respect
to this issue one can find some interesting and important read in [6] and [5].

For another modern treatise on the theory of Fourier series see for instance the book of

Edwards [3].

We study the a.e. convergence of subsequences of the two-dimensional (C, 1) means o) f
of integrable functions that is, f € L'(T?), where a : N — N2.

Theorem 1. Let a = (a1,a2) : N — N? be a sequence with property a;j(+00) = +00
(j = 1,2). Suppose that there exists an a > 0 such that a;(n 4 1) > asup,c, a;(k) (j =
1,2, n € N). Then for each integrable function f € L'(T?) we have the a.e. relation

lim Oa(n)f = f
n—oo
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This Theorem, which is the main result of this paper is a consequence of the following
lemma.
Lemma 2. Let a = (a1, a2) : N — N? be a sequence with property a;(+00) = +oo (j = 1,2).
Suppose that |logya;| (|z| denotes the lower integer part of x) is monotone increasing
(j = 1,2). Then for each integrable function f € L*(T?) we have the a.e. relation

lim O'a(n)f = f
n—oo

A straightforward and easy consequence of Lemma 2 is the celebrated result of Marcinki-
ewicz and Zygmund [7] with respect to the ,cone restricted” almost everywhere convergence
of two-dimensional Fejér means of integrable function.

Corollary 3. Let 3> 1 and f € L*(I?). Then we have the a.e. relation
liIIl 0'(,11,712)]( = f

n1,n2—00
1/8<n1/n2<8

Proof. The proof of this corollary comes directly from Lemma 2. So, let v := [log, 5]. For
k’,l € N set N’y,l,k = {(nl,ng) e N?: 2k <n < 2k+1, Qk—v+ <ng < 2k_7+l+1}. Let N%l be
the union of the disjoint sets N, ;. It is easy to give a sequence a : N — N? such that
|log, a4 |, [log, as] are monotone increasing (for n € N.,;; we have |log, n1| = k, [logy, na| =
k —~+1) and a(N) = N, ;. This by Lemma 2 gives that for each integrable function f
U(m,m)f — f

a.c. provided by n € N,; and n;,ns — oo. Hence, we also have this a.e. relation for
ne UZO N,,; =: N, and ny,ny — oo. After then, let n € P? be such that 1/8 < ny/ny < f.
Denote by k the natural number for which 2 < n; < 2¥1. Then, 2F77 < 2k/ﬁ < ng <
2k 3 < 2k +l - Consequently, n € N,. This completes the proof of this corollary. O

Extend the map a : N — N? to [1, +00) linearly in a way that for n <z <n+ 1 set
a(x) = (a1(z), az(x))
=((x—n)a;(n+ 1)+ (n+1—2)ar;(n),(x —n)ag(n + 1) + (n + 1 — z)ay(n))
=(r—n)a(n+1)+ (n+1—=x)a(n).
Without the loss of generality we can suppose from now that a;(n) > 1 for n € N and
J =1,2. Also set 8(z) = |logy(a(x))] : [1, +00) — N2.

The following Calderon- Zygmund type decomposition lemma on T? will play a fundamental
role in the proof of Lemma 2.

The dyadic subintervals of T are defined in the following way.
Jo:=AT}, Jy:={[-n0),[0,7)},
j2 = {[_77'7 _77/2>’ [_77-/27 0)7 [07 7T/2), [7/2’7‘-)} e

J.= O T
n=0

The elements of J are said to be dyadic intervals. If F' € J, then there exists a unique
n € N such that F' € J,, and consequently mes(F) = 2= (the Lebesgue measure). Each J,,
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has 2" disjoint elements (n € N). J x J is the set of dyadic rectangles. For x € T denote by
I,,(x) the element of J,, for which = € I,,(x).

Lemma 4. Let f € LYT?), and X > ||f|l1/(27)?. Suppose that the functions B;(x) =
|log, @;(z)| : [1,+00) — N are monotone increasing, where functions a; are continuous
(j = 1,2). Then there exists a sequence of integrable functions (f;) and disjoint rectangles
]51(&.)(%&71) X I,Bg(s,-)(ui,Q) c jﬁ1(8i) X jﬁz(si) such that

f - Zfza
1=0

[ folle < CsA, | folli < 3||fll1, and

supp fz C ],31 )(uz 1) X ‘[BQ(SZ)(/U/’L 2)
for some s; > 1,u; € T (i € P). Moreover, [, fi(x)dz =0(i > 1) and for

U Ig s (win) X Ig,s)(wi2))  we have mes(F) < | f]l1/X.

