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The main aim of this paper is to prove that the logarithmic means of quadratical partial sums of
the double Walsh-Kaczmarz series does not improve the convergence in measure. In other words,
we prove that for any Orlicz space, which is not a subspace of Llog" L(I 2), the set of the functions
the logarithmic means of quadratical partial sums of the double Walsh-Kaczmarz series of which
converge in measure is of first Baire category.

1. Definitions and Notations

We denote by L° = L°(I?) the Lebesgue space of functions that are measurable and finite
almost everywhere on I? = [0,1) x [0,1). mes(A) is the Lebesgue measure of the set A C I2.
The constants appearing in this paper are denoted by c.
Let Lo = Lo (I?) be the Orlicz space [1] generated by Young’s function ®@; that is, @ is
convex, continuous, even function such that ®(0) = 0 and
D) 20

lim = +00, |
u—+oo U u—0 U

0. (1.1)

This space is endowed with the norm

(Vi :inf{k>0:’[pd><M>dxdy§1}. (1.2)
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In particular case, if ®(u) = uln(1l + u), u > 0, then the corresponding space is denoted by
Llog*L(I?).

We denote the set of nonnegative integers by N. By a dyadic interval in I := [0, 1) we
mean one of the form [p/2", (p+1)/2") forsomep € N,0 < p <2".Givenn € Nand x € [0,1),
let I,(x) denote the dyadic interval of length 27 which contains the point x.

Every point x € I can be written in the following form:

0 Xi
":ZOzm = (X0, X1, ..., Xn,...), Xk €{0,1}. (1.3)

In that case when there are two different forms we choose the one for which limy _, ,xx = 0.
We use the notation

1
€= 5 =(0,...,0,x;=1,0,...). (1.4)
It is well-known that [2, 3]
I( =0 = [, (15)
n\X0,---, Xn-1) = Iu(X) = an on ’ .
where p = Z?;&ij”‘l‘j :
Let r9(x) be a function defined by
1, ifxe [O,% ,
ro(x) = ) ro(x +1) = rp(x). (1.6)
-1, if =1
;1 X € [2/ >/
The Rademacher functions are defined by
r(x) =1r9(2"x), n>0, xe[0,1). (1.7)

Let wy, wy, . .. represent the Walsh functions, that is, wy(x) = 1, and if n = 3 n;2" is a
positive integer with n; € {0,1}, then

0

wn(x) = [ ()™ (1.8)

i=0

The order of the n is denoted by |n| := max{j € N : n; #0}.
The Walsh-Kaczmarz functions are given by x¢ := 1, and forn > 1

-1

K () = 7 () [ [ (Fmp1-x ()™ (1.9)
k=0
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For A € Nand x € I, Skvorcov [4] defined a transformation 74 : I — I by

A-1 =)
Ta(x) = D xa12 FD 4 Y x27 0D, (1.10)
k=0 j=A

By the definition of 74, we have (see [4])
Kn (%) = T (X)Wy_oii (Tjn (x))  (n€ N, x €1I). (1.11)

The Dirichlet kernels are defined by
n-1
Dji(x) := > ax(x), (1.12)
k=0

where ay = wy for all k € N or xj for all k € N.
It is well-known that [2, 4]

Dy (x) = Dy (x) + wom (x)DY (i (x)), (1.13)

2, ixefol)
Dy (x) := DY (x) = D5, (x) = (1.14)

. 1
0, ifxe [Z—n,l).

The nth Fejér means of the Walsh-(Kaczmarz-)Fourier series of function f are given by

oy (f,x) = %ZS;‘ (f %), (1.15)
j=1
where
n-1 N
Su(f,x) = D f (k)ax(x) (1.16)
k=0

is the nth partial sum of the Fourier series and f *(n) = fl fa,(n € N) is said to be the nth
Walsh-(Kaczmarz-)Fourier coefficient of the function f.

The Norlund logarithmic (simply we say logarithmic) means and kernels of one-
dimensional Walsh-(Kaczmarz-)Fourier series are defined as follows:

1 n-1 ga i 1 n-1 D~ (t)
#(f, x) = E; 1:1({’25), Fa(t) = E}; e (1.17)

where I, = 3711/k.
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The Kronecker product (a,,, : n,m € N) of two Walsh(-Kaczmarz) systems is said to
be the two-dimensional Walsh(-Kaczmarz) system. That is,

U (%, ) = am (), (). (1.18)

If f € L(I?), then the number f“(m, n) := IIZ famn(n,m e N) is said to be the (m, n)th
Walsh-(Kaczmarz-)Fourier coefficient of f. The rectangular partial sums of double Fourier
series with respect to both system are defined by

—_

m-1n-1

St (frx,y) = F( )i () e (y). (1.19)

i=0 j=0

—.

