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ON WEIGHTED LACUNARY INTERPOLATION*

MARGIT LENARD'

Abstract. In this paper the regularity of a special lacunary interpolation problem is investigated, where for a
givenr (r > 2,7 € N) the derivatives up to the 7-2nd order together with the weighted rth derivative are prescribed
at the nodes. Sufficient conditions on the nodes and the weight function, for the problem to be regular, are derived.
Under these conditions a method to construct the explicit formulae for the fundamental polynomials of the regular
weighted lacunary interpolation is discussed. Examples are presented using the roots of the classical orthogonal
polynomials.
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1. Introduction. The special lacunary interpolation problem studied in this paper is
called weighted (0, 1,...,r — 2, r)-interpolation for a given r (r > 2, r € N), where the
derivatives up to the r-2nd order together with the weighted rth derivative are prescribed at
the nodes. On a finite or infinite interval [a, b] forn € N, let {z; }?_; be a set of distinct points,
the nodes, and let w € C"(a, b) be a given function, the weight function. Furthermore let yl(l)
(l=0,1,...,7—=2,r; i =1,...,n) be arbitrary given real numbers. Find a polynomial R,,
of degree less than 7n such that

a1 RO@) =y", (wR)D (@) =y", (=01,...r—2i=1,...n),
(for the sake of simplicity we omit double indices, so we’ll write z; = x; ,, and ygl) = yl(lr)l)
The weighted (0, 2)-interpolation problem (r = 2) was studied originally by J. Baldzs [1] as
a generalization of the (0, 2)-interpolation problem initiated by P. Turén [6].

The weighted (0, 1, ..., —2, r)-interpolation is called regular at the nodes {x;}7 ; with
respect to the weight function w, if for any choice of yl(l) there exists a unique polynomial
R,, of degree less than rn which satisfies the conditions (1.1). The problem is not regular in
general, because in some cases such a polynomial R,, does not exist (see, e.g., J. Baldzs [1]
for r = 2 and A. Krebsz [2] for r = 3), or if it exists, the uniqueness might fail. Furthermore,
in order to prove convergence theorems in the regular cases, the explicit formulae for the
interpolation polynomial R,, are also needed. Several authors investigated the problem for
r = 2 and » = 3 and found regular solutions and explicit formulae by prescribing special
additional conditions to (1.1). In these cases the degree of the interpolation polynomial 7,
was increased by the number of the additional conditions. For a general approach to the
special cases when r = 2 or r = 3 we refer to M. Lénard [4] and A. Krebsz and M. Lénard
[3] and to the references therein.

In Section 2, sufficient conditions on the nodes and the weight function are given for the
problem to be regular. In Section 3, a method is presented to construct the explicit formulae
for the fundamental polynomials of the regular weighted (0,1,...,7 — 2, r)-interpolation
problem under these conditions. In Section 4, examples are given for regular cases on the
roots of the classical orthogonal polynomials.
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2. Regularity. In order to find regular cases with their explicit formulae for the weighted
(0,1,...,7 — 2,r)-interpolation, we extend the problem (1.1) with additional Hermite-type
conditions.

For given n, m € N, on a finite or infinite interval [a, b] let {x;}!" , and {Z;}", be dis-
joint sets of distinct points, the nodes, and let w € C"(a, b) be a given function, the weight
function.  Furthermore, let y(l) ¢ = 0,1,...

ggj) (3=0,...,5; —1; i =1,...,m) be arbitrary given real numbers, M = j; + -+ + jm
and N = rn + M. Find a minimal degree polynomial Ry of degree less than /V satisfying

weighted (0, 1,...,r — 2, r)-interpolation conditions

v — 2,r; ¢ = 1,...,n) and

el RY(@) =4, (wRy) V(@) =y, (=01, r=2%i=1,...,n),

with additional Hermite-type interpolation conditions on {Z; } ,,
(2.2) RP@)=3",  (G=0,...5i-1i=1,...,m).

(For m = 0 the problem is the weighted (0,1,...,r — 2,r)-interpolation.) This extended
interpolation problem is also not regular in general, as it is shown for r = 2 and r = 3
in [4] and [3]. Hence we study the interpolation problem (2.1)-(2.2) with further additional
conditions. P. Mathur and S. Datta [5] discussed a special case whenm =1, j; =r — 1, and
the additional condition is RY, " (z1) = g\" ",

In what follows, let p,, and ¢ be polynomials of degree n and M , respectively, associated
with the interpolation conditions (2.1)-(2.2), that is,

n(xi) =0, 1=1,....n),
o po(a) ( )
@D@E) =0, (G=0,.cciji—15i=1,...,m).