Proof. Let s; := 1 and

Q= {J = J1 X Jo € Ip,(s1) X Ipy(s1) : mes(J) / |f(x)|dz > /\}.
J

Since for each J € €2y, we have
281 (1)+B2(1)

4m2

mes(J) ' =
then we also have

1
A< mes(J)_l/ |f(x)|de < 261(1)+52(1)F/ | f(x)|de < 2B WFRM N < Oy,
J ™ Jr2

Let so := inf{s € [s1,+00) : 232‘:1 |B;(s) — B;(s1))| > 1}. Recall that the function a is
continuous, and (z) = |log,a(x)| is monotone increasing and continuous from the right
with respect to its both variables. Then we have the following three cases:

Case 1. Bi(s2) = fi(s1) + 1 and Ba(s2) = Bi(s1),
Case 2. (1(s2) = f1(s1) and [a(s9) = fr(s1) + 1,
Case 3. Bi(s2) = fi(s1) + 1 and Ba(s9) = Bi(s1) + 1.
We decompose the dyadic rectangles contained in
[351(31) X 352(31)} \{J:Je}.
That is,

0y = {J € Jg1(s2) X Jpa(sy) - mes(J) ™ / |f(z)|dz > Xand K € Q; such asJ C K} :
J

Consequently, for all J € €25 we get

A < mes(J)! /J f(2)|dz < 4N
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(In case 1 and 2 we even have 2\, but it makes no problem to take 4, instead.) Generally,
forN>n>3

2
= inf{s € [s,_1,+0) : Z 18(s) — Bj(sn_1))| > 1}.
j=1
That is, f(sn) = B;(sn1) + 1 for at last one j (j = 1,2). If for a j this is not valid, then
Bi(sn) = Bj(sn—1). Also take

n—1
Q, = {J € J5,(sn) X Ja(sn) - mes( /|f )|dz > Nand AK € U ; such as J C K}

=1

Similarly, as in the case of €25 we have that for each J € 2, the inequalities
A< mes(J)l/ |f(z)|dz < 4N
J

hold. Denote by I, € N the number of elements of €2,,, and the elements of 2, by J,, x(k =
. lnyn € N). Since Jg,(5,) X Jgy(s,) has 201(n)+5200) (disjoint) elements, then [, <
2P1(sn)+P2(5n) (n € N). For an arbitrary set B C T? the characteristic function of B is

denoted by 15. Let
fok = <f — rnes(Jn’k)l/ f(x)dx) 1
Jn,k

k=1,...,l,,neNand F:= ], Uﬁc’;l Jn k- Since the dyadic rectangles .J, ; are disjoint,
then we have the following decomposition of the function f:

n=1 k=1
oo Un
D9 (f et [ stoe) 1
n=1 k=1 Ink
oo n
+Z [mes ke / f(z dm] 1y, + fleap
n=1 k=1 n,k
n=1 k=1
This means that fo = > 7, Zk L [mes f 7 dm] 17, ,+ flr2p and the functions

fi(t=1,2,...) in the statement of Lemma 4 will be the functions ok (E=1,...,1,, n € N).
supp fnr C Jn i are disjoint dyadic rectangles,
472

mes(J, ) = 9B1(sn)+B2(sn)’

y fox(x)de = / f(z)dx — mes(Jp k)~ /Jm f(z)dx - mes(Jy,x) = 0.

