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Problem: (Y. Berkovich and Z. Janko 2009) Describe the
automorphism groups of minimal nonabelian finite p-groups.

Theorem

(L. Rédei 1947) A finite p-group G is a minimal nonabelian group if
and only if either it is isomorphic to the quaternion group of order

8, or (A) has the presentation (a, b|aP” = bP" =1, ab = 3t TP" "),
where m > 2, n>1, |G| = p™*", or (B) has the presentation

(a,b|aP" = bP" =cP =1, [a,b] =c, [a,c] =1, [b,c] = 1), where
‘G’ — pm+n+1.
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Let the group H be finitely presented by

(g1, .-, &r|lwilgr, -y &) ooy ws(g1, -+, &))-

Then there is a bijective correspondence between automorphisms
of the group H and ordered r-tuples (g'¢, ..., g',) of elements
generating the group H for which all the relations

, &) =1 hold.

wi(g'y -
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Theorem

Consider the linear group GL(2, p) as the automorphism group of
the elementary abelian group (a) x (b) of type C, x C,. Let the
automorphism o be induced by the substitution a — a* with t
primitive root modulo p (1 <t < p) and b+ b; the
automorphism (3 by the substitution a — a, b — b'; the
automorphism ~ by the substitution a — ab, b — b; the
automorphism § by the substitution a — a, b — ab; and set

v = 67~ 15. Then the linear group GL(2, p) is presented with
generators o, (3, v and 9, and with generating relations

\a\ =p—1, 1=p—1, = p, 16l = p, ™ Ba = B, o tya =
7, e toa =48, BTiyB =t BB =0, vy =

671918, By = adfiy ieE, 2 = a 2t gt oy — g
where 1 + Is the multiplicative /nverse of t modulo p, an integer
between 1 and p, 1 < u < p— 2, —= is the multiplicative inverse

of u+ 1 modulo p, an integer between landp, and t' = u+1(
mod p) with i an integer between 1 and p.
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Theorem

Consider the automorphism group Aut(G) with
G=(ablaP=bP=cP=1,[a,bl=c,[a,c]=1,[bc]=1).
Let the automorphisms «, 3, v and § be defined analogously as in
Theorem 3; the automorphism 1 by the substitution a — ac,

b — b; the automorphism 6 by the substitution a — a, b — bc;
and set v = §y~15. Then the group of inner automorphisms is
Inn(G) = (n, 0), the factor-group Aut(G)/ Inn(G) of outer
automorphisms is isomorphic to the linear group GL(2, p).
Furthermore, the automorphism group Aut(G) is presented with
generators o, (3, v, 8, n, 8, and with generating relations
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Theorem

la|=p—1, |Bl=p—1, | =p, 6| =p, a'a= B, a lya =
_t=1 4 1 1
n- 9 a tda =iz,
1 —1
BB =%, BTI6B =677 &, v iy =51y,
§ury = of riyutlgmag T, 12 = nﬁap%lﬁp%l vlav =3, nP =
1
1, 0P =1, 70 =0n, a 'na=n, a t0a =0%, fInG =
1, _ _ _
ne, 6708 =n, ylpy=mn, y0y=0n 6 nd=
On, 67105 =0, where % is the multiplicative inverse of t modulo
p, an integer between 1 and p, 1 < u < p—2, ﬁ is the
multiplicative inverse of u+ 1 modulo p, an integer between 1 and
p, and t' = u+1( mod p) with i an integer between 1 and p.

v
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Theorem

Consider the automorphism group Aut(Com x Cpm) (m > 1) of the
abelian group (a) x (b) of type Com x Cpm. Let the automorphism
a be induced by the substitution a — a' with t primitive root
modulo p™ (1 <t < p™) and b +— b; the automorphism [3 by the
substitution a — a, b+ b'; the automorphism ~ by the
substitution a — ab, b +— b, the automorphism § by the
substitution a — a, b +— ab; and set v = §y~15. Then the
automorphism group Aut(Cpm x Cpm) is of order

p*™=3(p? — 1)(p — 1), and is presented with generators o, 3,
and 0, and with generating relations
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Theorem

o = @(p™), 18] = @(p™), I¥l = p™, 18] = p7, o™ B =
B, a~lya=1t, a~tda = 6%, fIyB =y, B168 =
§t, 10y = 61714, Gty = oipiyttlew, 12 =
oo™ (o™
a 2 =, vilav = ﬁ,

