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Walsh functions

The term of Walsh functions refers to one of three orthonormal
systems which differ only from their enumerations.
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The term of Walsh functions refers to one of three orthonormal
systems which differ only from their enumerations.

@ The original Walsh system J. L. Walsh (1923)
was generated recursively, it is the Hadamard transform of the Haar
system.
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@ The Walsh-Paley system R. E. A. C. Paley (1932)

is the finite products of Rademacher functions.
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@ The Walsh-Paley system R. E. A. C. Paley (1932)
is the finite products of Rademacher functions.

@ The Walsh-Kaczmarz system A. A. Sneider (1948)

is also the finite products of Rademacher functions, but in different order.
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systems which differ only from their enumerations.

@ The original Walsh system J. L. Walsh (1923)
was generated recursively, it is the Hadamard transform of the Haar
system.

@ The Walsh-Paley system R. E. A. C. Paley (1932)
is the finite products of Rademacher functions.

@ The Walsh-Kaczmarz system A. A. Sneider (1948)

is also the finite products of Rademacher functions, but in different order.

The Walsh system is an orthonormal and complete system on
L2([0, 1]), taking on only the values +1 and —1.
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Walsh functions

The term of Walsh functions refers to one of three orthonormal
systems which differ only from their enumerations.

@ The original Walsh system J. L. Walsh (1923)
was generated recursively, it is the Hadamard transform of the Haar
system.

@ (The Walsh-Paley system) R. E. A. C. Paley (1932)
is the finite products of Rademacher functions.

@ The Walsh-Kaczmarz system A. A. Sneider (1948)

is also the finite products of Rademacher functions, but in different order.

The Walsh system is an orthonormal and complete system on
L2([0, 1]), taking on only the values +1 and —1.

R. Toledo (College of Nyiregyhaza) Orthonormal systems on the interval [0, 1] May 23, 2008 Nyiregyhaza 2/24



The Walsh-Paley system

The Rademacher functions H. A. Rademacher (1922)

r(x) = sgn(sin(2™'7x))  x e[0,1].
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The Walsh-Paley system

The Rademacher functions H. A. Rademacher (1922)
r(x) = sgn(sin(2™'rx))  x €[0,1].

The binary expansion of n: (ng, ny,...)

Given n € N it is possible to write n uniquely as

(o]
n=> n2  whereny=0ornc=1.
k=0
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The Walsh-Paley system

The Rademacher functions H. A. Rademacher (1922)

r(x) = sgn(sin(2™'7x))  x e[0,1].

The binary expansion of n: (ng, ny,...)
Given n € N it is possible to write n uniquely as

(o]
n=> n2  whereny=0ornc=1.
k=0

The Walsh-Paley system

wa(x) = [ (x)  (x €0,1].
k=0
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The Walsh-Paley system
Plotted by Maple

The Walsh-Paley system, n=18

NI NARCIAN 000
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The characters of the Diadic group

The Diadic group <G = :)?OZQ)

is the complete product of cyclic groups of order 2, with discrete topol-
ogy and assign each singleton the measure % G has the product topol-
ogy and measure. (Haar measure)
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The Diadic group <G = kO;OZQ)

is the complete product of cyclic groups of order 2, with discrete topol-
ogy and assign each singleton the measure % G has the product topol-
ogy and measure. (Haar measure)

The system of characters

Define p(x) = (—1)%, (x € Zp). For each n € N with binary expansion
(no,n1,...) let

Un(x) = [ o™ (%), (x=(x0,%1,...) € G).
k=0
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The characters of the Diadic group

The Diadic group <G = kOQOZQ)

is the complete product of cyclic groups of order 2, with discrete topol-
ogy and assign each singleton the measure % G has the product topol-
ogy and measure. (Haar measure)

The system of characters

Define p(x) = (—1)%, (x € Zp). For each n € N with binary expansion
(no,n1,...) let

Un(x) = [ o™ (%), (x=(x0,%1,...) € G).
k=0

The system of characters is an orthonormal and complete system on
L%(G).
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The representation of the Diadic group on [0, 1]

The Fine’s map N. J. Fine (1949)
Forany x € [0, 1] there exists a sequence of numbers 0 and 1 such that

X _sz ((x0,x1,...) € G),

but only the numbers p/2” have two expressions of this form. In this
case we have the one which terminates in 0’s. Define Fine’s map by
p(X) = (X0, %1--.) € G.
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The representation of the Diadic group on [0, 1]

The Fine’s map N. J. Fine (1949)
Forany x € [0, 1] there exists a sequence of numbers 0 and 1 such that

X _sz ((x0,x1,...) € G),

but only the numbers p/2” have two expressions of this form. In this
case we have the one which terminates in 0’s. Define Fine’s map by
p(X) = (X0, %1--.) € G.