The logarithmic means and kernels of quadratical partial sums of double Walsh-
(Kaczmarz)-Fourier series are given by

17525 (f, ,y) 17=1 D¥(x)D*
Gy = 2= " Eiuy)=; Z%k(y). (1.20)
k=1 k=1
It is evident that
t(fixy)-f(xy)= Lz [f(xetyes) - f(xy)]Ft s)dtds, (1.21)

where @ denotes the dyadic addition [3]. The nth Marcinkiewicz kernels are given by
1 n
Li(x,y) = - > Di)D(y). (1.22)
k=1

In 1948 Snetder [5] showed that the inequality

imup 00 5
1rnsup1

n— oo

>0 (1.23)

holds a.e. for the Walsh-Kaczmarz Dirichlet kernel. This inequality shows that the behavior
of the Walsh-Kaczmarz system is worse than the behavior of the Walsh system in the Paley
enumeration. This “spreadness” property of the kernel makes it easier to construct examples
of divergent Fourier series [6]. On the other hand, Schipp [7] and Young [8] in 1974 proved
that the Walsh-Kaczmarz system is a convergence system. Skvorcov in 1981 [4] showed
that the Fejér means with respect to the Walsh-Kaczmarz system converge uniformly to f
for any continuous functions f. For any integrable functions, Gat [9] proved that the Fejér
means with respect to the Walsh-Kaczmarz system converge a.e. to the function. Recently,
Gat’s result was generalized by Simon [10, 11]. The a.e. convergence of the Walsh-Kaczmarz-
Marcinkiewicz means of integrable functions was discussed by the second author [12].
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The partial sums S¥(f) of the Walsh-Fourier series of a function f € L(I), I = [0,1)
converge in measure on I [2]. The condition f € Llog"L(I?) provides convergence in measure
on I? of the rectangular partial sums S¥,,(f) of double Walsh-Fourier series [13]. The first
example of a function from classes wider than Llog"L(I?) with S¥,(f) divergent in measure
on I? was obtained in [14, 15]. Moreover, in [16] Tkebuchava proved that in each Orlicz space
wider than Llog"L(I?) the set of functions where quadratic Walsh-Fourier sums converge
in measure on I is of first Baire category (see Goginava [17] for Walsh-Kaczmarz-Fourier
series). In the paper [18] it was showed that the Norlund logarithmic means £ f of one-
dimensional Walsh-Kaczmarz-Fourier series are of weak type (1,1), and this fact implies that
t%f converge in measure on I for all functions f € L(I) and #5,, f converge in measure on I
for all functions f € Llog"L(I?).

At last, we note that the Walsh-Norlund logarithmic means are closer to the partial
sums than to the classical logarithmic means or the Fejér means. Namely, it was proved that
there exists a function in a certain class of functions and a set with positive measure, such
that the Walsh-Norlund logarithmic means of the function diverge on the set [19].

For results with respect to logarithmic means of cubical and rectangular partial sums
of two-dimensional Walsh-Fourier series, see [17, 19-22].

In the present paper we investigate convergence in measure of logarithmic means of
quadratical partial sums

1'3Sii(f.x,y)
I (1.24)

nim Mmol

of double Walsh-Kaczmarz series and prove Theorem 2.1 that is, for any Orlicz space, which
is not a subspace of Llog"L(I?), the set of the functions where logarithmic means converges
in measure is of first Baire category. From this result it follows that (Corollary 2.2) in
classes wider than Llog"L(I?) there exists functions f for which logarithmic means t%(f)
of quadratical partial sums of double Walsh-Kaczmarz series diverge in measure.

Thus, in question of convergence in measure logarithmic means of quadratical partial
sums of double Walsh-Kaczmarz series differ from the Marcinkiewicz means and are like the
usual quadratical partial sums of double Walsh-Fourier series.

2. Main Results
The main results of this paper are presented in the following proposition.

Theorem 2.1. Let Lq,(I?) be an Orlicz space, such that
Lo <12) ¢ Llog+L(12). (2.1)

Then the set of the functions in the Orlicz space Lo (I%) with logarithmic means of quadratical
partial sums of double Walsh-Kaczmarz series convergent in measure on 12 is of first Baire category in
Lo(1?).