8P~y = od ByvP 15T v, where % is the multiplicative inverse
of t modulo p™; 1 < u<p™—2, ged(u+1,p)=1, u%rl is the
multiplicative inverse of u+ 1 modulo p™, t' = u+ 1( mod p™);
0<v<pm™l—1,t=vp—1( modp™), 1Vp is the
multiplicative inverse of 1 — vp modulo p™; and % i, J, ﬁ and
1_1Vp are integers between 1 and p™. Moreover, there is an
epimorphism Aut(Cpm x Cpm) — GL(2, p) with a p-group kernel.

v
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Consider the automorphism group Aut(G) with
G=(ab|aP”" =bP" =cP =1, [a, bl =c,[a,c] =1, [b,c] =1),
m > 1. Then the factor-group Aut(G)/ Inn(G) of outer
automorphisms is isomorphic to the group Aut(Cpm x Cpm).
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Theorem

Consider the automorphism group Aut(Com X Cpn) (m > n>0) of
the abelian group (a) x (b) of type Com X Cpn. Let the
automorphism o be induced by the substitution a — a* with t
primitive root modulo p™ (1 < t < p™) and b+ b; the
automorphism (3 by the substitution a — a, b +— b', notice that t
is a primitive root modulo p" also; the automorphism ~ by the
substitution a — ab, b — b; the automorphism § by the
substitution a — a, b+ aP" "b. Then the automorphism group
Aut(Cpom x Cpn) is of order p™3"=2(p — 1)2, and is presented with
generators «, 3, v and §, and with generating relations
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Theorem

|l = ¢(p™), 18l = ¢(p"), |yl =p", |6 = p", a7 fa =

9 Oz_l’}/Oé =7, 04:1504 = 5%5 ﬁ_l')/ﬁ = ’7%7 ﬁ_laﬁ = 0f, oy =
of BiyuP" "L 5w where L is the multiplicative inverse of t
modulo p", an integer between 1 and p", 1 < u < p" —1, ﬁ
is the multiplicative inverse of up™~" + 1 modulo p", an integer
between 1 and p", and t' = up™ " + 1( mod p™) with i an
integer between 1 and p™. Moreover, there is a homomorphism
Aut(Com x Cpn) — GL(2, p) with a p-group kernel and a
metabelian image. In particular, the group Aut(Cpm X Cpn) is
solvable.
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Theorem

Consider the automorphism group Aut(G) with

G=(ablaP" =bF"=cP=1,[ab]l=c,[ac]=1,][bc]=1),
m > n > 0. Then the factor-group

Aut(G)/ Inn(G) of outer automorphisms is isomorphic to the
group Aut(Com X Cpn).
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Relax the asssumption that the prime p is odd.

Theorem

Let A be a finite abelian group, p a prime divisor of its order and P
the primary component belonging to the prime p. The
automorphism group Aut(A) is solvable if and only if the following
statements are satisfied:

(i) For p =2 the primary component P is of type either Cyk,
G x Gok or Cory X Gory X =+ = X Gy with
ki > kp > --- >k, >0 (r > 1) such that an exponent k may
appear at most twice in the orders of the direct cyclic factors;

(i) For p =3 the primary component P is of type either Cz,
C3k X C3k or C3k1 X C3k2 X oo X C3k, with
ki > kp > --- >k, >0 (r > 1) such that an exponent k may
appear at most twice in the orders of the direct cyclic factors;

(iii) For p > 5 the primary component P is of type either C, or
Cora X Cppg X == X Cppe with kg > ko > -+ >k >0 (r>1).
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