Jn,k

[ frklls < L0l + meS(Jn,k)_l/J [f(@)ldz|[1s, [le = 2[f 1, ]l
n,k
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Consequently,

oo n oo In
323 sl <2323 M1l =2/F\f(x)|dw <2/l
1 k=1

This immediately gives

oo Up
ol =17 =33 fualh < 31£11

n=1 k=1
Since F' is the disjoint union of the dyadic rectangles J,,j, then for the two-dimensional
Lebesgue measure of F' we get

mes(F) = Z Zn: mes(Jy, k)

n=1 k=1

-yt / 2)lda

n=1 k=1

_ X/F|f<:c>ydgc < 171k

It remains to prove || fo]| < CgA. The construction of €, gives the inequality
mes(Jnyk)_l/ |f(z)|dx < CgA
Jn,k

in the case of n = 1 we have 281 (W+5() and in the case of n > 2 we have number 4 as
(
constant C'). That is,

oo pn
follee < oMY - 15, oo + 1112\l

n=1 k=1
= CpAl[1F|loo + I/ 1r2\ploo
< OsA + || f1r2\pf oo-

Let A, be the o-algebra generated by the elements of Jg, (s,) X Jg,s,) (n € N). Then we have
an increasing sequence of ¢ algebras

A C Ay C ...

The conditional expectation operator of the function f with respect to A, at a given point

where J is the unique element of Jg,(s,) X Jg,(s,) such that x € J. Since lim . 3 =
lim, o, B2 = 400, then the martingale convergence theorem (see e.g. the book of Neveau [9])
gives that this integral mean value converges to f(x) for almost all z in T2

Now let 2 € T?\ F. Then the construction of the set 2, gives for each J € Jg,(s,) X Ig,(s,)
that mes(J)~" [, |f(¢)|dt < X (for all n € N). From the lines above there follows

[f@)] <A
for almost all z € T? \ F, so

[ [l pllee <A, [ folle < CsA.
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With this the proof of Lemma 4 is complete. 0

For A € N,z € T denote by I}(z) = Ia(2) + 25 = {y+ & 1y € La(2)} € Ja, I}'(z) =
Iu(z) — % = {y— 25 : y € I4(x)} € J4 the two adjacent intervals of the one dimensional

interval I4(x). Remark that we mean the addition y + g—ﬁ and the subtraction y — S—Z by

modulo 27. That is, for y € T we also have y + S—Z, — S—i{ € T. Also use the notation

I3(x) = La(x).
Also define the integral mean values of the function f € L*(T) at x € T
2A
EA75f([L') = / f(t)dt,
15 (x)

T or
where 6 € {—1,0,1}. For A = (A}, Ay) € N2, f € LYT?), § = (01,82) € {—1,0,1} x
{~1,0,1}, I(z) = Iill(:vl) X Iffz (x3), © € T? set the two dimensional integral mean values

2A1 +As

EA’(;f(I) = : f(t)dt

2
A e

In the sequel we suppose that the functions 8;(z) = |log, @;(z)| are monotone increasing
and the functions a;(x) are continuous (j = 1,2). Let ¢ be as above and f an integrable
two variable function. Define the maximal operator Ef ;f 1= sup,e to0) [ Esr).6f]. With the
application of some lemmas below we prove that the maximal operator o*f = sup,, |04 f]
is of weak type (L', L'). In order to have this the first lemma is:

Lemma 5. E} 5 is of weak type (L', L'). That is, mes {zeT?: Ejsf(x) > A} < Call flln/A
for every positive \.

Proof. Apply Lemma 4. Recall its notation. supp f; C Ig(s,) (i) = I, (s (wi1) X Lgy(s,) (ti2)
(i S IP)) and F = U;’il ]/3(31.)(1@). Set

oF = U UL
€1,6206{—1,0,1} =1
Obviously, mes(9F) < 9mes(F). Fix a d € {—1,0,1}” and let y € T2\ 9F = 9F and i € P.
Then we prove E} ;f;(y) = 0.
Suppose that 1 <t < s;.
If there exists a j € {1, 2} such that the one dimensional intervals ]gj ;) and Ig,(s;)(ui ;)
are disjoint, then we have ]g(t)(y) N Ig(s,)(u;) = 0 and consequently

Evshily) = 0 [ gyae = 200 fia)dz =0
B(t),0Ji\Y) = / i\r)axr = / i(x)dx = 0.
47T2 ]g’(t)(y) 47T2 Ig(t>(y)mlﬂ(si)(ui)

If for both j € {1,2} I;; )(¥3) N g5 (ui ) # 0, then since two one dimensional intervals are
disjoint or one of them contains the other, then §;(t) < §;(s;) (recall that 5; is monotone
increasing) gives [g;(t)(yj) D Igs)(uij) (j = 1,2). That is, ]g(t)(y) D Ips,)(u;) and this
immediately gives

9B1(t)+B2(t) 981 (t)+p2(t)
Eswyofily) = ——— /15

flapde =2 [ iwpds o
4 5@ A Ig(s;) (wi)
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Now, we turn our attention to the other case:

Suppose that t > s;.