Corollary 2.2. Let ¢ : [0,00[ — [0, oo[ be a nondecreasing function satisfying for x — +oo the
condition

¢(x) = o(xlog x). (2.2)
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Then there exists a function f € L(I?) such that
(a)

[ 9rGyDardy <o @3

(b) logarithmic means of quadratical partial sums of double Walsh-Kaczmarz series of f diverge
in measure on I2.

3. Auxiliary Results

It is well-known [2, 3] for the Dirichlet kernel function that

w 1
DY ()] < (3.1)
for any 0 < x < 1. Then for these x’s we also get
w 1
Fr @)l < -, (3.2)

where n € N is a nonnegative integer. It is also well-known for the Walsh-Paley-Dirichlet
kernel functions the following lower pointwise estimates holds. Let ps = 224 4. 422420
(A €N). Then for any 272471 < x < 1and A € N, we have

|D;;; (x)| > %. (3.3)

Since this inequality plays a prominent role in the proofs of some divergence results
concerning the partial sums of the Fourier series, then it seems that it would be useful to
get a similar inequality also for the logarithmic kernels. In [20] the first author, Gét, and
Tkebuchava proved the inequality

log(1/x)

(3.4)
xlogpa

|F§L(x)| >c

forall1 < A € N,and x € (272471,1) \ J. We have the exceptional set J, such that it is
“rare around zero.” For t = to,to +1,...,2A,t0 = inf{t : [(Ip,,.,/16) — 215] > 1} set f :=
[(Tpyizy0 /16) = 25| (where |u| denotes the lower integral part of u), and we take a “small
part” of the interval I; \ Ij = [27t1,27%). This way the intervals are defined as follows:

1 1 1
At = [th, ZtT + Zt_-i—z) (35)

The exceptional set ] is given by

= GAt. (3.6)

t=ty
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For the logarithmic kernels F | of quadratical partial sums of double Walsh-Kaczmarz-
Fourier series, we prove an analogue result. To do this we need the following lemma of the
first author, Gat and Tkebuchava [22].

Lemma 3.1 (see [22]). Lets,t =0,1,...,2A, s <t and (x,y) € (Js x Ji) \ (QtSt) U (Ag x Ap)).
Then one has

+S
S
LREINEL: log oy (3.7)
where J; == Iy \ I4q and
;St) = U U U IB(O 0/ 11xs+1r---/xB—1)
Xoi1++x-1<1 x= xp-1=0 (3.8)

X IB(O/---/O/ 1/yt+l =Xt+1,---,YB-1 = xB—l)‘

Now, for the Walsh-Kaczmarz logarithmic kernels Fj,, we prove the following.

Lemma 3.2. Let x € IZA(l,xl,...,xt_z,xt_1 =1,x¢..., %621, % =1,x541 =1,0,.. -10) = I;fy UAS
LaLyi,. Y2, yi-1 =0, i =1, 4,1 =1,0,...,0) = I}, fors,t =2,3,..., Aand t < s. Then

By, (x,y)] 2 24, (3.9)

Proof. Set (x,y) € I3 x It ,. Let
Gy, (v y) =1, F, (v, y), pa (%) = I, Fp, (%) (3.10)

for a = w or k. Now, we write that

Dr* D~ 4a-1 D®(x)D*
G:, (x,y) = ZM pz M::I+H. (3.11)

i=1 pa—] j=22441 pa—]

First, we discuss I1. We use equality (1.13)
pa1-1 D;.‘+22A (x)D;F+22A (v)
j=1 pPA-1— ]
= lPA—] D22A (.X')DzZA (y) + D22A (x)rZA (y) G;;_] (T2A (y))

+ Doa (y)12a(x)GY pas (T24(x)) + 124(X)124 (y)GpA (124 (x), 24(y))-

(3.12)
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If (x,y) € I, x It ,, then (see (1.14))

2A7

Dy2a (x) = Dy (]/) =0,

Toa(x) =(0,...,0,x501 =1, xs =1, x5-1, .-, X, X1 =1, %42, ...,x1,%0 = 1,%04,...), (3.13)

TZA(y) = (0/'--/0/yt+1 = 1/yt = 1/]/t—1 = Olytle-“/ylryo = 1/y2A/-~')-

Moreover, by Lemma 3.1, we have
1] = |Gy, (T2a (), 24 (y)) | 2 c2A - )24, (3.14)
Now, we discuss I by the help of (1.13)

L 2§1 2%1 D;C(X)D;C(y) N D22A (X)DzzA (y)
=0 jt  PAT] Pat

2A-12- 1D" i (x)D ol (y)

= 7= Pa=]- 2!

