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Abstract

We show the visual reasoning power of a recently de-
veloped unconventional computing model – the so-called
interval-valued computing. It bears not only a high evi-
dence of power in visual representation of Boolean alge-
braic calculations to show validity of propositional logical
laws but also a natural way of faithful visual following of
the process of the solution of a typical PSPACE-complete
problem, namely, determining validity of quantified propo-
sitional formulæ.

1. Introduction

Diagrammatic and visual reasoning is a basic bridge be-
tween formal reasoning and human understanding. A basic
method for visualizing Boolean algebraic calculations is the
method of Venn diagramms. It is applicable for formulæ
built from two or three propositional variables. There are
good ideas to generalize Venn diagrams to a higher number
of variables (see [3],[5],[6],[7],[10],[13]). We will employ
the apparatus of interval-valued computing which is a re-
cently developed computing paradigm ([9], [11], [12]) that
works with finite sets of intervals (opposite to the interval-
arithmetic which works with intervals taking care about un-
certainty).

Moreover, we show that the interval-valued computa-
tion process is particularly suitable to visualize the process
of evaluation of quantified propositional formulæ. This
process is an unconventional but visually well interpretable
decision process for a PSPACE-complete problem (whether
the given quantified propositional formula is true). This
problem is a basic example of a class of problems where
the question is to determine whether there is a winning strat-
egy for the first player in the given game and most of these
problems are reducible toQSAT .

In Section 2, the notion of interval-values is introduced,
also the interval-valued computations are described. In Sec-
tion 3, we show a visualized proof of a propositional logical
law with four variables. In Section 4, we demonstrate how
visualize an interval-valued computation for the validation
of a quantified propositional formula.

2. The interval-valued computation system

2.1. The idea

In [9], Nagy proposed a new discrete time/ continuous
space computational model, the so-called interval-valued
computing. It involves another type of idealization than
Turing machines – the density of the memory can be raised
unlimitedly instead of its length. This new paradigm keeps
some of the features of traditional Neumann-Turing type
computations.

It works on specific subsets of the interval[0, 1), more
specifically, on finite unions of [)-type subintervals. In a
nutshell, interval-valued computations start with

[
0, 1

2

)
and

continue with a finite sequence of operator applications. It
works sequentially in a deterministic manner.

The allowed operations are motivated by the operations
of the traditional computers: Boolean operations and shift
operations. There is only an extra operator, the product.
The role of the introduced product is to connect interval-
values on different ’resolution levels’. Essentially, it shrinks
interval-values.

So, in interval-valued computing systems, an important
restriction is eliminated, i.e. there is no limit on the number
of bits of a cell in the system; we have to suppose only
that we always have a finite number of bits. Of course, in
the case of a given computation an upper bound (the bit
height of the computation sequence) always exists, and it
gives the maximum number of bits the system needs for
that computation process. Hence our model still fits into
the framework of the Church-Turing paradigm, but it faces
different limitations than the classical Turing model.

Although the computation in this model is sequential, the
inner parallelism is extended. One can consider the system
without restriction on the size of the information coded in
an information unit (interval-value). It allows to increase
the size of the alphabet unlimitedly in a computation. In
this article we employ this inner parallelism to extend the
visual expressiveness of calculations with interval-values.
Long manipulations on the separate bits can be shown as a
unit, acting uniformly to the whole stored data.



2.2. Interval-values

We note in advance that we do not distinguish interval-
values (specific characteristic functions from [0,1) into
{0, 1}) from their subset representations (subsets of [0,1))
and we use always the more convenient notation.

The setV of interval-valuescoincides with the set of
finite unions of[)-type subintervals of[0, 1).

The setV0 of specific interval-valuescoincides with{ k⋃
i=1

[
li
2m , 1+li

2m

) |m ∈ N, k ≤ 2m, and

0 ≤ l1 < ... < lk < 2m
}

.