Esu 5fi(y) is the integral mean value on the two dimensional rectangle Ig(t) (y) and conse-
quently we integrate function f; on the set Ig(t)(y) M I,y (ui). Therefore, if for either j =1
or j =2 [gj(t)(yj) N I, (uij) = O, then Egqsfi(y) = 0. That is, we can suppose that
the intersection is not the empty set. Since (; is monotone increasing, then 5;(t) > f;(s;)
and this implies Igj(t)(yj) C Ig(s)(uij) (7 = 1,2). Thus, Igj(t)(yj) = Ig, ) (y;) + % gives

yﬁ—% € Ig,(s;)(us5). Consequently, if we add —% to yﬁ—% (modulo 27), then apply-
ing the inequality % < % the result y; will be an element of the union of the interval

Ig,(s;)(u;;) and its two adjacent intervals. That is, y; € Ig,(s,)(us;) U Iéj(si)(ui,j) U Igjl(si)(ui7j)

for j = 1,2. This gives
ye U IE(Si)<ui)
617626{—1,0,1}
therefore y € 9F and this is a contradiction. That is, for all ¢t we have Ejgq 5fi(y) = 0 which
gives 7 5fi(y) =0ony € 9F. Now, turn back to the notation of Lemma 4.

mes {y € T : Ej5f(y) > 2Cs\}

<mes{y € T: E};fo(y) > Cs\} + mes {y € T?: EE,d(Z fi)ly) > Cg)\}

i=1

<mes{y € T?: E};fo(y) > CsA} 4+ mes(9F) + mes {y €9F : E?ia(z fi)y) > CB)‘}

=1

= I+I11+1II

It is quite easy to have that [[Ej;follc < [|follec < CsA and consequently I = 0. For 111 by
the Markov inequality and the o-sublinearity of operator Ef 5 we have

C o
r< =2 Eﬁ,é(Z i)
=1

A Jor

05/ > 05“/

That is, mes { £} ;f > 2CsA} < mes(9F) < 9| f|l1/X. This completes the proof of Lemma
d. U

The following lemma is concerned with an estimate of the one dimensional Fejér kernel.

Lemma 6. Let n, A € N, 24 < n < 24% that is, A= |logyn| x,y € T. Then we have
A

A—2k
(1) Kn(y - JZ) <2 Z 2 1U5e{71,0,1} Iy, (v) (:L‘)
k=0

Proof. First, in order to prove Lemma 6 we prove the following inequality for 0 < z.
A

(2) Kn(z) <2 Z 2A_2k]‘[A—k(0)<x)‘
k=0
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If 2 € 14(0), then since the right hand side of (2) for k = 0 is 2415, o) (z) = 2# and since the
left hand side K,(z) < %+ < 24, then the inequality (2) is proved in this case.

If x gZ 14(0), then we have a j € {0,..., A —1} such that 0 < z € [;(0) \ 1;11(0), which
gives 57 < o < g;. By the inequality (one can find it in Bary’s book [1])

2
0< Kp(z) < ——

_W (O<‘$’§7T,71€N)

92j+1

we have K,(r) < %5;—. What about the right hand side of (2)7 Since 15,)(z) = 1,
then we have 22?:0 2471, (@) = 2574 oy (x) = 2%74T1 That is, inequality
(2) is proved. Now, we turn our attention to (1). Since the function K, is even, then
Kn(y — ) = Ka(ly —2]) < 221?:0 2A_2k11A—k(0)(|y —zl). If 11A—k(0)(‘y — z|) = 1, that is,
|y — x| € I44(0), then |y — | < 54~ and this gives that z is an element one of the intervals

_ A Sy . at 1s, 1t 1s an element of [4_g or one of 1ts two adjacent
I w(¥), Il (y), Thoy,(y). That is, it | 1 £ Tai(y fi dj
intervals belonging to Ja—x. Thus, 1,,_ 15 (@) =1,

Koy —2) = Ka(ly — 2]) < QZZA 1,0 (ly —2)) < QZQA 21 Wseovom 7 p) (@)
k=0 =

This completes the proof of Lemma 6. U

Now, we are ready to prove Lemma 2.