If only weighted interpolation conditions are prescribed, let g(x) = 1 and m = 0. Further-
more, let

_ Pn(T) o n
Sy ey M

denote the fundamental polynomials of Lagrange-interpolation, that is, ¢;(x;) = 0y, for

1,k =1,...,n. Using induction on r it is easy to verify that, fori =1,...,n,
0, forl <,
(2.4) (") D (z;) = { HPn)" (@), forl = r,

S DL ) (@), forl=r 1,
and

0, fori £k, <,

25) “@(l)(‘””_{r!w;)’“(x» fori £k, 1=

Studying the regularity of the problem let us consider the homogeneous case, when
v =00=01,....r—2ri=1,...,nadg? =0G =0,....5i~1;i=1,...,m).
It is obvious that every polynomial R which satisfies the conditions,
R (2;) =0, (i=1,....,n; j=0,1,....,7—2),

2.6) o
R%)(‘fz):()’ (22177m7320717731_1)7
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can be written in the form
@2.7) Ry(z) = (qp},'Q) (2),

where p,, and ¢ are defined in (2.3) and @ is a polynomial. Furthermore, on using (2.4) we
obtain

(wRx)" (@) = (wepl, Q)" (25) = (wapt )" (2)Q(as) + 1! (wa(p,) Q') (1)

fort =1,...,n. Therefore, if

2.8) (wqpfl_l)(r) (;)=0 and w(a;) # 0, (i=1,...,n),
then
29)  (wRy)" (z;)=0  ifandonlyif  Q'(z;) =0, (i=1,...,n).

Thus Q' () = pn(xz)\(x), where A is a polynomial. Since we are looking for a minimal
degree polynomial Ry in the form (2.7) which fulfills (2.6) and (2.9) with kg (kg € N)
additional homogeneous conditions, the degree of the polynomial () must be less than n.+ kg .
For the sake of simplicity, in what follows, we will prescribe only one or two conditions at
one or two points (kg = 1 or 2). In these cases we obtain either

Qz) =¢ or Q) =c [ paltjat + .

where the parameters c and d are to be determined from these additional conditions.
If, for example, the additional homogeneous condition is

(wRn )" (20) =0,
then
(wRn)" (20) = (cwapl, ™) (o) = ¢ (wapl, ™)™ (20) = 0.

Hence, the condition of regularity is

(wapl, )" (o) # 0.

Other cases can be discussed in a similar way and we list some of them in the following
statement.

THEOREM 2.1. If at the nodes {x;}}'_ | and {Z;}", the weight function w satisfies
(2.8), then the interpolation problem (2.1)—(2.2) is regular under the additional condition(s)
(1)-(v) if and only if the corresponding condition in the third column of Table 2.1 is fulfilled.

REMARK 2.2. The modified weighted (0, 1, ..., — 2, r)-interpolation studied in [5] by
P. Mathur and S. Datta, corresponds to the special case when m = 1, xg = 71,
q(x) = (x — x9)" ! and the additional condition is (i) in Table 2.1 with j = r — 1.

3. The fundamental polynomials. In this section, we first construct polynomials A; j,

which satisfy the following weighted (0, 1, ..., r — 2, r*)-interpolation conditions at the nodes
{zitis,
A(-IL(%') = 0;10ki (i,k=1,...,n;
3.1) o : .
(wA; 1) (2;) =0 G l=0,1,...,7 —2),
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TABLE 2.1

égiiitiit(i):)lsisl)nterpolatory Condition for Regularity
. i i (4)
@ | RY (z0) =y (api™")" (w0) £ 0
. . NG
@ | (RN (20) =y (waph ") (o) # 0
NG
o | P (@) o i 1 ) o0 -
(wRN)(T) (xo0) = y(()r) (wqp:fl)(r) (zo) (qpn ! f;o pn(t)dt )(7.72) (zo) #0
. . , 1 ©)
R ACORSTRS (api ™) (@ns1) (a0 [2 pa(dt) (w0) -
v v J
Y (@n+1) = y&)l (aph 1)@ (o) (qp:fl Juy pn(t)dt> O (1) £ 0
(r ) r—1 (r) r—1 rxz d ()
W) (wRN)") (z0) = Y5 (wqpn ) (Tn+1) (wqpn fxo pn(t) t) (z0) —
(WEN) ) @nt1) = 10, (wapi )" (@o) (waph ™ J2, pa®)dt) " @ar) #0
and
32) Affﬁc(xl)zo (i,k=1,...,n;
‘ (wArk)(T)(xZ) :5ki lZO,l, '7T_2)7

with Hermite-type interpolation conditions
(3.3) Ajk(:vz) =0, (¢=1,....mk=1,...,n;5=0,...,r=2,1;1=0,...,5;—1).