We note that the set of finite unions includes the empty
set(k = 0), that is,∅ is also an allowed interval-value.
Our notion of interval-value is related to the notion of gen-
eralized interval ([4]). Our paper outlines not only a rule-
based reasoning system, but an unconventional computation
system whose computations represent and follow also vi-
sually the steps of the solution of the given problem more
faithful than other known unconventional computing para-
digms as membrane or DNA-computing. In [2] diagrams
are used to solve problems on specific graphs.

2.3. Operators on interval-values

Similarly to traditional computers working on bytes, of
course, we allow bitwise Boolean operations. If we con-
sider interval-values as subsets of [0,1), then the operations
negation, disjunction, conjunction coincide with the set-
theoretical operations of complement (A), union (A ∪ B)
and intersection (A ∩ B), respectively.V forms an infinite
Boolean set algebra with these operations.V0 is an infinite
subalgebra of this algebra.

Before we add some other operators, we introduce a
function assisting the formulation of the following defini-
tion. Intuitively, it provides the length of the left-most com-
ponent (included maximal subinterval) of an interval-value
A. We define the functionFlength : V → R as follows. If
there exista, b ∈ [0, 1] satisfying[a, b) ⊆ A, [0, a)∩A = ∅
and[a, b′) 6⊆ A for all b′ ∈ (b, 1], thenFlength(A) = b−a,
otherwiseFlength(A) = 0.

The binary operatorsLshift andRshift on V are de-
fined in the following way using the characteristic function
notation of interval-values. Ifx ∈ [0, 1] andA,B ∈ V,
then
Lshift(A,B)(x) ={

A(x + Flength(B)), if 0 ≤ x + Flength(B) < 1,
0 in other cases.

Rshift(A, B)(x) ={
A(frac(x− Flength(B))), if x < 1,
0 if x = 1.

Here the functionfrac gives the fractional part of a real
number, i.e.,frac(x) = x − bxc, wherebxc is the greatest
integer which is not greater thanx. Now we explain the
so-calledfractalian producton intervals.
Let A andB be interval-values andx ∈ [0, 1). Then the
fractalian productA ∗B includesx if and only if B(x) = 1

andA
(

x−B

B−B

)
= 1, whereB denotes the lower end-point

of the B-component includingx andB denotes the upper
end-point of this component, that is,[B, B) is the maximal
subinterval ofB containingx.

The idea and the role of this operation is similar to that
of unlimited shrinking of 2-dimensional images in [14]. It
will be used to connect interval-values of various resolution.
The fractalian product of two interval-values is the result of
shrinking the first operand to each component of the second
one.

2.4. Syntax and semantics of computation se-
quences

In this subsection, we formalize the interval-valued com-
putations of [9]. This formalisation is of Boolean network
style, since equality or similar tests do not seem to be easily
implementable for interval-values, just like in the case of
optical computing (no tests for equalities on images)[14].
As usual, the length of a sequenceS is denoted by|S| and
its i-th element bySi. If j ≤ |S| then the subsequence
containing thej first elements ofS is denoted byS→j .

An interval-valued computation sequenceis a nonempty
finite sequenceS satisfyingS1 = FIRSTHALF and fur-
ther, for anyi ∈ {2, . . . , |S|}, Si is (op, l,m) for some
op ∈ {AND, OR, LSHIFT, RSHIFT, PRODUCT}
or Si is (NOT, l) where{l, m} ⊆ {1, . . . , i − 1}. The
bit height of a computation is the number of the applied
PRODUCT operators in it.

The semantics of interval-valued computation sequences
can be defined by induction on the length of the sequences.
Theinterval-valueof such a sequenceS is denoted by‖S‖.
Let ‖(FIRSTHALF )‖ be the interval-value

[
0, 1

2

)
and

the value of longer sequences be composed by the corre-
sponding operations on the interval-values.

2.5. Decidability

In this subsection, we give the definitions concerning
interval-valued computability and complexity.

Let Σ be a finite alphabet and letL ⊆ Σ∗ be a language.
We say thatL is decidable by an interval-valued compu-
tation if there is an algorithmA that for each input word
w ∈ Σ∗ constructs an appropriate computation sequence
A(w) such thatw ∈ L if and only if ‖A(w)‖ is nonempty.
Furthermore, we considerL also decidable in this case.

