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Abstract. In this paper we prove that the maximal operator 6™ f := sup,cp %,

where o, f is the nth Fejér mean of Walsh-Kaczmarz-Fourier series, is bounded from the
Hardy space Hi /2 (G) to the space Ly /s (G) .
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1. INTRODUCTION

The a.e. convergence of Walsh-Fejér means o, f was proved by Fine [2]. In 1975
Schipp [11] showed that the maximal operator o* is of weak type (1,1) and of type
(p,p) for 1 < p < oco. The boundedness fails to hold for p = 1. But, Fujii [3] proved
that o* is bounded from the dyadic Hardy space H; to the space L. The theorem
of Fujii was extended by Weisz [21], he showed that the maximal operator o* is
bounded from the martingale Hardy space H), to the space L, for p > 1/2. Simon
gave a counterexample [13], which showes that the boundedness does not hold for
0 < p < 1/2. The counterexample for p = 1/2 due to Goginava [9]. In the endpoint
case p = 1/2 two positive result was showed. Weisz [22] proved that o* is bounded
from the Hardy space Hy/y to the space weak-L;/5. In 2008 Goginava [8] proved
that the maximal operator 6* defined by
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is bounded from the Hardy space Hy/, to the space L;,;. He also proved that for
any nondecreasing function ¢ : P — [1, 00) satisfying the condition

log? 1
(1.1) fmos (0t
the maximal operator sup, cp ‘;(T;{)‘ is not bounded from the Hardy space Hy/ to

the space L 5.
In 1948 Sneider [16] introduced the Walsh-Kaczmarz system and showed that the
inequality
DH
lim sup 71"(@ >C>0

n—oo loOgm

holds a.e. In 1974 Schipp [12] and Young [18] proved that the Walsh-Kaczmarz sys-
tem is a convergence system. Skvortsov in 1981 [15] showed that the Fejér means
with respect to the Walsh-Kaczmarz system converge uniformly to f for any contin-
uous functions f. Gat [4] proved, for any integrable functions, that the Fejér means
with respect to the Walsh-Kaczmarz system converge almost everywhere to the func-
tion. He showed that the maximal operator of Walsh-Kaczmarz-Fejér means ¢"* is
weak type (1,1) and of type (p,p) for all 1 < p < oo. Gét’s result was generalized
by Simon [14], who showed that the maximal operator ¢"* is of type (H,, L) for
p>1/2.

In the endpoint case p = 1/2 the first author [6] proved that maximal operator is
not of type (Hy /2, Ly1/2) and Weisz [22] showed that the maximal operator is of weak
type (Hi/2, L1y2).

In the present paper we prove that the maximal operator ¢"* defined by

. o/

o = su 5,
nep log®(n +1)

is bounded from the Hardy space Hj /o to the space L; /5. We also prove that for any
nondecreasing function ¢ : P — [1,00) satisfying the condition (1.1) the maximal
o f]

w(n)

operator sup,,cp is not bounded from the Hardy space Hj /o to the space L s.

2. DEFINITIONS AND NOTATION

Now, we give a brief introduction to the theory of dyadic analysis [1, 10]. Let
P denote the set of positive integers, N := P U {0}. Denote Zs the discrete cyclic
group of order 2, that is Zo = {0, 1}, where the group operation is the modulo 2
addition and every subset is open. The Haar measure on Zs is given such that
the measure of a singleton is 1/2. Let G be the complete direct product of the
countable infinite copies of the compact groups Zs. The elements of G are of the



form x = (o, 1, ..., Tk, ...) with z € {0,1} (k € N). The group operation on G is
the coordinate-wise addition, the measure (denoted by p) and the topology are the
product measure and topology. The compact Abelian group G is called the Walsh
group. A base for the neighborhoods of G can be given in the following way:

Io(2) =G, In(2) = In (20,0, #n1) = {y € G Y = (T0s o0 Tn15 Yy Yt 15 )}

(x € G,n € N). These sets are called dyadic intervals. Let 0 = (0:¢i€N) € G
denote the null element of G, and I, := I, (0) (n € N). Set e, := (0,...,0,1,0,...) €
G, the nth coordinate of which is 1 and the rest are zeros (n € N).

For k € N and = € G denote

r () == (=1)"F
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the kth Rademacher function. If n € N, then n = ) n;2" can be written, where
i=0

n; € {0,1} (i € N), i. e. n is expressed in the number system of base 2. Denote

In| := max{j € N n; # 0}, that is 2/l <n < 2l7l+1,
The Walsh-Paley system is defined as the sequence of Walsh-Paley functions:

o Inl—1
wn (@) = [] (0 @)™ = 10 (@) (<1) = "™ @eGneP).
k=0

The Walsh-Kaczmarz functions are defined by kg = 1 and for n > 1

[n|—1

(@) 1= riag (@) [T (pujoaon(@)™ = g (@) (1) e,
k=0

The set of Walsh-Kaczmarz functions and the set of Walsh-Paley functions is the
same in dyadic blocks. Namely,

{kp 1 2% < < 2M1Y = L, : 28 <n < 281}

for all £ € P and ko = wy.