(3.15)
EID@Ds0) ZAle 3 D7 ()
=S pa-j-2 : o pa-j-?
24-1 2 1r1(x)Dw(T1(x)) 2471217 l(x)Tl(]/)Dw(Tl(x))Dw(Tl<y))
+ DI y +
DEIUD N B AP ID) pa=i-2
Since x = yo = 1, D2:(x) = Dy (y) = 0 forall 1 > 1, thus,
24-1 Dw(Tl(x))Dw(Tl(y))
Tt Z 71(x) rz(y)z o
(3.16)
1 24-1
= + Il.
pa-1 =
We use Abel’s transformation for I; (I > 1)
2l-2 1 1
I = ri(x)r - K (71(x), 7
1 z()z(y)]_; PA_j_Zl PA—j—Zl—l J ](l() l(y)) -

(2 -5, (n),n(y))

_ 2
pa—-2H1+1 =l

+ Tl(x)f’l(y)
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We write

|ﬂg%§ﬁQanwL
<

c
|| < 5z (2= 1) |45, (m @), @) |-
Since |D;| < i, we have
n
n| K| < ZD?’D?’ <cnd.
i=0
For I < s + 2, we obtain that
4] 231
1 2
0] <ezm [ <eqm
Moreover,
s+2 4s
1 c 4 < 2
Z I | < 24_A 2 24A <c,
23l < A
Z | = 22AZ < 2%,
Let s +2 << 2A. Then we have
Tl(x) = (OI 'Iolllllxs—ll"'lxt—l = 1,...,xl,l,O,...,O,sz,..
Tl(]/) = (0/”-1011/11yt—1 = O/yt—Z/”-/ylrlror-'-/O/yZA/”

thatis, 7j(x) € I1-s-3 \ I=s—2, TI(y) € I1-43 \ I 4-2.
Now, we introduce the following notation:

a+b-1
£2,(6y) = 5 DD (),
j=a
and n® := 3* n;2 (n,s € N). A simple consideration gives

[|

nKy (x,y) = Znsxnwp (x,y) + Dy} (x)Dy ().

s=0

),
),

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



10 Journal of Function Spaces and Applications

It is known [23] thatif t < k and (x,y) € (It \ It+1) X (Ix \ Ik+1), then

|J<ﬁs+1),2s (x,y)| < 25tk (3.25)

Using this inequality, we have that

1-1 2k+

|Il| < 24AZ Z ]|ch(rl(x) Tl(y))|

-1 2k+1—1
c
<o <Z)J<,w o (2, m(Y)| + 1D, ) Dy (1 (v)) |)
k=0 j=2 (3.26)
o E1291 o
+21—t—
< 2_A <ZZV s +] >
k=0 j=2k
2414,5 231
=Cm; TS
Moreover,
2A 1 . 28A-t-s 264 At
S
|I|<c24—A+ s (3.27)
I=s+3
Analogously,
1-1 23l—t—s 221
1] < oo ( S22t s 22’> <t vel, (3.28)
2 = 2 2
2A 1
|12| < pAts, (3.29)
I=5+3
Taking into account (3.11), we get
II II-|I
Fy, (x,y)] 2 | | s 6! ;A”. (3.30)
Therefore by (3.14)—(3.29), it follows that
C an i
Fy, (x,y)| 2 cr(1- ﬁ)2‘“‘ BT (331)
with suitable constants ¢, c¢1, ¢ > 0. It is clear that for A large enough we have
F,, (x,y)) > ¢, 244, (3.32)

where ¢, > 0 is an absolute constant. O
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We apply the reasoning of [24] formulated as the following proposition in particular
case.

Theorem A. Let H : L'(I?) — L°(I?) be a linear continuous operator, which commutes with family
of translations &, that is, for all E € & for all f € L'(I?) HEf = EHf. Let || fllpi2) = 1 and
A > 1. Then for any 1 < r € N under condition, mes{(x,y) € I> : |Hf| > A} > 1/r, there exist
Ey,...,EE,...,E,€&ande;=+1,i=1,...,r, such that

> )L} >

Theorem B. Let {H,,},,_, be a sequence of linear continuous operators, acting from Orlicz space
Lo (I?) into the space L°(I?). Suppose that there exist the sequence of functions { &}, from unit bull
So(0,1) of space Lo (I?), and sequences of integers {my }32, and {vi )5, increasing to infinity such
that

(3.33)

®| =

H (Zrlsif(Eix, Egy)>

mes{(x,y) er*:

£ = inkfmes{ (x,y) € I*: |Hp bk (x,y)| > vk} > 0. (3.34)

Then B—the set of functions f from space La(I?), for which the sequence {H,, f} converges
in measure to an a.e. finite function—is of first Baire category in space La(1?).