Let p,, and g be the polynomials defined in (2.3) and let,fork = 1,....n

(gpy, ")(x) /m
34 A, = n - t by kpn (t)|dt
3.4) k(T) T (wa(p,) ) (z) Crk t . [k (t) + br ko (t)]
and, recursively, for j =r — 2,7 —3,...,1,0,

35 A = 290 V@) + p @) Q) + Z A Auk(a)
. l=7+1

where
3.6)

Qjn(r) = m {Cj,k + /mj {% + ajili(t) + bj,kpn(f)] dt} :

r—j—2
(3.7 gj.x(x) = lp(2) lék xg) + Z Yik(x —zp ] — 0. (2),
=1
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1 —s
(3.8) Nk =g {ESH (zr) — O (1) f( (k) Z%k( )s!é,(f )(,rk)},

3.9) aj = — : 1 7
’ (r—)'wa)(@x)  (r—j—1)!
l r\(1—5)
(3.10) al = _< ) (@) (k)
’ J q(zr)
where zg,b; x,andc;, (k=1,...,n; j=0,1,...,r—2,r) are free parameters. (In (3.5),

(3.7), and (3.8) the value of 3 is 0 if the upper limit of the summation is less than the lower
limit.)

THEOREM 3.1. If at the nodes {x;}_, the weight function w and the polynomial q
satisfy the conditions

(3.11) (wapy,~ 1)( g () =0 and w(x;)q(z;) # 0, (t=1,...,n),

then the polynomials A; ;, (7 =0,1,....,r —2,r; k=1,...,n)defined in (34)-(3.10) are
of degree at most nr + M + 1 and fulfill the conditions (3.1)-(3.3).

Proof. Letk € {1,...,n} be fixed. An easy calculation shows that A4, j in (3 .4) satisfies
the equations (3.2).

Now we are looking for A,_s . in the form

q(x) -2 -1
Ar— __  t\ _ r=2yr T . ,
2)]@(1') (7’ — 2)'q(517k) {(‘T (Ek) k(x) +pn (I’)Q Q,k(x)}
where Q,_2 j; is a polynomial of degree at most n + 1. As p,,(z;) = 0 and lx(z;) = ki
(i=1,...,n), we obtain

A(IZQk(xz)—O, (120,1,...77'—3)7

and Air_—22])€ (z;) = O;- On using (2.5) and (3.11) we get that (wAT,Q_,k)(T) (x;) =0fori #k
if and only if

— (1)
() M) (i — )

Hence the polynomial @;._, , can be defined by
1 {52 (zx)ln(z) — £3,(2)
) T = T

From the equation (wA, 5 ;)™ (x}) = 0 we obtain the parameter

(wgly)" (zx)
2(wq)(wy)

as defined in (3.9) for j = r — 2. Hence ;2 . is the polynomial in (3.6) for j = r — 2.

Q/r—m(fi) =

Qo i) = + ar—2 1 bk () + br—2,kpn(x)} .

— (@) - Gan).

Ar—2k = —
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The polynomials A; , we construct recursively for j = = — 3,...,1,0 in a similar way.
Hence we are looking for A; ;. in the form of (3.5), where the () ;, are polynomials of degree

n + 1 and the d[jl]k are parameters. It is obvious that

A (z:) =0, (1=0,1,...,r—2; i#k),
A (zr) =0, (1=0,1,...,5—1),
A9 (zy) =1

From the conditions
A (z1) =0, (l=j+1,...,r=2),

we obtain the parameters dg.l’]k as it is given in (3.10). Then the polynomials () ;, are to be
determined from the conditions

(wA; )" (@) =0, (i=1,...,n).
On using (2.5) and (3.11), we get that (wAj,k)(T)(Ii) = 0fori # k if and only if

- . Uy (i)
(pr)r—Yag) (w5 —ap) =917

Therefore, let us write the polynomials Q;y ;. in the following form,

Q},k(%‘) =

Qi (x) = ! { ( 43:(2) + a1l (x) + bj,kpn(ff)} ;

() Haw) L (w—zp) 971

where a; ;. and b; . are parameters, while g; ;. are polynomials which fulfill the conditions
G k(i) = =l (w2), (i # k).