This last remark makes it possible to test emptiness and,
by applying set-theoretical operators, also to test whether
‖A(w)‖ = [0, 1). In [9], SAT was solved by a linear
interval-valued computation in the following meaning.

We say that a languageL ⊆ Σ∗ is decidable by a linear
interval-valued computationif and only if there is a pos-
itive constantc and a logarithmic space algorithmA with
the following properties. For each input wordw ∈ Σ∗, A
constructs an appropriate interval-valued computation se-
quenceA(w) such that|A(w)| is not greater thanc · (|w|)



andw ∈ L if and only if ‖A(w)‖ is nonempty. Again, de-
cidingL instead ofL itself is allowed.

3. Visual expressiveness of interval-valued
computations: Propositional logic

In [9] it was proved that the problem whether a propo-
sitional formula is tautology or not, is decidable by a lin-
ear interval-valued computation. We will show that the
sequence of interval-values produced by this computation
represents visually the information needed to follow the
Boolean algebraic calculation proving or disproving that the
input formula (φ) is a tautology (φ ∈ TAUT ). This repre-
sentation is no less natural than the representation by Venn
diagrams.

The solution was to give an algorithm for constructing a
computation sequenceK1, . . . , K3n+m+1 for any input for-
mula φ that contains exactly the variablesx1, . . . , xn and
the number of its subformulae ism. The algorithm pro-
vides the above computation sequence in such a way that its
interval-value will be [0,1) if and only ifφ ∈ TAUT .

Let K1 beFIRSTHALF . For all positive integersk ≤
n, we define

K3k−1 = (PRODUCT, 1, 3k − 2),
K3k = (RSHIFT, 3k − 1, 3k − 2) and
K3k+1 = (OR, 3k, 3k − 1).

The following statement can be established:
For all positive integerk, if k ≤ n then

‖K→3k−2‖ =
2k−1−1⋃

l=0

[
2l

2k
,
2l + 1

2k

)
.

The n independent truth values ofx1, . . . , xn

will be represented by the interval-values
‖K→1‖, ‖K→4‖, . . . , ‖K→3n−2‖. See Figure 1, lines
1–4 for an example withn = 4, X1 is ‖K→1‖, x2 is
‖K→4‖, x3 is ‖K→7‖ andx4 is ‖K→10‖. We also can use
connectives→,≡, as they can be defined by¬,∨ and∧ by
the usual way.

By this correspondence, we can build a mappingi from
{0, 1}n toV in the following way. If(t1, . . . , tn) ∈ {0, 1}n

theni(w) is
[

v
2n , v+1

2n

)
wherev =

n∑
k=1

tk2k.

Let Φ1, . . . , Φm be an enumeration of all the subfor-
mulae of Φ satisfying that any formula is preceded by
its subformulae (consequently,Φm = φ). The algo-
rithm gives the next part of the computation sequence
(K3n−2+1, . . . , K3n−2+m) in the following way. For each
i ∈ {1, . . . , m},

K3n−2+i =



(AND, 3n− 2 + j, 3n− 2 + k) if φi = φj ∧ φk,
(OR, 3n− 2 + j, 3n− 2 + k) if φi = φj ∨ φk,
(NOT, 3n− 2 + j) if φi = ¬φj ,
(AND, 3j − 2, 3j − 2) if φi = xj .

By induction onj the following statement can be veri-
fied: For eachj ∈ {1, . . . , m}, ‖K→3n−2+j‖ =

{r ∈ [0, 1) :
φj [[r ∈ ‖K→1‖, r ∈ ‖K→4‖, . . . , r ∈ ‖K→3n−2‖]] = 1}.

Hereψ[[t1, . . . , tn]] denotes the truth value ofψ by truth
valuation(x1 → t1, . . . , xn → tn). By this fact, once we
havei, we represent visually all the subformulæ of the input
formula by a homomorphismh from the Boolean algebra of
the propositional formulæ intoV as follows.

h(ψ) =
⋃{i(t1, . . . , tn) : ψ[[t1, . . . , tn]] = 1}.