The dyadic group is metrizable by the norm
Fl = sz—H €01 ((x0.x,...) € G).
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The representation of the Diadic group on [0, 1]

Fine’s map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem

Let p denote the Fine’s map. If f is integrable on G then f o p is
Lebesgue integrable and

/Gfdu:/o1(fop)(x)dx.

Conversely, if g is Lebesgue integrable and f is defined by
f(x) :== g(|x]) (x € G) then f is integrable on G and

/01 g(x)dx:Lfdy.
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The representation of the Diadic group on [0, 1]

Fine’s map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem

Let p denote the Fine’s map. If f is integrable on G then f o p is
Lebesgue integrable and

fdu= 1(f o p)(x) dx.
G 0

Conversely, if g is Lebesgue integrable and f is defined by
f(x) :== g(|x]) (x € G) then f is integrable on G and

/01 g(x)dx:Lfdy.

@ The Haar measure corresponds to the Lebesgue measure.
@ The characters of G corresponds to the Walsh-Paley system.
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The Vilenkin groups

A Vilenkin group (G = % Z,,,k> N. Ja. Vilenkin (1947)
k=0

is the complete product of cyclic groups of order my (my, > 2, k € N),
with discrete topology and assign each singleton the measure mik G
has the product topology and measure. (Haar measure)
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is the complete product of cyclic groups of order my (my, > 2, k € N),
with discrete topology and assign each singleton the measure mik G
has the product topology and measure. (Haar measure)

Bounded Vilenkin group
if the sequence m = (my, my,...) is a bounded sequence.
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A Vilenkin group (G = % Z,,,k> N. Ja. Vilenkin (1947)
k=0

is the complete product of cyclic groups of order my (my, > 2, k € N),
with discrete topology and assign each singleton the measure mik G
has the product topology and measure. (Haar measure)

Bounded Vilenkin group
if the sequence m = (my, my,...) is a bounded sequence.

The generalized Rademacher functions

o3 (x) = exp(2msx/my)  (s€{0,...mx—1}, x € Zp,, ? = —1)
k k
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The Vilenkin groups

A Vilenkin group (G = % Z,,,k> N. Ja. Vilenkin (1947)
k=0

is the complete product of cyclic groups of order my (my, > 2, k € N),
with discrete topology and assign each singleton the measure mik G
has the product topology and measure. (Haar measure)

Bounded Vilenkin group
if the sequence m = (my, my,...) is a bounded sequence.

The generalized Rademacher functions

o3 (x) = exp(2msx/my)  (s€{0,...mx—1}, x € Zp,, ? = —1)
k k

The generalized Rademacher functions are the characters of cyclic
groups.
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The Vilenkin systems

The m-adic expansion of n: (ng, ny,...)
Denote My := 1 and My,.1 := mxMjy, (k € N). Given n € N it is possible

to write n uniquely as
n= Z nkMk, (0 <ne < mk).
k=0
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The Vilenkin systems

The m-adic expansion of n: (ng, ny,...)
Denote My := 1 and My,.1 := mxMjy, (k € N). Given n € N it is possible
to write n uniquely as

n= Z nkMk, (0 <ne < mk).
k=0

A Vilenkin system
is the product system of :

Un(x) =[] e (x)  (x=(x0,%,...) € G).
k=0
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The Vilenkin systems

The m-adic expansion of n: (ng, ny,...)
Denote My := 1 and My,.1 := mxMjy, (k € N). Given n € N it is possible
to write n uniquely as

n= Z nkMk, (0 <ne < mk).
k=0

A Vilenkin system
is the product system of :