V. A. Skvortsov (see [15]) gave a relation between the Walsh-Kaczmarz functions
and the Walsh-Paley functions by the help of the transformation 74 : G — G defined
by

TA(Z) == (TA-1, A2y ey T1, L0y TA, LAFL ---)
for A € N. By the definition of 74, we have

() = (2D ot (T () (n € N, € ).



The Dirichlet kernels are defined by

n—1
Dg = E .,
k=0

where a,, = wy, or Kk, (n € P), D§ := 0. The 2"th Dirichlet kernels have a closed
form (see e.g. [10])

0, ifzdl,
21 Du{n == DKn == D n == ’
(2.1 $.(2) = D5 (a) = Do (@) {2717 I
The o-algebra generated by the dyadic intervals of measure 27* will be denoted by
Fy (k€ N). Denote by f = (f("),n € N) a martingale with respect to (F,,n € N)
(for details see, e. g. [20]). The maximal function of a martingale f is defined by

f* = sup | £
neN

In case f € L (G), the maximal function can also be given by

f*(z) = sup _

neN p (In(x)) / fu)dp(u)|, zed.

n(x)

For 0 < p < oo the Hardy martingale space H,(G) consists of all martingales for
which

11, =171, < oo
If f € Ly (G), then it is easy to show that the sequence (Sgn f : n € N) is a mar-
tingale. If f is a martingale, that is f = (f(©), (1) ..} then the Walsh-(Kaczmarz)-
Fourier coeflicients must be defined in a little bit different way:

7)) = kh_}rgo F® (@) a; (z) du () (a; = w; or k).
G

The Walsh-(Kaczmarz)-Fourier coefficients of f € Ly (G) are the same as the ones
of the martingale (San f : n € N) obtained from f.
The partial sums of the Walsh-(Kaczmarz)-Fourier series are defined as follows:

S

S5 (fix) = _f(i)ai(x) (a =w or k).

K2
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For n = 1,2,... and a martingale f the Fejér means of order n of the Walsh-
(Kaczmarz)-Fourier series of the function f is given by

n—1
oa(fi) = = 3 85(fsa)
j=0

The Fejér kernel of order n of the Walsh-(Kaczmarz)-Fourier series defined by
1 n—1
K® = = > .
k=0
For the martingale f we consider maximal operators

o™ f = sup |op(f; ),
neP

EH,*](‘:SU |U;L(f7x)| .
nep log” (n 4 1)

3. AUXILIARY PROPOSITIONS AND MAIN RESULTS
First, we formulate our main theorems.

~ K,k

Theorem 3.1. The maximal operator &
Hy,5(G) to the space Ly /5(G).

is bounded from the Hardy space

Theorem 3.2. Let ¢ : P — [1,00) be a nondecreasing function satisfying the
condition (1.1). Then the maximal operator

o7 f]
neP (P(n)

is not bounded from the Hardy space Hy,5(G) to the space Ly/3(G).
To prove our Theorem 3.1 we need the following Lemmas:

Lemma 3.3 (Skvortsov [15]). Forn e P,z € G

In|—1 In|—1

L+ > 2 Dyia) + Y 2ri(a) K3 (7 ()
=0 =0

+ (= 2" (Do () + 7y (2) K3 gy (g (2)))-

nK(x)

n



Lemma 3.4 (Gat [4]). Let A,t € N, A > t. Suppose that © € I;}\I; ;. Then

v () = 0 ifx —xier & L4,
2071 ifx — xpep € I4.

Ifx € L4, then KX, () = 251,

A bounded measurable function a is a p-atom, if there exists a dyadic interval I,
such that

a) [,adp=0,
b) [lalloe < u(1)=1/7,
c) suppa C 1.

Lemma 3.5 (Weisz [20]). Suppose that the operator T is sublinear and p-
quasilocal for any 0 < p < 1. If T is bounded from Ly, to L., then

ITflp < cpll fllm,  forall f € Hp.

Lemma 3.6 (Gét, Goginava, Nagy [5]). Let n < 24t1 A > N and = €
IN(Z0y ooy T, T = 1, 0,..,0,2; = 1,0,...,0) = Jo' 1 = 0,.,N —1,m =
—1,0,...,1. Then

2A
/n|K;” (Ta(z+1t))|dt < C ol

In

where
Iy (zoy .oy = 1,0,...,0,2;, = 1,0,...,0) :== In (0,...,0,2; = 1,0, ...,0)

for m = —1.

