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ABSTRACT. In the paper [17] Tkebuchava constructed a set of logarithmic summation meth-
ods which in particular cases includes Riesz and Norlund logarithmic summation methods
as limit case. He gave estimation for kernels for trigonometric system and also some con-
sequences with respect to convergence of means of Fourier series. In this article we would
like to give such good estimates for the kernels with respect to Walsh and Walsh-Kaczmarz
system as Tkebuchava did.

1. INTRODUCTION

The n-th Riesz’s logarithmic means of a Fourier series is defined by
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where [, = Z;ll % The Riesz’s logarithmic means with respect to the trigonometric

system was studied by a lot of authors, e.g. Szdsz [16] and Yabuta [18], with respect to
Walsh, Vilenkin system by Simon [13] and Gat [3].

The n-th Norlund logarithmic means of an integrable function f is defined by
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The n-th Norlund logarithmic kernel is
n—1
1 Dy,
F, = —
l, n—=k
k=1

Recently, for the Walsh system Géat, Goginava and Tkebuchava [4, 8, 6, 9] proved some
convergence and divergence properties of Norlund logarithmic means of functions.

More results on this logarithmic means with respect to unbounded Vilenkin system can be
found in [2] written by Blahota and Gat.

In one of his last papers [17] Tkebuchava constructed a set of logarithmic summation

methods which in particular cases contains both mentioned logarithmic summation methods
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as limit case. Namely, for any integers m, n such that 0 < m < n let the Tkebuchava’s mean

tm.n be defined by

ton(f) = 1 (m_M_i_Sm(f)_i_ - M)

l(m,n) c~m—k+1 - +1k—m—|—1
where
m—1 n 1
l = 1
(m, n) kz:;m—k+1+ +k;1k—m+1

It is clear that {(m,n) =< Inn. This summation method includes Riesz (for m = 0) and
Noérlund (for m = n) logarithmic methods too.

Define the kernels of Tkebuchava’s means F;, , by

m—1 n
1 Dy, Dy,
Fon = —— + D, — .
’ [(m,n) (Zm—k+1+ * Z k;—m+1)

k=0 k=m+1

Tkebuchava gave estimates of kernels in the trigonometric case. Namely, the following
theorem holds.

Theorem A. (see [17]) There exist positive constants Cy, Cy (0 < Cy < Cy) such that for
any integers m and n (0 <m <n)

In? 2
01<1+w

In*(m + 2)
In(n + 2) )

< an —T,T <_ C. 1
) - H ’ “Ll[ o] 2 ( ln(n—|—2)
holds.

Let K :=[0,1) denote the unit interval in R. The Rademacher functions are defined by

1, ifzel0,1/2),

ro(x) :=10(2"), n>1and z € K, where ro(z) := { 1 ifre(1/2.1)
) orx y L)

and ro(z + 1) := ro(x). Each natural number n can be uniquely expressed as n = Y~ n,;2",
n; € {0,1} (i € N), where only a finite number of n;’s are different from zero. Let the order
of n > 1 be denoted by |n| := max{j € N:n; # 0}.

The Walsh-Paley functions are defined by

o0

wn(x) == [ [ (rea))™.
k=0
The Walsh-Kaczmarz functions are defined by ko := 1 and for n > 1
In|—1
Fon () 1= 1)y () H (Pj)—1—k ()™

k=0
Each x € K = [0,1) can be expressed as x = 22 2;27""", where z; € {0,1} (j € N). This
expression is unique if z is not a dyadic rational. In other words, if z is not of the form j/2",

where j,n are nonnegative integers. If z is a dyadic rational, then we choose the expansion
which terminates in zeros. In this way we have the unicity of this expression for all x.
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For A € N define the transformation 74 : K — K by

Ta1  Ta_ T =\ T
Ta(z) = 5 4 A2+--'—|—2A—0_1+Z "
j=A

2l 22 27+
In other words, if the coordinates of = are xg,x1,...,2a_1,%4,..., then the coordinates of
Ta(x) are x4 1,T4_2,...,%1,%0,TA,.... By the definition of 74 (see [15]), we have

() = T (@)on(m (@) (n € N,z € [0,1).

Define the Fourier coefficients, the partial sums of the Fourier series, the Dirichlet kernels
and the Fejér kernels by

fo(k) = / fOarde, 52 =3 fo(B)n,

where o = w or k.

2. TKEBUCHAVA’S MEANS AND KERNELS OF WALSH-(KACZMARZ)-FOURIER SERIES

To prove our main theorem we need the following Lemma 1 in [4] and the Lemma 2 in [11].
Lemma 1. Let py := 2% + .. + 22+ 20 then ||F, |1 > clnpa.
Lemma 2. Let 24 < m < 24%1 then

lsz(I> — lm72A—1+1D2A (f,l:)

24-1_1

SR Sl )i (o)

m—2A+7 m-24+j+1

=1
2A—1
- sz—1(£)mK§JA71(TA—1($))+TA($)lm—2AFZ72A(TA(93))

Y2 1
— K"
* Z (m—s m—s—i—l)s (@)

5=0
2471 —1

t ol

It is not possible to give so good lower estimate for Walsh or Walsh-Kaczmarz system as
Tkebuchava did, because || F5. ou|l1 = ||F5.[l1 < ¢ holds for all n € N, in case a = w. It is
proved for one dimension in [8] for two dimension in [6], and in case o = & it is proved for
one and two dimension in [11] (see Section 3 for the definition). But, the upper estimation
can be given in the form of Theorem A. Thus, we state our main theorem in the following
form.