In Fig. 1 line 5 shows the resulted interval-value of
the propositional formula C0. This representation is very
natural and easily realizable even for 5-6 and more vari-
ables. In principle, this representation works with an arbi-
trary number of propositional variables, only the resolution
of the visual representation give a limit. Having the interval-
values of the propositional variables the solution of SAT or
tautology problems is based on truth-tables: the interval-
values represent bit-sequences. The following part of the
representation is more interesting.

4. Visual solution of a PSPACE-complete prob-
lem

We show the visual reasoning power of the interval-
valued computations by a PSPACE-complete problem,
namely, the problem whether a quantified propositional for-
mula is true. It is also decidable by a linear interval-valued
computation ([11]). Also for this case, we show that the se-
quence of interval-values produced by this computation rep-
resents visually the full information needed to understand
the solution of the given case of the problem.

We continue the computation sequence in the previous
section withK3n−2+m+1, . . . ,K3n−2+m+8n in such a way
that for each integerj < n, the following holds:

‖K→3n−2+m+8(j+1)‖ =
((Lshift(‖K→3n−2+m+8j‖, ‖K→3(n−j)−2‖)∩

‖K→3(n−j)−2‖)
∪
‖K→3n−2+m+8j‖)

∪
((Rshift(‖K→3n−2+m+8j‖, ‖K→3(n−j)−2‖)∩

‖K→3(n−j)−2‖)
∪
‖K→3n−2+m+8j‖),

if n− j is even,

and
(Lshift(‖K→3n−2+m+8j‖, ‖K→3(n−j)−2‖)∩

‖K→3(n−j)−2‖∩
‖K→3n−2+m+8j‖)

∪
(Rshift(‖K→3n−2+m+8j‖, ‖K→3(n−j)−2‖)∩

‖K→3(n−j)−2‖ ∩ ‖K→3n−2+m+8j‖)
in the other case.

In this definition, we did not specify all the intermediate
expressions betweenK3n−2+m+8j andK3n−2+m+8(j+1),
they are the subexpressions ofK3n−2+m+8(j+1) needed



Figure 1. Example for testing validity of a
quantified propositional formula

to express K3n−2+m+8(j+1) from K3n−2+m+8j and
K3(n−j)−2.

We assume without any further mention, that vari-
ablest1, t2, . . . , tn range over the truth values. We recall
that the quantifier sequenceQ1, Q2, Q3, . . . is defined as
∀, ∃, ∀, . . ., respectively. With these notations, the follow-
ing holds:
For eachj ∈ {0, . . . , n} and for all r ∈ [0, 1):

r ∈ ‖K→3n−2+m+8j‖ if and only if
Qn−j+1tn−j+1 . . . Qntn
Φ

[[
r ∈ ‖K→3·1−2‖, . . . , r ∈ ‖K→3(n−j)−2‖,

tn−j+1, . . . , tn
]]

= 1.
The last statement is the base of our visual representa-

tion. The sequence of interval-values‖K→3n−2+m+8j‖,
(j ∈ {0, . . . , n}), shows visually the steps of computa-
tion corresponding to the application of propositional quan-
tifiers.

A ∀-step means checking the interval AND its corre-
sponding neighbour, while an∃-step amounts to checking
the interval OR its neighbour.

In this way the linear computation sequence of interval-
values includes visually all the information needed to follow
a proof for a quantified propositional formula.

In Figure 1 one can follow a detailed interval-valued
computation deciding whether a given quantified proposi-
tional formula is true.

5. Conclusions

While interval temporal logic ([1]) deals with problems
about interval-values representing non-contiguous events,
our system efficiently computes classical decision problems
with the help of computations on such interval-values. By
the visual power of the system one can easily understand
the reasoning itself. Our system does not use the interval-
relations of [8], but some of these relations can be expressed
by the logic of interval-values. To make explicit compar-
isons of these systems is a topic of future work.
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