Theorem GGT. Let Lo be an Orlicz space, and let ¢ : [0,00) — [0, 00) be measurable function
with condition ¢(x) = o(®@(x)) as x — oo. Then there exists Orlicz space L, such that w(x) =
o(D(x)) as x — oo, and w(x) > ¢(x) for x > ¢ > 0.

The proof of Theorems B and GGT can be found in [20].

4, Proof of the Theorem

Proof of Theorem 2.1. By Theorem B the proof of Theorem 2.1 will be complete if we show that
there exist sequences of integers {Ay : k > 1} and {v, : k > 1} increasing to infinity, and a
sequence of functions {¢x : k > 1} from the unit bull S¢(0, 1) of Orlicz space Lo (I?), such that
for all k

mes{(x,y) er*:

1
t, (§k,x,y)' > vk} 23 (4.1)
First, we prove that there exists ¢ > 0 such that

tgAk (D22A+1 ® Dyoan; X, y)| > C23A} S Ci. (4.2)

mes{(x,y) er*: >34

It is easy to show that

t;Ak (D22A+1 ® D22A+1,' X, y) = SZZA+1,22A+1 (F;A; X, y) = F;A (x, y) (43)
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Hence, from Lemma 3.2, we can write

t;Ak (D22A+1 ® D22A+1,’ X, ]/) ' = |F;A (x, y) ' > C24A_t_s, (44)

for (x,y) € I} x TEA.
Since

ciAts 5 (34 (4.5)
fort+s<Aand0<t<s< A, from (4.4) we conclude that

mes{(x,y) er*:

t;A (D22A+1 ® Dyan; x, y) | > C23A}

A A-s
>c Zmes([ﬁi x I§A>
s=[A/2]t=0

>c D Y (4.6)

Hence, (4.2) is proved.
From the condition of the theorem, we write [1]

lim inf——— = (. (4.7)

Consequently, there exists a sequence of integers { Ay }}-; increasing to infinity, such that

D (244
1imcp<24Ak)2-4AkA;1 =0, % > 4, Vk. (4.8)

k— o0

From (4.2) we write

t;Ak (D22Ak+1 ® DZZAk+1;x, y)| > C23Ak} >C Ak . (49)

mes{(x,y) er*: A
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Then by the virtue of Theorem A, there exists ey, ..., e, e},...,e, € [0,1] and ¢1,...,& = %1
such that

4 1
mes{ (x,y) € I | Deity, (Dpacr ® Dypn e @ x,e; @ y) | > 23Ak} > (4.10)
i=1
where r = [234¢/(cAx)] + 1
Set
D4A-
4.11
& (x,y) = (D(24Ak) Mi(x,y), (4.11)
where
1 ,
M (x, y) = ;ZgiDzzAkﬂ (ei 52} x)DzzAk+1 (ei (6] y) (4.12)
i=1
Denote
97Ak-1
e 413
Ve o (28 (13)

It is easy to show that

mes{ (x,y) € I*:

o (ék,x,y)| > Vk}

r
= mes{ (x,y) e I*: Zsit;Ak (Dyagt @ Dyppagni, e; © x, €, & y)
i=1

> 23Ak} (4.14)

>

| =

Hence, (4.1) is proved.
Since

Ml 2y < 272, [Millpr(rzy < 1. (4.15)

Moreover,

U;z fs

O _ D)
u u'

<3|[ oaim+),

(4.16)

(O<u<u).
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From (4.8) we can write

—

1 244 [ M (x, )|
”ék”ch(Iz) S z L1+J‘IZ¢)<W dxdy
[ d 24Ak24Ak+2 ) 24A/< 24Ak M :

i) @ [@@)) MMyl
2 i 2 244k (24Ak+2/(cp(24Ak))) cp(24Ak) (4.17)
1[ @(244) 244 M (x, ) |

< Z

<5 1+I12 v D2 dxdy

<1

Hence, ¢k € So(0,1), and Theorem 2.1 is proved. O

The validity of Corollary 2.2 follows immediately from Theorems 2.1 and GGT.
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