Theorem 1. Let a := w or k. There exist positive constants Cy, Cy (0 < C; < Cy) such
that for any integers m and n (0 < m <n)

||Fﬁ;,n |1
Cl < sup T 2N\
m,neN (]_ + M)

0<m<n Inn

< (Cy
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holds.
By standard argument we immediatelly have the following corollary.
Corollary 1. Let m,, = O (exp Vin n> as n — 0o, then

[tmyn(f) = fli =0 asn— oo forall f € L'0,1)
and
[tmpn(f) = fllc =0 asn—oo forall feC[0,1).

Proof of Theorem 1: First, we prove the upper estimation. To do this set

m

1 Dy 1 . Dy
Fl = k and F*2 .= k.
’ [(m,n) f~m—k+1 ’ l(m,n)k;rlk—m—l—l
Discuss Fjo,,.
1 = ||D¢ c - Inj In?m
15l < Y ——=< S —=—=0 .
[(m,n) jzlm—j—i—l [(m,n) jzlm—j—i—l Inn
Now, we discuss F»?.
If n < m3, then we have that
3
¢ Dy R In k
R S e
nnk:mlk—m+1 Inn o k—m+1
(1) clnm & 1 cln®m
Inn kE—m+1 Inn

If n > m? then we write
1 (& Dy " Dp
FO(,Q = —k —|— —k = Fa7271 + Fa7272.
e l(m,n)(Z k—m+1 Zk—m—i—l e et
k=m+1 k=m?2
(1) estimates || Fy>!||; too. For F%%* we use Abel’s transformation.

n Da

n

1 « 2 «
Z (k—m—i—1)(!@—m—i—2)[kKl‘C — (" = DEa ]

k=m?2

(K — (m* = 1) K7y

+—
n—m-+2
From this we immediatelly get

n

k| K ¢ _ (m* DKL |
2.2 < _© k m—1
IFwcll < lnnkz (k—m+1)(/€—m+2)+1nn 2 (k—=m+1)(k—m+2)

=m?2 k=m2

e Kl e (= DK
Innn—m+2 Inn (n—m+2)
For the Walsh system [12] and the Walsh-Kaczmarz system [14] it was proved that
) sup | K2y < oo.
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This and the above written imply
7272
(3) [En Il < e

That is, we showed the upper estimation for & = w or k.
For a = w the lower estimation follows from Lemma 1, just we have to choose m = n = p4.

For a = k the lower estimation follows from Lemma 1, Lemma 2 and we have to choose
m=mn=pa.

K lTn7 m|—
Fr(a) = =25 Dym(x)
A 1 1
- el Z (m oMl m— 24+ 1> TG (1)
1 2‘771‘_1 3 l olml
B w”m"l(ﬁ)ﬂmfglmw—l(T|m|71($)) + 7| (2) mzm gl (Tjm) (2))
2lml=1_9
1 1 1
- — K*
* lm ; (m—s m—s+1)s +()
1 2m=1_1 ;
L A 2imi1-1(7)
6
=: ZF;’,L”(x)
=1
By (2) we have
||F‘r}1’l‘i 1 S ¢,
[m|-1_ w |m|—1_ w
T AP Lokl [ R
T j=1 J "l j=1 i

1 1
1B s < = 1B © Thmpally < = |G <
m m

2lml=1_g9
1 1KLL
F5,n < s <
sy X s

and

1
IE5 [y < l_||K§m|f1,1||1 <c.
m

By Lemma (1) for A big enough we get

an

1
1Ey = I1ES e > [yl — e > clnpay —e > clnm+c=c +ec.

Inn

This completes the proof. [
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3. TKEBUCHAVA’S MEANS AND KERNELS OF QUADRATICAL PARTIAL SUMS OF
WALSH-(KACZMARZ)-FOURIER SERIES

The two-dimensional Fourier coefficients are defined by
1 1
fetig)= [ [ st st ss
0o Jo

Define the Tkebuchava’s means 7, , and kernels F,, ,, of quadratical partial sums of two-
dimensional Fourier series by

Ton(f) = o (i: S’?’“—(f) + 82 () + S’?k—U))

where o = w or k.

[(m,n) ~m—k+1 k:m+1k_m+1
and
m—1 n
1 D¢, Dy,
Fom = ——+ Dy,
’ l(m,n) (;m—k+1+ _'_k;—i-lk m+1
where

™~
L
ol
L
™
L
Eol
L

Sik(f) = foG, Heva;  and  Dgy = oy = D D,

i

Il
=)
¥
=)
Il
=)
Il
=)

J =0 j
The n-th Norlund logarithmic kernel F;* and the nth Marcinkiewicz kernel K¢ of quadrat-

ical partial sums of two-dimensional Fourier series is defined by

and

To prove our main theorem we need the following lemma in [5].