Lemma 3.7 (Goginava [7]). Let 2 < A € P and q4 := 224 + 22472 ... 4 22 4
20. Then

qa—1 |KQA71 (!E)‘ Z 22m+25—3

forxz € I54(0,...,0, 29, = 1,0,...,0,29s = 1, 2541, ..., T24—1), m =0,1,..., A=3, s =
m+2m+3,..,4A—1.

4. PROOFS OF THE THEOREMS

First, we prove Theorem 3.1.



Proof of Theorem 3.1: Lemma 3.3 yields that

In|-1

- |f* K| 1 A
orf = < | f x 1+ 2'Doi
f log?(n +1) / n|n|? ; ’
e n — 2lnl .
+ |fx W ; 2'ri Ky o | + | f % W (Dzwn\ +T|n|Kn_2|n| OT|n\)

3
=1 Y |f*Li|
=1
and
G f < sup|f* Ly|+sup|f« L]+ sup |f« L}| = R'f+ R*f + R*f.
neP nepP nepP

By the help of Lemma 3.5 we show that the operators R® (i = 1,2,3) are of type
(Hy/2,L12). The boundedness from the space Lo, to the space Lo, follows from
(2.1) and

K omilly = 1K [l < 2
for i < |n|,n € P (see Yano [17]). By Lemma 3.5, the proof will be complete, if we
show that the maximal operators R’ (i = 1,2,3) are 1/2-quasilocal. That is, there
exists a constant ¢ such that

[|Ria|l/2du <c< oo
T

for every 1/2-atom a, where the dyadic interval I is the support of the 1/2-atom a.

Let a be an arbitrary 1/2-atom with support I, and p(I) = 2=~. Without loss of
generality, we may assume that I := Iy.

It is evident that 6%(a) = 0 and a * L}, = 0 (i = 1,2,3) if n < 2V. Therefore, we
set n > 2N,

By |la|leo < 22N we have that

axtyl < [ laliLi+ olduls) < [ L+ s)lducs)

In In

and

(4.1) |R'a| < 2N sup / |LE (x + s)|du(s).

n>2N JIy



Now, we write

U J\IJH

Set z € I;\Ij41 and s € Iy, then x +s € I;\I;4q for j =0,..., N — 1. Thus, we have

swp [ (bt aldnts) < s [ (1+Z2D21 +s>> ap(s)

n>2N JIy n>2N i—0
< g2ig-N o _€2¥
- 2NN2 - N222N

and

IR dute) = Z / IR ) <

In

N-1 . 1/2
22 cN
N
2% . () ==
=0 YL\

Now, we discuss fm |R2a|1/2du. We use the disjoint decomposition of Iy above.

That is, Iy = UiV:BI(It\ItH) and we decompose the sets I;\I;y; as the following
disjoint union:

IN

N
IAVARE S

I=t+1

where Jtl = In(0,...,0,2; = 1,0,...,0,2; = 1,2y41,...,2n—1) for t < I < N and
JL = In(es) for I =N

N—-1 N
/ R2a(@)[Vdp() = 3 3 / R2a(z)[2dp(z)
In =0 1=t+17 i
N—1 N—-1
= > > / |R%a(z) Y ?du(x) +Z/ |R2a(@)[Pdp(z) =Y +> .
t=0 [=t+1 1 2

Let z € Jl and s € Iy, thenz +s€ J} (0<t< N,t<I<N).



For 0 <t <1 < N, Lemma 3.4 and KJ}(7(x + s)) # 0 imply that i < I,
K¥(ri(z+s))=2""2forl >i>tand KY(r;(z+s)) = TT_l for ¢ < ¢. Thus,

l

swp [ L3+ 9lduts) < swp i [ RSl + 9)ldu(s)

n>2N JIy nson ninl? Jr —
1
< sup / 2% 4 2121 | dp(s)
T (Z 3
C(22t 22l7t)
G S —
- 922N 2
Hence,
N-1 N-1 o 1)2
22t+22l t)
> o2en ¥ [ (Sae) we
1 t=0 I=t+1
N—1 [3t/2] Ne1 . t/2
<X Y [ Faweey X[ X
t=0 I=t+1 t=0 1=[3t/2)+1
N-—1 [3t/2]
<Yy % N 2
t=0 l=t+1 'lIL_O IN(y+€t+€1)
zE{H—l
Rl 2l t/2
+e ) Z Z / )
t=0 1=[3t/2]+1 ;=0 In(y+ei+er)
i€ {l41,...N~1}
N—-1 N-1 2l7t/2
<

CZZNQ +CZ Z N 27l <e.

t=0 I=t+1 t=0 1=[3t/2]+1

For | = N, let x € JV. Lemma 3.4 yields

In|—1
sup [ B+ 9ldu) < sup — [ Y 2+ s)ldus)
n>2N JIy n>an ninl? J, P
1 t . . In|-1 o
< esw | (ZQ *Z;“ )d” §/<2 2
92t—N | 9N—t | gln|—t 22t c
< CHS;?N nlnf? < gavyz N

i1
where xy ;1 := Z;:N zje;.