Now we are looking for the polynomials ¢; ; in the form of (3.7), where the parameters ~; 1
are determined from the conditions

=0, o tri-2)

Hence v 5, forl =1,...,r — j — 2in (3.8) assure that (); , are polynomials.

Finally, from the equation (wA]-7k)(T) (xr) = 0, using (3.11), we get the parameter a; j,
in (3.9). Hence the polynomials 4; j for j = 0,1, ..., — 2 defined in (3.5) with (3.6)-(3.10)
are of degree at most nr + M + 1 and fulfill the equations (3.1). O

The following special case illustrates how to apply Theorem 3.1 to construct the funda-
mental polynomials of regular weighted (0, 1, ..., r — 2, r)-interpolation. Let us consider the
additional condition (ii) in Table 2.1 when g(z) = (z — x¢)" !, thatis m = 1, Z; = z¢ and
j1 = r— 1. Hence we are looking for a polynomial of degree less than (n + 1)r which fulfills
(2.1) with

Rg\l/')(‘ro) :yél)v (’U}RN)(T)(.TO) :yéT)7 (l = 0717"'7T_2)7
and the problem is a weighted (0, 1, ..., r — 2, r)-interpolation problem at the nodes {z; }"

with respect to the weight function w. In this case the condition (3.11) can be written as

(3.12) ((z = o)™ wpfl_l)(r) (;) =0 and w(z;) #0, (i=1,...,n),
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and the condition for regularity from Table 2.1 is

(3.13) (& —20) P wpl )" (w0) #0,
where xg # z; (i =1,...,n).

THEOREM 3.2. If at the nodes {x; }!"_, the weight function w satisfies (3.12) and (3.13),
then the weighted (0,1, ...,r — 2,r)-interpolation is regular at the nodes {x;}}_, with re-

spect to the weight function w. Furthermore, the interpolation polynomial is of degree less
than (n + 1)r and can be written in the form

T— n

Ry(z) = Z ZAj,k(I)yl(gj) + ZAT,k(:r)y,(;),
j k=0

2
§j=0 k=0

where the fundamental polynomials A; j, are given explicitly.

Proof. Under the conditions (3.12)-(3.13) the regularity of the problem is a simple corol-
lary of Theorem 2.1. The fundamental polynomials A;; (j = 0,1,...,r = 2,r; k =
1,...,n) are associated with the weighted (0, 1,...,r — 2, r)-interpolation conditions and
they fulfill the equations (3.1)-(3.3). They are defined in (3.4)-(3.10), where

bjr=0, (j=0,1,....,7r—=2,7; k=1,...,n).
and the parameters c; j, are determined recursively for j = r,r — 2,7 — 3,...,1,0 from the
conditions
(wA; )" (z0) =0, (k=1,...,n).

Hence, the degree of these polynomials is less than (n + 1)r.
Next let us construct the fundamental polynomials A; o for j = 0,1,...,7 —2 which are
associated with the Hermite-type conditions, so they fulfill the conditions

AN (z) =0, I=0,1,....r =2 k=1,...,n),
A%(xo):zij,z, (1=0,1,...,7—2),
(wA;0)™ (x1) =0, (k=0,1,....n).

We are looking for A; ¢ in the form
(.14 Ajo(x) = p (@) (@ — 2o) rj(x) + (v — 20)" ' pp " (2)Q; (),

where (@); is a polynomial of degree at most n and

(3.15) ri(z) = a(()j) + agj)(:zr —xo)+ -+ af;l)%j ( — 20) 277,

It is obvious that

Al (i) =0, (1=0,1,...,r—2),
AW (z4) =0, (1=0,1,...,5—1).

J5

The coefficients al(j ) in (3.15) are determined recursively from the conditions

AW (o) = 81, (I=j,j+1,....,r—2),
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and we obtain

) 1
a, = - s
O jpy (o)
-1 ;
. -1 N\ (1—1)
al(J)* (Pr) .(Zo)agj) (l=1,....,7—2—7).