Un(x) =[] e (x)  (x=(x0,%,...) € G).
k=0

The functions of the Vilenkin system are the characters of the Vilenkin
group, thus it is an orthonormal and complete system on L2(G).
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The complete product of finite groups

The group (G = k°>fOGk>

Denote by G the complete product of arbitrary finite groups of order my
(mg > 2, k € N), with discrete topology and assign each singleton the
measure mlk G has the product topology and measure. (Haar measure)
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The complete product of finite groups

The group (G = k°>fOGk>

Denote by G the complete product of arbitrary finite groups of order my
(mg > 2, k € N), with discrete topology and assign each singleton the
measure mlk G has the product topology and measure. (Haar measure)

Soi :?1 @ZJn =7 -
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The complete product of finite groups

The group (G = k°>fOGk>

Denote by G the complete product of arbitrary finite groups of order my
(mg > 2, k € N), with discrete topology and assign each singleton the
measure mlk G has the product topology and measure. (Haar measure)

@S =7, 1pp =7 — Harmonic Analysis
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Orthonormal systems on finite groups

The dual object () of the finite group Gi (k € N)
is the set of all continuous irreducible unitary representations of the
group Gi which are not equivalents.
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Orthonormal systems on finite groups

The dual object () of the finite group Gi (k € N)

is the set of all continuous irreducible unitary representations of the
group Gi which are not equivalents.

The Coordinate functions
Forany o € X, let {{1,...,&q, } be a fixed basis of the representation
space of a representation U(?) in the class ¢ having the dimension d,.
The Coordinate functions:

U (x) = (U6.6), ijefl,...dr} o€ Ty
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Orthonormal systems on finite groups

The system ¢

We order the all normalized coordinate functions of the finite group Gk
(¥%(x) = 1) to obtain exactly my number of functions.

PE() = VAUl (x)  (x€ G s=0,....m—1),

where o € Xy, i,j € {1,...,d;}.

R. Toledo (College of Nyiregyhaza)
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Orthonormal systems on finite groups

The system ¢

We order the all normalized coordinate functions of the finite group Gk
(¥%(x) = 1) to obtain exactly my number of functions.

PE() = VAUl (x)  (x€ G s=0,....m—1),

where o € Xy, i,j € {1,...,d;}.

The system o is an orthonormal and complete system on L?(Gy).
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Example 1: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (132)
O | 1 1 1 1 1
LI TR T 1 1
| 0 -g f B
¢ | 0 o R
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Example 1: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (182) || [¢°l
0 1 1 1 1 1 1
Ol -1 -1 A 1 1 1
210 VB B B B | B
2 2 2 2 3

s05 0 _ V6 V6 _ 6 V6 V6
2 2 2 2 3
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Example 1: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (132) || ll¢®ll1 | lI¥®[loo
o0 | 1 1 1 1 1 1 1
P11 I TS RS R 1 1 1 1
A1 0 B B B B | B | B

2 2 2 2 3 2
S0 B 6 B vE | B | B
2 2 2 2 3 2
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Example 1: The permutation group of 3 elements, 83

e (12) (13) (23) (123) (132) || ll¥®l1 | lI¥°llo
cpo 1 1 1 1 1 1 1
210 RS TS [ 1 1 1 1
A1 0 B B w8 B || W |
2 2 2 2 3 2
5| 0 V8 VB V6 vE || VB | 6
2 2 2 2 3 2