N-1 s 1 \2
DI (e * o) )

(]

[2N/3]
< 2N —
< Z /JN NN M(I)Jrct [2%/:3 /JN 2NN ()
[2N/3] N-1 ot
< e gaEyte X gy se
t=0 t=[2N/3]+1

To discuss fE |R%a|*/?dy we use Lemma 3.6 and the following disjoint decompo-
sition of In:
N-1 1
v=U U "
=0 m=-—1
where the set J]l\’,m is defined in Lemma 3.6.
Ifz eIy ands € Iy, then z+s € Iy and Dyjni(x+5) = 0. Moreover, if x € J]l\’,m7
then z + s € J4™ and by Lemma 4 we have

n — 2l"l w
sup [ L+ slldnts) < sup [ BT K (oo + 9)ldu(s)
n>2N JIyn n>2N JIy n|n|

1 2lnl

< 5 -
= 2o nlnf? 2
< C
— 21+mN2‘
By the above written
N—-1 l
[ IRa@ aue = Y [ IRl duta)
In =0 m=—1 JIN
—1 l 2N
: Cl 0 1/Jl’m 2(l"”")/QNd'u(w)
= m=— N
N—-1

IN
o
MN

1 2]\7
Samma e k(@)
Z ~/IN(y+em+ez) 2(l+m)/2 N

< c
This completes the proof of Theorem 3.1. [
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Next, we prove Theorem 3.2.
Proof of Theorem 3.2: Let {ny : k € P} be an increasing sequence of positive integers
such that
log? ny,
im
k—oo (nk)
It is evident that for every nj there exists a positive integer m) such that

Q’m;C < ng < qm;e-ﬁ-l < 5Qm§‘

Since, ¢ (n) is nondecreasing function we have

Let {my, : k € P} C {m) : k € P} such that

2
1im (mk)
k=00 © (¢, )

= 4-00.

Let
fmk (CE) = D22m,€+1 (;v) — D22mk (CL‘) .
It is evident that

o Lifi= 92mi  o2mitl _q
me 770, otherwise.

Then we can write that

DF (x) = Dozmy, (), i=2%™ 41,...,22m+1 1

(4'2) Sf (fmk§x) = fm,C (CL’), i> 227711c-‘r17
0, otherwise.
Since,
f"jlk ($> = sup |S2" (fmkvx)l = Ifmk ($)|,
neN
from (2.1) we get
(43) ||fmk||Hp = } f:;Lka = HD22mk ||p = 22mk(1_1/p).

Since, we have

Dy () = Daoioi (2) + 710 (2) Dy g1 (T ()

11



from (4.2) we can write

i)l |, i)
sup
vep p(n) @ (Gmy)
Gm,, —1
1 1
¥ (qu) Amy, j=0 ! '
Gmy,—1
1 1
@ (qms) G, 722: 5 i)
J=27mk
_ (Df (x) — D22'rnk (LE))
© (my) G i—o2my,
1 1 qu—l_l
— _— f 2m (x) D227” (x)
CmE ; (DFyg2ms v (2))
QMk—l_l
1 1
= — D:U (TQm (w))
© (gmy,) @my, i—0 '
1 qmy—1 w
_ LK (7o (@)

® (qu) qmy,

Let z € JQQ,’:;%_LQA_m_l for some | < s < my,. Then from Lemma 3.7 we have

T, (fr )

225—1—2[—2m;C

©(qmy,)

)1/2 dp (z)

Hence, we can write
/(Sup lon (frne; )]
neP ' (TL)
G

mk73 mkfl

© (qmy)

1/2
o (frmy;2)]
> ¢ / (sup"’“ dp ()
; szzl-&:-Q J22;‘51;25—1,2A—2L—1 neP (,0(?1) (
(f ) 1/2
mp—3 mp—1 1 s -
Qmy, Mg
= ¢ / e N e
; s;rz ;) Iom, (y+eza—2s—1+e2a—21-1) (P(qu)
i€{0,...,.2mp—2s—2}
mr—3mrp—1 59 _9s +l—m
2 mi S 2& k
Z ¢ Z 22my,
1=0 s=I+2 @ (gmy)
C mi
@ (Gmy) 2™

12



Then from (4.3) we obtain

1/2
o (fm, sz
J (sup ) o

G \nep

2P

cmi o cmi k
o (q ) o—2my, 92my = - (q ) — OO as — OQ.
mp mi

Theorem 3.2 is proved.
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