Lemma 3. Let py =224 4 ... + 22+ 2° then || F,,|l1 > cIn®pa.

Theorem 2. Let o := w or k. There exist positive constants Cy, Cy (0 < Cy < Cy) such
that for any integers m andn (0 <m <n)

17l
< sup Al <
et (11 m)

0<m<n

holds.
By standard argument we immediatelly get the following corollary.
Corollary 2. Let m,, = O <exp VIn n) as n — 0o, then

| Tmnn(f)—flh—0 asn—oo foralfe LI[O, 1)2

and
ITon(f) = flle =0 asn—oco  forall f €C[0, 1)
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Proof of Theorem 2: First, we prove the upper estimation. To do this set

1 = Dy

[(m,n) f~m—k+1

1 a Dy

[(m,n) yot k—m 1

ol ,2 . __
Foom = and  F7 =

: a,l
Discuss F3,.

m 3

1 | D% c e ln2j In°m
Fol |l < Jod < =0 .
| m’"”l_l(m7n);m—j+1_l(m,n);m—j"‘l Inn

Following the proof of Theorem 1, we get for n < m?

In®m

1 F5 s < e

and for n > m?3 we get

In®m

lnn

17l < e

again. For the Walsh-Marcinkiewicz kernels [10] and Walsh-Kaczmarz-Marcinkiewicz kernels
[7] hold

(4) sup |3 [ < o0

which implies
1Fms? e < e

This completes the proof of the upper estimation.
What about the lower estimation?
For o = w the lower estimation follows from Lemma 3, just we have to choose m =n = py4.
For o = r we choose m = n and decompose the kernel F7 = FJ in the following way.
Let |m| = A.

24 (AN VK[ 2 m—1 K1\ YR (02
D5 (N D5 (x DE(x") D% (x
lmfr’fl(:vl,xQ): E ]( ) j,( )+ E ]( ) J,( )::]+[I.
, m—j , m—j
j=1 j=2441
We will use the notation Df*(z!,2?) := D(a%), riy(a',2?) = ra(z®) and F¥(a!,2?) =

Fr(z") for i = 1,2.

To discuss II, we use the following equation

(5) Sar; (1) = Doa(x) + ra(x) Dy (ta(x)), j=0,1,...2% = 1.
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This immediately gives

—24_1 k1 K,2
I — Z D2A+]D2A+]
= —2A—j
j=1
m—24— m—24— w,
= ilMﬂJDl ilﬂ
j=1 m—24—j A j=1 m—24—j
m—24-1 w,1 m—24-1
D OTA Dw AXTA)
+1r%D3a Z _2A —i—?“ArA Z e
j=1

:%MJ%@WHM%%yF2ﬁm+m%mwﬁ’%mg
+rArAlm_2AJ-“ ga O (TaxTa) =10 + 11+ 113+ I
We have
Hlithl <, Hliuzul <clnm  and |yliﬂg||1 <clnm.

m m m
Now, we discuss I. Abel’s transformation gives that

21 1 24
I:Z( ,—m_j+1)le§+ ——5 K5 = i+ b

m JR—
j=1 J

We choose m =n = py (see Lemma 3), this and (4) imply that

2241 e 92A_1
||ih||1 Si ]Zl (m—j)”(mJ!lijl) < i ]Zl ml—j <e,
24
||Efz||1 = iﬁ”i@zfdh <c
and
||_]I4||1 > || F2 _poa 0 (Toa X Toa)|lt = || F2 _poalli = cln®pay > cln®m.
That is, "
1Fpspalls = 1750 = H—H4H1 —c>cln®*m+ec.
O

4. TKEBUCHAVA’S MEANS AND KERNELS OF QUADRATICAL PARTIAL SUMS OF
TRIGONOMETRIC FOURIER SERIES

Define the Tkebuchava’s means 7, ,, the kernels F,, ,, and the Norlund logarithmic kernel
F, of quadratical partial sums by the same way as in the previous section. But, we use the
two-dimensional trigonometric system on the set [—m, 7] X [—m, 7].

Lemma 4. There exist a positive constant C' such that for any integers m andn (0 < m <n)

1 3
1 Fmnll < C <1 = m)
Inn

holds.
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Proof. For the Marcinkiewicz kernels [19] the inequality
s%p ICall1 < o0
holds. This and the method of Theorem 2 imply the upper estimation. ([l
This gives the following corollary.
Corollary 3. Let m,, = O <exp m> as n — 0o, then
| T (f) = flli =0 asn—o0o0 forall f € L'~ x)?

and
| T (f) = fllc =0 asn— oo  forall f € Cl—m, x>
We have the following conjecture.

Conjecture 1. There exist positive constants Cy, Cy (0 < Cy < Cy) such that for any
integers m andn (0 <m <n)

In® In®
O (14 =) < | Fnli <O (14 2
1 Inn

nn

holds.
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