4

max ||, Mo = =

[l o = 5
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Example 2: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a a° a8 b ab ab &b
0| A 1 1 1 1 1 1 1
o | A 1 1 1 —1 —1 — —1
e | —1 1 —1 1 —1 1 —1
@1 —1 1 —1 —1 1 —1 1
ol V2 V2 V2 V2 0 0
V2 V2 V2 V2 0 0
o8 0 0 0 0 V2 V2o V2 V2
o |0 0 0 0 V2 V2 V2 V2
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Example 2: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a a° a8 b ab ab  ab || ¢
W0 |1 1 1 1 1 1 1 1 1
el ] 1 1 1 —1 —1 -1 - 1
e | —1 1 —1 1 —1 1 —1 1
@1 —1 1 —1 —1 1 —1 1 1
ol V2 V2 V2 V2 0 0 §
V2 V2 V2 V2 0 0 %
o8 0 0 0 0 V2 -2 V2 V2 %
o |0 0 0 0 V2 V& V2 Vai|| B
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Example 2: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a & a b ab &b ab || Il | lello
W0 | 1 1 1 1 1 1 1 1 1 1
ol |1 1 1 1 —1 —1 -1 -1 1 1
| —1 1 —1 1 —1 1 —1 1 1
@1 —1 1 —1 —1 1 —1 1 1 1
ol V2 V2 V2 V2 0 0 § V2
Ol V2 v V2 V2 0 0 ¥2 V2
B0 0 0 0 V2 V2 V2 Va2 || V2
o0 0 0 0 V2 V& V2 Vai|| B V2
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Example 2: The quaternion group of order 8:

Q= {[a,b]: a* =e, b>=a? bab™! = &%}

e a & a b ab &b ab || Il | lello
W0 | 1 1 1 1 1 1 1 1 1 1
ol |1 1 1 1 —1 —1 -1 -1 1 1
| —1 1 —1 1 —1 1 —1 1 1
@1 —1 1 —1 —1 1 —1 1 1 1
ol V2 V2 V2 V2 0 0 § V2
Ol V2 v V2 V2 0 0 ¥2 V2
B0 0 0 0 V2 V2 V2 Va2 || V2
o0 0 0 0 V2 V& V2 Vai|| B V2

max_|[|p° oo =1
max [0 %o
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Representative product systems

The m-adic expansion of n: (ng, ny,...)
Denote My := 1 and My, 1 := mMj, (k € N). Given n € N it is possible
to write n uniquely as

n= Z My, (0 < ng < mk).
k=0
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Representative product systems

The m-adic expansion of n: (ng, ny,...)

Denote My := 1 and My, 1 := mMj, (k € N). Given n € N it is possible
to write n uniquely as

n= Z My, (0 < ng < mk).
k=0

A representative product systems G. Gat and R. Toledo (1996)
is the product system of :

Un(x) = [[ er(x)  (x€G).
k=0
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).

Characteristics of the system ¢ for noncommutative cases:
@ It is not uniformly bounded.
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Representative product systems

A representative product system is an orthonormal and complete
system on L?(G).

Characteristics of the system ¢ for noncommutative cases:
@ It is not uniformly bounded.
@ It takes the value 0.
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The representation of Gon [0, 1]

It is similar to the dyadic group, but first we need to enumerate the
elements of all groups Gk, (k € N) in an arbitrary way but the first is
always their identity.

bijection _

Gkox = Xxe{0,1,..., m—1}, e=0.
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The representation of Gon [0, 1]

It is similar to the dyadic group, but first we need to enumerate the
elements of all groups Gk, (k € N) in an arbitrary way but the first is
always their identity.

bijection _

Gkox = Xxe{0,1,..., m—1}, e=0.

Fine’s map and norm
With the bijection above we can introduce the Fine’s map:

p(x) = (X0, X1,...) € G.

and norm:
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The representation of Gon [0, 1]

Fine’s map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem ( Toledo (2003))

Let p denote the Fine’s map. If f is integrable on G then f o p is
Lebesgue integrable and

/Gfdu:/o1(fop)(x)dx.

Conversely, if g is Lebesgue integrable and f is defined by
f(x) := g(|x]) (x € G) then f is integrable on G and

/01 g(x)dx:/Gfdu.
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The representation of Gon [0, 1]

Fine’s map gives a natural relation between the new structure of [0, 1]
and the structure of G (Harmonic analysis).

Theorem ( Toledo (2003))

Let p denote the Fine’s map. If f is integrable on G then f o p is
Lebesgue integrable and

fdu = 1(fop)(x) dx.
G 0

Conversely, if g is Lebesgue integrable and f is defined by
f(x) := g(|x|) (x € G) then f is integrable on G and

/01 g(x)dx:/Gfdu.