Proof of Lemma 2. By (1) we prove the following two dimensional inequality for n € P2,

= |n| := |logyn], f € L}(T?).

(3) onfl<C Y > 2 hREL Ll

51,526{71,0,1} k1<Ap,ko<A2

By the help of Lemma 6 we have

a0l = |75 [ S@E (= 2)ds
D D VL T RO Iers
T2

01,02€6{—1,0,1} k1 <A1,k2<Az

-C ) > 2B ).

81,02€{—1,0,1} k1<A1,ka<A2

That is, (3) is proved.
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For j = 1,2 the functions f;(x) = |log, a;(z)] are monotone increasing on [1,+00) (j =
1,2) and consequently so do the functions f;(z) — k; for j = 1,2. We apply Lemma 5.

n

es {y eT?: | sup oo f(y)| > )\}

<mes{yeT?:C sup Z Z Q_kl_k2E/3(t)fk,5|f|(y) > A

LEILH90) 5, 5e{—1,0,1} k1 <Ba (t) k<P (t)

<mes{yeT?:C Z Z MR Es sl (y) > A

01,00€{—1,0,1} k1,k2€N

ks CA
< mes U U {yET2 Eﬂ—k,6|f|(y) > (|k1|+1)2(|k2|+1)2}

51,626{ 101} k1,k2€N
<C Z Z mes {y €T?: 277~ (y) > CA }
N (ko + 1)2([ke] + 1)2

51,(52€{71 0 1} k1,k2€N

(k1] + 1)2(|ko] + 1)2
<oy oy Wy,

(51,526{ 1,0 1} k1,k2€N

< Csll £l /A

That is, we proved that the maximal operator o} f = sup,, |04 f| is of weak type (L', L').
Since for each trigonometric polynomial P we have the everywhere relation

limy, 00 O(ay (n),as(n)) P = P, then by the standard density argument (see this principal for
instance in [2]) the proof of Lemma 2 is complete. O

Finally, we have to prove Theorem 1. That is, the main result of this paper. The proof
comes from Lemma 2 with some easy calculations.

Proof of Theorem 1. Without the loss of generality a;(n) > 1 (j = 1,2,n € N) can be
supposed. Let L be a positive integer discussed later. For ;m = 0,1,...,L — 1 let some
disjoint subsets of N be defined as:

Bim = {n € N: (ai(n),as(n)) € U [285H gsbAlHLy o [thtm 2tL+m+1)} .
s,t=0
It is clear that these sets are pairwise disjoint and their union is N. Denote the elements
of By, by nb™ < ngm < .... We prove that [log,a;(ni™)| < [log, aj(nfk’fl)j for every
keN,l,me{0,1,...L—1} and j = 1,2. On the contrary, suppose that |log, aj(né:fl)j <

|log, aj(nk )] for some k:, [,m and j. Then the definition of B, gives that |log, a; (nﬁfﬂ)j <
llog, a;(ny™)] — L. Thus,

1 1 1 (lm 1 o lm L 1
—a;(nyT) < gllogs aj(ni 1)) < glloga a;(n™) 1L < oTAG) (™).
Since, nkJr1 > nl™ then we have a; (nifl) > aa;(nk™) and consequently, also have v < 2%,

This is obviously not possible for an L large enough. That is, we proved that |log, a; (nim)J
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is monotone increasing with respect to £k € N. Lemma 2 gives the a.e. convergence

hm Ua(nﬁc,m)f — f

k—oo

for each integrable function f and I,m = 0,1,...,L — 1. Merging the L? pieces of subse-
quences of g,(,) f the proof of Theorem 1 is complete. O

Acknowledgement. The author thanks Professor Vilmos Totik for suggesting the prob-
lem.
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