Now we construct the polynomial Q; in (3.14) using the conditions (wA, )™ (z;) = 0 for
1=1,...,n. Applying (2.4) and (3.12) we get

(wA; )" (2;) =0 if and only if Q;(xi):—w (i=1,...,n),

(ZCZ' — Io)rflij ’
and hence we obtain

_ =P (@)r;(2) + pa(@)T;(2)
(x — xg)r—177

3

Q;(x)

where the polynomial 7; is of degree r — 2 — j and the coefficients are to be determined
uniquely from the equations

_\( .
(—p;lrj—i—pnrj)()(xo):(), (1=0,1,...,r—=2—7).
Therefore,
B © = (O)ri(t) + palt)r; ()
QJ(:C) =¢+ AO (t _ (EO)T_I_j dt’

where the parameter c; is to be determined from the condition (wA; o)™ (z¢) = 0.
Finally, it is easy to verify that the polynomial

i (@)l = )"

AT)O(.T) = -
((:17 - xo)’“flwp:fl)( ) (z0)
fulfills the conditions
A (z) =0, (1=0,1,....r—2 k=0,1,...,n),
(wAT)O)(T) (k) = k.0, (k=0,1,...,n). O
4. Regular weighted (0,1,...,7 — 2,7)-interpolation at the roots of the classical

orthogonal polynomials. The classical orthogonal polynomials (Jacobi, Hermite, and La-
guerre polynomials) fulfill the differential equation

(wy)" + f- (wy) =0

with some weight function w and function f. Hence, if p,, is a classical orthogonal polyno-
mial of degree n and p,,(z;) = 0, then

(wpn)" (z5) = 0, (it=1,...,n)

where w is given in Table 4.1; cf. Szeg6 [7].
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TABLE 4.1

pn(z) (a,b) w(z)

Hermite
22

H,(z) (—00,0) ez
Laguerre

L&a) (x) [0, 00) e~ 3
(a>—-1)

Jacobi
PPy | [F1,1] (1-2)F (4o

(o, > —1)

LEMMA 4.1. If w(x;) # 0 at the nodes {x;}"_,, then

(wpn)" (x;) =0 ifandonlyif ((WPn)T_l)(T)(I'i) =0, (i=1,...,n).

Proof. On using (2.4) and the fact that z; (¢ = 1, ..., n) are distinct roots of the polyno-
mial p,,, we obtain

((wpn)r—l) (r) (xz) _ (wrfl . (pn)rfl)(r) (5171)
r—1)r! r—2
= % (w-(pn))" (i) (wply + 20"p),) ()
(r—1)r! r—2
= L (w0 BL) (@) (wpn) (@2): O
Let the nodes {z; }?"_; be the roots of the classical orthogonal polynomial p,, and let w be
the function associated with p,, in Table 4.1. Furthermore, let us define the weight function
w as

@.1) w(z) = L

where ¢ is the polynomial defined in (2.3). On using Lemma 4.1 it is obvious that the nodes
and the weight function defined in (4.1) satisfy the conditions (2.8). Hence, applying Theo-
rems 2.1 and 3.2, we obtain regular weighted (0, 1, ..., r — 2, r)-interpolation on the roots of
the classical orthogonal polynomials with respect to the weight function w in (4.1). Now we
present only a special case when the nodes are the roots of the Laguerre-polynomial Lg{l) on
the interval [0, 00). Other cases can be discussed in a similar way.

THEOREM 4.2. If the nodes {x;}!_, are the roots of the Laguerre-polynomial L%a)
(a« > —1), then the weighted (0,1, ...,r — 2, r)-interpolation with respect to the weight
function

is regular for
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a+1 ;

Proof. Let p, = LY (o > —1), 29 = 0, q(z) = 2"}, and w(z) = 2°3 =% . Then

/
As L{(0) = ("**) > 0 and (LSIO‘)) (z) = —L" P (2) (cf. G. Szegd [7]), the sign of

(4) )
( Lﬁ{")) (0) is (—1)? and therefore by induction for all j

<(e%L§;‘>)”) v (0) # 0.

Thus, the condition (3.13) is fulfilled if

a—+1 . .
2 (T_l):j7 (jzlu"'aT)7

and we can apply Theorem 3.2.

x

|
On using the notation Ly () = —;Lgll_)l (2), in the special case j = r — 1, we obtain
the following theorem.

THEOREM 4.3. If the nodes are the roots of the polynomial Lgfl), then the weighted
(0,1,...,7—2,r)-interpolation is regular with respect to the weight function w(x) = e~ 2 (r=1),
The interpolation polynomial is constructed explicitly in Theorem 3.2.
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