@ The Haar measure corresponds to the Lebesgue measure.
@ The new systems v, o p are orthonomal and complete systems on
[0, 1], but they are not necessary uniformly bounded.
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The complete product of 85
Plotted by Maple
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Divergence in LP-norm of Fourier series

The n-th partial sums of Fourier series

n—1
Spf = Z?kwk (neN),  where f, := / fih,dp.
G
k=0
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Divergence in LP-norm of Fourier series

The n-th partial sums of Fourier series
Spf = Z?kwk (neN),  where f, := / fih,dp.
G

The sequence ¥

k—1

vic= [T maxliefllllofle (ke N).
i=0
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Divergence in LP-norm of Fourier series

The n-th partial sums of Fourier series

n—1
Sof =Y fwxk  (neN),  wheref = / i, dp.
G
k=0

The sequence ¥

k—1

vic= [T maxliefllllofle (ke N).
i=0

Theorem ( R. Toledo)

If G is a bounded group with unbounded sequence V, then for all
p # 2 there exists a function f € LP(G) such that the sequence of
partial sums Snf of the Fourier series of f does not converge to the
function f in LP-norm.
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Convergence in LP-norm of Fejér means

The Fejér means of Fourier series

1n—1
onf = n;S"f (neP)
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Convergence in LP-norm of Fejér means

The Fejér means of Fourier series

1n—1
onf = n;S"f (neP)

Theorem ( G. Gat and R. Toledo (1996))

If G is a bounded group and f € LP(G), 1 < p < oo, then opf — fin
LP-norm.
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Convergence in LP-norm of Cesaro means

The Cesaro means of order «

(a+N)(a+2)...(a+n)
n!

« 1 ¢ a—1 o
oof = A—%;)Anfkskf, where AY =

, (neP).

R. Toledo (College of Nyiregyhaza) Orthonormal systems on the interval [0, 1] May 23, 2008 Nyiregyhaza 22/24



Convergence in LP-norm of Cesaro means

The Cesaro means of order «

(a+N)(a+2)...(a+n)
n!

_1 n
oif= e > A Skf,  where Ay = , (neP).

M k=0

o%f = Suf, o) f =onf
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Convergence in LP-norm of Cesaro means

The Cesaro means of order «

(a+N)(a+2)...(a+n)
n!

« 1 ¢ a—1 o
oof = A—%;)Anfkskf, where AY =

o%f = Suf, o) f =onf

Theorem

, (neP).

Let G be a bounded group,

;= limsup| max |¢p 0
a0 i= lmsuplogy, ( max_ [l

k—oo

ag<a<1andfelP(G)for1 <p<oco. Thenoif — fin LP-norm.

v
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Convergence in LP-norm of Cesaro means

If G is a bounded monomial group, 0 < o < 1 and f € LP(G),
1 < p< oo, thenoqf — finLP-norm.
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Convergence in LP-norm of Cesaro means

If G is a bounded monomial group, 0 < o < 1 and f € LP(G),
1 < p< oo, thenoqf — finLP-norm.

Theorem

Let G be a bounded group,
a1 = liminflog,, ( max [¢ill1]l¢klle
= 9 k<0<s< k” kllll@kll >

and 0 < a < aq. Then there exists an f € L' (G) such that 5 f does not
converge to the function f in L' -norm.

v
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Summary of results

@ G is bounded group div.

p=1 convergence 1 < p <
: t

1

(%] [o7)) 1
2

= limsup| max |¢} 0
oo = lmsuplogy, ( max il

k—oo

= liminfl max s s
a1 = liminflog,, <0§sa<mk||90kH1||90kHoo
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Summary of results

@ Gis bounded group div.
@ G is the complete p=1 convergence 1 < p < oo

product of 83 0 0, & ' 3

=

Wl

a1 = oo = |096

= limsup| max |¢} 0
oo = lmsuplogy, ( max il

k—oo

= liminfl max s s
a1 = liminflog,, <0§sa<mk||90kH1||90kHoo
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Summary of results

@ Gis bounded group

@ Gis the complete p=1 convergence 1 < p < o
product of 83 0 1 1

@ Gis the complete
product of Q,

D

=

a1 =ag=0

= limsup| max |¢p 0
oo = lmsuplogy, ( max [l

k—oo

= liminfl max s s
a1 = liminflog,, <0§sa<mk||90kH1||90kHoo
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